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Chapter 1 
Introduction 



1.1 General introduction to the problem 

This PhD Thesis studies those decays of the r lepton including mesons among the 
final state particles, that are called, for this reason, hadronic or semileptonic decays. 
Contrary to what happens to the other leptons (electron, e~ and muon, its mass 
(Mt- ~ 1.8 GeV) is large enough to allow this kind of decays including light mesons 
(pions -TT-, kaons -K- and eta particles -r/, rj'-). These processes include, in addition, 
the corresponding tau neutrino, Vri and may include (in the so-called radiative pro- 
cesses) multiple photons, 7. Although it is kinematically possible to produce other 
light mesons whose masses are lighter than M^, the characteristic lifetime of these 
particles (resonances) is way too short to allow their detection. Notwithstanding, 
as we will see, the effect of their exchange is important in order to understand these 
decays. Although ~ 2Mp, where Mp is the proton mass, since it is a bit smaller 
actually (M,- = 1.777 GeV and 2Mp = 1.876 GeV) and due to the conservation of 
baryon number (that would require producing them in baryon-antibaryon pairs, the 
lighter being proton-antiproton) r decays into baryons are forbidden. 

Purely leptonic decays of the r are processes mediated by the electroweak inter- 
action, that today is adequately described in the framework of the Standard Model 
of Particle Physics [SM) [T]. In hadronic decays of the tau, the strong interaction 
acts, additionally. Although it is common lore that Quantum Chromodynamics, 
QCD is the theory [2j that describes it, we are not yet able to solve the problem at 
hand using only the QCD Lagrangian, as we will explain. 

Both difficulties mentioned above -the fact that the resonances are not asymp- 
totic states, so that it is not possible to detect them, and our current inability to 
solve QCD to find a solution to the problem- are telling us how interesting can the 
semileptonic tau decays be: they provide a clean environment where to study the 
strong interaction at low and intermediate energies, because the electroweak part 
of the process is clean and under theoretical control; on the other side, given the 
range of energies the hadronic system can span (essentially from the threshold for 
pion production, tt ~ 0.14 GeV, to M,-), the lightest resonances can be exchanged 
on- mass-shell (or simply on-shell, in what follows), in such a way that their effects 
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are sizable and one can tlius study tlieir properties. 

The strong interaction was discovered in the classical Rutherford's experiment, 
proving the existence of the atomic nucleus: it was a force of amazing strength 
and very short range. Soon after, this force started to be studied in scattering 
experiments between hadrons -as the particles experiencing strong interactions are 
called- (they were believed to be elementary then) instead of atomic nuclei. The 
large number of hadrons that was discovered in the '50s and '60s with the advent of 
the first particle accelerators suggested that these particles were not fundamental, 
analogously to what happened with the chemical elements, in the end constituted 
by protons and neutrons tighten in their nuclei. In order to complete the anal- 
ogy, the systematics attached to the hadronic properties (in this context intimately 
related to the quantum numbers and specifically to the approximate flavour symme- 
tries) helped to understand their substructure and Gell-Mann comprehended that 
hadrons had to be constituted by the so-called quarks, possessing an additional 
quantum number -christened as color- that solved all problems of adequacy of the 
observed spin and the quantum statistics obeyed by the particles. 

However, whereas it is possible to unbind protons or neutrons from the nucleus 
-either through natural radioactivity or artificially- it has been impossible so far to 
free any constituent quark from the hadron to which it belongs. This property is 
known as confinement and, though there are theoretical reasons pointing to this 
phenomenon there is not yet any explanation of it. This fact imposes a difficulty 
when understanding the processes mediated by the strong interaction: while they 
are produced between quarks and gluons (the intermediary QCD bosons, that also 
autointeract), our detectors are recording only (in this context) hadronic events, 
since quarks, antiquarks and gluons cluster immediately after they are produced 
into objects with vanishing total color charge: they hadronize. Contrary to the re- 
maining known forces (electromagnetic, weak and gravitational), in QCD the force 
does not diminish as the distance increases, but just the opposite -even though its 
range is very short-. 

Although we will dwell into this later on, let it be enough for the moment saying 
that even though QCD is the theory of strong interactions, we can not handle it 
in its non-perturbative regime and, therefore, computationally, its Lagrangian only 
allows to tackle analytically inclusive processes at high energies {E > 2 GeV typi- 
cally) where a treatment in terms of quarks, antiquarks and gluons is meaningful. 
At the lower energies where our problem occurs we must search an alternative way. 
As it uses to happen in Physics, an appropriate choice of the degrees of freedom 
simplifies (or even allows) the solution. In our study of several exclusive tau decay 
channels it is evident that these will be the lighter mesons and resonances. The 
most convenient and rigorous way to do this is the use of Effective Field Theories 
[EFTs), that preserve the symmetries of the fundamental theory and are written 
in terms of the relevant degrees of freedom in a given energy range. As r decays 
typically happen in an energy scale densely populated by resonances, it would not be 
enough to employ Chiral Perturbation Theory (xPT) [31 HI |5] that includes only the 
lightest pseudoescalar mesons (vr, K, rj). Instead, it will be necessary to incorporate 
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the resonances as active degrees of freedom to extend the theory to higher energies: 
Resonance Chiral Theory (RxT) [6l [7] is the tool allowing these developments. 

In the remainder of the Introduction we will elaborate in greater detail on the 
relevant aspects of tau Physics that are not treated in later chapters and on QCD 
and our limitations when implementing its solutions in Hadronic Physics at low and 
intermediate energies. After that, we will summarize some of the capital ideas un- 
derlying our theoretical framework concerning EFTs, Chiral Perturbation Theory, 
the large number of colours limit of QCD and Resonance Chiral Theory itself. We 
will finish by enumerating the different chapters of this Thesis. 



1.2 T Physics 

We begin with a short introduction to tau physics that will allow us to contex- 
tualize adequately this work: The r lepton is a member of the third generation 
which decays into particles belonging to the first two and including light flavours, in 
addition to its neutrino, Ur- This is the reason why tau physics could give us useful 
hints in order to understand why there are (at least three) lepton and quark copies 
that only differ by their masses [8] (Table 1.1): 



Generation 


quarks 


rUg 


leptons 


mi 


1 


d 


A.Stol MeV 


e~ 


~ 0.5110 MeV 




u 


2.3+°;^ MeV 




< 2 eV 


2 


s 


95 ± 5 MeV 


fi~ 


~ 105.7 MeV 




c 


1.275 ± 0.025 GeV 




< 0.19 MeV 


3 


b 


4.18 ±0.03 GeV 




- 1.777 GeV 




t 


173.5 ±0.6 ±0.8 GeV 




< 18.2 MeV 



Table 1.1: Matter content of the SM (updated from the PDG 2012 [9]). Quark masses 
correspond to the MS scheme with renormahzation scale fi = niq for heavy quarks (c, b) 
and /i = 2 GeV for hght quarks. For the latter the given value of mg is an estimate for the 
so-called current quark mass. In the case of the t quark it comes from direct Tevatron mea- 
surements. Neutrino masses are the so-called "effective masses": mt^^-^ = \ Uki\'^mf,.. 
However, cosmological data allows to set a much lower bound |10] "^f^irrt-Uf,) < 0.58 eV. 

It seems reasonable that the heavier fermions will be more sensitive to the genera- 
tion of fermion masses. Being the top quark too heavy to hadronize before decaying, 
b quark and r lepton physics seems promising in this respect. Although the value 
of Mj. does not allow for decays into charmed mesons (containing a c quark), the r 
is the only lepton massive enough to decay into hadrons and thus relate somehow 
the (light) quark and lepton sectors. 
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The group led by M. L. Perl [TT] discovered the r in 1975. This constituted the 
first experimental evidence in favor of the existence of third generation particles and, 
consequently, the first indication that it was possible to accommodate CP violation 
within the SM [12] , that had already been observed [13] in the neutral kaon system, 
through the Cabibbo, Kobayashi and Maskawa [T2l [T3] mixing matrix. Anyhow, 
this explanation is not enough to understand the enormous observed abundance of 
matter over antimatter in our Universe [TOl HSl [161 [13 [ISj, which represents one of 
the indications for the existence of some type of new physics beyond the SM 0. r 
quantum numbers were established [27] almost simultaneously to the discovery of 
the next particle of its generation, the h quark [28] . The heaviest particle known so 
far, the top quark, was not detected until 1995 [29| [30]. 

In the following, I will summarize briefly the Physics one can learn from r decays 
[an [321 [331 [31 [351 [36]. 

First of all, these decays allow to verify the universality of electroweak currents, 
both neutral and charged, with an amazing precision. Within the SM, the easiest 
leptonic r decays are described by the following partial width [371 1311 [39] : 



Gl M^ 



where f{x) = 1 — Sx+Sx'^ — x^ — 12x^loga; and rEw includes the electroweak radiative 
corrections not incorporated in the Fermi constant, Gp, and the non-local structure 
of the W propagator, vew ~ 0.9960. Therefore, the ratio 



;i.2) 



is fixed and allows to verify the universality of the charged electroweak currents. 
The resulting restriction is impressively strong 



1^^^= 0.972559(5), (1.3) 

which is roughly three orders of magnitude more precise than the experimental ratio: 
0.9761 ± 0.0028. The associated errors come from the current indetermination of 
~ 0.16 MeV in M,-. This uncertainty is much larger [^ [12] in the ratio among 
the branching ratio, BR, to leptons and the tau lifetime: Tr/B{T — )■ eUri^e) = 
(1632.9 ± 0.6) ■ 10~^^s -that is fixed using the value for the Fermi constant extracted 
from the decay- (it appeared to the fifth power in Eq. fll.ip ). This uncertainty has 
already been improved substantially by BES — III and KEDR [5]. KEDR foresees 
to reach a total error of 0.15 MeV and BES — III of only 0.10 MeV that could 



^The recent experimental results concerning the ratio of matter and antimatter galactic and 
extragalactic fluxes [HI [20l [2ll [221 [IS [Ml [lH [26] do not have -for the moment- a universally 
accepted explanation. 
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further reduce the error in Tr/B{T — ?■ eVrT^e)- We will not discuss here another 
interesting issue as it is the determination of the r mass close to its production 
threshold 

In the S'M, all leptons with the same electric charge have identical couplings to 
the Z boson. This has been verified at LEP and SLC for years. The precision 
reached for the neutral current axial- vector couplings (oj) is even better than for the 
vectors {vi) 

^ = 1.0001(14), ^ = 0.981(82); — = 1.0019(15), — = 0.964(32). 

Cig (X^ 

(1.4) 

From r — )■ z/,- / z/; it was also obtained an upper limit for the standard and 
non-standard couplings [ISl EHl SZl SHI EH [50] between left /right-handed (L/R) 
fermion currents: RR, LR , RL, LL; scalars, vectors and tensors {S, V, T). It is 
remarkable that the current limits do not allow to conclude that the transition is 
of the predicted type: V — A [Slj. Both these bounds and those on the ^Michel 
parameters^ |l5] El will improve sizably in BES — III [l3l 152] . 

In the minimal SM with massless neutrinos, there is an additive lepton number 
that is conserved separately for each generation (the so-called lepton flavour num- 
ber). Notwithstanding, and after the evidence of the neutrino oscillation — )■ 
announced by LSND [521 El], the confirmation through the oscillation measure- 
ments published by SNO ESj and Super-Kamiokande [SZl ESj discards the for- 
mer hypothesis of the minimal SM. There is therefore no doubt that this generation 
quantum number conservation is violated in processes involving neutrinos □. Though 
the most natural thing would be that this also happens in processes with e, fi, r, all 
current data are consistent with that conservation law in this lepton subsector. De- 
spite the limits on lepton flavour violation coming from r decays are improving 
continuously {br < 10"^) [60llHl[62l|63l|6ll[6a[66l|671|68l|6a 
175] 176] 177] 178] 179] 180] , they are still far than the existing limits in /i decays with 
analogous violation [32]. 

FERMILAB in Chicago became a fundamental tool in the discovery of the 
other members of the third generation. There, the h quark was discovered in 1977, 
the top quark in 1994-5 (with the help of the valuable LEP prophecy, as it will 
be explained) and, finally, the DONUT experiment [81] succeeded in the discovery 
of the remaining particle, the tau neutrino, in 2000. In fact, the best direct lim- 
its on the neutrino mass, mj,^, come from hadronic r decays ^5]: — z/^X~, 
where X~ = (vrvr vr)", (2i^ vr)^, (57r)". Although -as it was already written- they 
are clearly superseded by the bounds coming from cosmological observations, our 
study might be able to improve the direct limits. 

Besides, semileptonic r decays are the ideal benchmark to study strong inter- 
action effects in very clean conditions, since the electroweak part of the decay is 
controlled theoretically -to much more precision than the hadronic uncertainties 
even taking the LO contribution- and it does not get polluted by the hadronization 

^These parameters describe the phase-space distribution in the /i and r leptonic decays. 
•^See the dedicated review of PDG2010 [52], for more details. 
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that the process involves. These decays probe the hadronic matrix element of the 
left-handed charged current between the QCD vacuum and the final state hadrons, 
as it is represented in Figure [TTTl We will devote more attention to this topic, central 
in the Thesis, throughout this work. 

A direct test of QCD |83] can be made through the ratio 




I — > z/^ hadrons (7)) 
r(r- Vre-Ve{l)) 



Rry + Rt,A + R 



T,S ! 



;i.5) 



that splits the contributions from vector (V) and axial-vector (A) currents corre- 
sponding to an even/odd number of final-state pions from those with an odd number 
of kaons {S is short for strangeness changing processes). Given channels (like KKn) 
can not be associated a priori to V or A current. In this case, it is specially impor- 
tant to consider a study as ours in order to know the relative contributions of each 
one to the partial width of that channel. 

The theoretical prediction requires the appropriate two-point correlation func- 



tions of left-handed (LH) quark currents: L^- = — 



(1.6) 

Using the property of analyticity, Rr can be written as a contour integral in the 
complex s-plane, where the circuit is followed counterclockwise around a circle of 
radius |s| = centered at the origin: 



r / r 



;i.7) 



where Ii^-^\s) = \VudfWJ{s) + nlv(s). In one needs to know the 

correlators for complex s ~ only, that is larger than the scale associated to 
non-perturbative effects. Using the Operator Product Expansion, OPE jHHIHSlISS], 
to evaluate the contour integral, Rr can be written as an expansion in powers of 
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I /Ml 

Therefore, the theoretical prediction of R^y+A can be written as follows |87] : 

Rry+A = Nc\Vud\'^ Sew {'^ + ^'ew + + ^np) , (1-8) 

where Nc = 3 is the number of colours. Sew and b'^y^ contain the known elec- 
troweak corrections to leading and subleading orders in the logarithmic approxima- 
tion. One can show and check that the non-perturbative corrections are small [S7] . 
The leading correction (~ 20%) comes from the purely perturbative QCD correc- 
tion, (5p, that is known up to O (a^) [871 EH] and includes a resummation of the 
most relevant effects at higher orders [371 [381 EH Ell [891 EQl EI] . The final result 
[Ml [HSl m] turns out to be extremely sensitive to the as{Ml) value, allowing to 
determine very precisely the QCD coupling that - in the MS scheme- is [53] B 

a,(M2) = 0.334 ±0.014. (1.9) 

When one uses the Renormalization Group Equations, RGE, to run this value 
up to the Z scale [96] one gets: 

a,(M|) = 0.1204 ±0.0016, (1.10) 

while the value obtained in hadronic Z-boson decays [8] is H 

q;^(M|) = 0.1176 ±0.0020. (1.11) 

Therefore, there is agreement between the extraction from hadronic tau decays and 
the direct measurement at the Z peak, even with better precision in the first case. 
This provides a beautiful test of the change of the QCD coupling with the scale, 
that is, a significant experimental test of asymptotic freedom. 

A comment with respect to the reliability of the errors in the result ( II. 9p is in 
order. This study assumes that the quark-hadron duality [HE] is realized. Its viola- 
tions [99] and the error induced in the analysis that rely on it -like the determination 
of as- is being an active area of research [Ml [Ml [M [M [M [Wl ITOH] 
recently, after being ignored systematically for years. Although the last works point 
to an understimation of the error induced, this issue is not clear yet and one would 
need on one hand more realistic theoretical models to estimate these violations (es- 
sentially only one is used that is based on resonances and less frequently, another 
one that is instanton based; both developed by Shifman [99]), and on the other hand 
more quality experimental data to quantify precisely this effect. 

The separate measurement of the decay widths of [AS"! = and [AS*! = 1 pro- 
cesses gives us the opportunity to be sensitive to the effect of SU (3) flavour symmetry 

^See in these references all works employed in this determination. 

^The complete QCD corrections to hadronic Z decays at Order in the limit of the heavy top 
quark mass have been computed recently ^7\. These yield as{M'^) = 0.1190 ± 0.0026, completely 
dominated by the experimental error, and in even better agreement with the value extracted from 
T decay data. 
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breaking induced by the strange quark mass. Specifically, this happens through the 
differences 

where the spectral moments R'f were introduced: 



M2 / N fc 







s 



I d.(i- — ) f-i-) r^. (1.13) 



dRr 



M2 y V^^r / 



The perturbative corrections ^ki{,(^s) and Qki{,Ois) are known to C(a|) and 
0(a|), respectively |109[ I110[ 1111] and 50 proportional to the SU{?>) breaking- 
since it is to the difference of the s and u quark condensates- is well determined 
|112] . Although in the future, with exceptional quality data, it would be possible to 
determine both ms(M^) and \ Vus\ simultaneously analizing the whole set of spectral 
moments, in the most recent determination |113] one fixes: 

m,(2GeV) = 94±6MeV, (1.14) 

-obtained with the latest lattice determinations and using QCD sum rules- in such 
a way that the most sensitive moment to \ Vus\, with kl = 00, allows to extract [114] : 

\Vus\= 0.2208 ± 0.0033cxp ± 0.0009th = 0.2208 ± 0.0034 , (1.15) 

that can be competitive with the standard extraction of \Vus\ from K^^ decays 
|115[ 1116] and with the new proposals made for this determination. Moreover, 
the error associated to this extraction of IV^^I can be reduced in the future since 
it is dominated by the experimental uncertainty that would be reduced notably in 
forthcoming years thanks to 5-factory data jll7] . This is of great interest, since 
the value in Eq.f ll.15]) is only marginally consistent with the PDG 2012 [9] average: 
\Vus\ = 0.2252 ± 0.0009. As suggested, another improvement that one could make 
would consist in fitting simultaneously IV^^I and rris to a set of moments of the 
invariant mass distribution in hadronic tau decays, that would provide even more 
precision in the extraction of both parameters. 

Up to now, all experimental results on the r are consistent with the SM. How- 
ever, the analysis of 5-factories data from BaBar and Belle -and future experiments 
in the latter- or facilities dedicated to r — c production, as BES are promising in 
order to obtain more and more stringent verifications of the SM and explore the 
physics beyond it [§. 



^In the Chapter |4] we explain the importance of hadronic r decays in order to find out what 
the scalar sector of the SM is and eventually to determine the mass of a light Higgs. 
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1.3 QCD: The theory of strong interactions 

Next we will introduce briefly QCD in order to explain why it is not possible to 
solve the problems we are dealing with analytically and completely. 

Deep inelastic scattering experiments at SLAC [118\ 1119] allowed to conclude 
that the protons were not punctual particles. Instead, they have substructure made 
up of particles with fractional electric charge (quarks). Although these quarks had 
been predicted theoretically while trying to flnd a scheme to clasify the large amount 
of mesons observed during the '60s -flrst |12m 1121] - and when trying to understand 
how to apply the quantum statistics to all of them, and especially to the spin 3/2 
baryons -later on |122] -. it was not clear that their existence went beyond a math- 
ematical concept and all subsequent experiments failed in their attempt to isolate 
them as free particles. The two main features of strong interaction had manifested: 
asymptotic freedom at high energies and conflnement of quarks in hadrons at low 
energies. 

Different formal studies of non-abelian gauge theories |123[ 1124] showed that the 
different UV and IR behaviours of this theory could be explained in terms of a 
non-conmuting algebra. Later on, the evidence that the baryon A"'"^ existed led to 
the conclusion that there had to exist an additional quantum number -called colour- 
through the conservation of the Spin-Statistics theorem, and motivated the effort of 
the Scientiflc community that flnally brought as a result the simultaneous explana- 
tion of all abovementioned phenomena through the picture presented by Fritzsch, 
Gell-Mann and Leutwyler [2] , who identifled SU (3) - 3 being the number of different 
colours a quark can have- as the gauge group, basis for the construction of QCD. 
The theory remains thus invariant under local transformations of the SU (3) colour 
group. There are a number of theoretical and experimental evidences supporting 
this picture |125] . 

The local non-abelian gauge symmetry SU (Nc) for Uf (number of flavours) quark 
matter fields determines the QCD Lagrangian, directly incorporating the interac- 
tion of these with the gluon gauge fields and the selfinter act ions among these gluons. 
The QCD Lagrangian is: 

Cqcd = q{iIp-M)q- \ci,C^: + , 

= d, - ig.Cl^ , 

G% = d,Cl - d.Cl + gst'^ClCl, (1.16) 

where a = 1, . . . , 8, are the gluon fields and Qs is the strong coupling con- 
stant. The quark field g is a column vector with Uf components in fiavour space, 
Ai represents the quark mass matrix in fiavour space and it is given by = 
diag (mi, . . . , m„^) , where mj are the different quark masses: m^, m^, nic, nis, rrit, nih 

^The gauge group fixes the bosons content -mediators of tlie tlieory- but it does not for the 
matter fields: its representation and number of copies is something that must be inferred from 
experimental data. 
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for Uf = Q within the SM, parameters whose value is not restricted by the gauge 
symmetry. As we see, the latter forbides a non-vanishing mass for the gluons and 
their couplings are universal, irrespective of flavour. The matrices ^ are the SU (3) 

generators in the fundamental representation, normalized as Tr ^ j = \^ab and 
j!abc ^Yie structure constants of the gauge group, SU{Nc)- Finally, the Fadeev- 
Popov term [126] . Lgjj^j-p^ includes the anti-hermitian Lagrangian introducing the 
ghost fields and the gauge-fixing term: 

c^Tv = -d,'^aDy\ D>^r = d^r - gsr''<PbG^^, (i.i?) 

where is the gauge parameter, and 0" (a = 1, . . . , N^-l) is a set of scalar, hermi- 
tian, massless and anticonmuting fields. The covariant derivative, D^(j)"-, contains 
the needed coupling between ghost and gluon fields and Cj^-p is antihermitian, as it 
must, in order to introduce a explicit unitarity violation cancelling the non-physical 
probabilities corresponding to the longitudinal polarizations of gluons and restore 
the fundamental property of unitarity to the physical observables that are finally 
obtained. A very pedagogical explanation of this can be found in Ref. |125] . We 
do not discuss here the so-called 6 term |127j . invariant under SU{Nc) and CP 
violating if there is not any massless quark (which is not the case, see Table fL2l) . 
The most precise experiments do not indicate any CP violation in strong interaction 
processes. This allegged violation would manifest, for instance, in a non-vanishing 
neutron dipole electric moment. The experimental bound [5] is nine orders of mag- 
nitude smaller than a natural theoretical value. 

The running of the coupling constant with the energy is behind the property of 
asymptotic freedom and seems to point to confinement as a natural consequence. 
The coupling gg that appears in the QCD Lagrangian fll.l6p receives quantum cor- 
rections [125] that, at one loop, are given by the diagrams in Fig. 11.21 




gluons df(my' 
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Figure 1.2: Feynman diagrams for the one-loop contribution to the Pqcd function. 

The Pqcd function is defined through the use of the Renormalization Group 
Equations, RGE%). At one loop they are given by [I3ll [I35l [I36l HSZl [T38] : 



^QCD = /i^ 
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^RGE [UHlinnilSniinilinilSS] are derived from the requirement that an observable can not 
depend on the arbitrary chosen renormaUzation scale and that the physics must be scale invariant. 
The last property implies that the Green functions have a well-defined behaviour under rescaling 
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so that -at this order in the expansion-, is negative for n/ < 16. RGE imply that 
the renormalized coupling varies with the energy, so-called running coupling. Being 
Pqcd < 0, this will result in the decreasing of the renormalized coupling, ^f^, when 
increasing the energy; that is, in asymptotic freedom. 

We have implicitly assumed that the one-loop computation gives a reliable ap- 
proach. When speaking about asymptotic behaviour this is the case, just remember 
how the values in Eqs. (11. 9p and (11. lip decreased with the energy taking into ac- 
count higher-order loop effects. Indeed, the computations at (N)NNLO |139[ ll4Uj 
support this reasoning. 

Integrating the equation (ll.lSp we find: 



where as = fi's/lvr has been defined. This equation depicts how the strong (renor- 
malized) coupling running depends just on the QC D-scale, Aqcd, defined in terms 
of the renormalized coupling value at some renormalization scale, fi, and fj, itself by: 



RGE and the experimental tests of them seem -Eqs. (II. 9p . (II. lip - to be in agree- 
ment with a very strong color interaction at low energies that can cause confinement. 
There is an easy intuitive picture of this phenomenon: when splitting two electric 
charges, the strength of the mutual interaction decreases (is screened) by the cre- 
ation of dipoles between them. This effect corresponds to the term with —2nf in 
Eq. (ll.lSp . In the case of colour charges, the different behaviour comes from the 
term including the 33 in that equation. Gluon selfinteractions cause anti-screening 
and finally, it is not possible to keep on separating the quark-antiquark pair since, 
at some point, it becomes energetically favoured to create a new pair. In order to 
complete the intuitive analogy, one could compare this with magnets. When break- 
ing one, there will always appear new ones, with oposed poles. It is impossible to 
isolate the magnetic monopole as it is isolating a colour charge. 

More technically, the confining phase is defined in terms of the behaviour of the 
action of the Wilson loop [141] . that corresponds to the path followed by a quark- 
antiquark pair in four dimensions between its creation and annihilation points. In a 
non-confining theory, the action of this loop would be proportional to its perimeter. 
However, in a confining theory, the loop action would grow with the area. Since the 
perimeter of two open lines is equal to its sum, while the area goes to infinity, in a 
non-confining theory it would be possible to split the pair; while in the confining it 
would not be so. Although Wilson loops were introduced in order to have a non- 
perturbative formulation of QCD and solve confinement, this has not been possible 

of the momenta appearing in them. This allows to relate the values of the renormalized quantities 
at different energies and also to calculate the anomalous dimensions, that modify the evolution 
with energy derived on dimensional grounds because of quantum effects. 
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so far. Its influence -like many ideas that emerged trying to understand QCD- has 
been great, since it lead Polyakov |142] to formulate string theories in a modern way. 

Despite of what has been said, there could be an experimental way to come close 
to confinement. So far we have always considered field theories at finite temperature 
and density. At the begining of the Universe both were so high that chiral symmetry 
would be broken then and quarks and gluons would not have the time to hadronize 
because of their incessant interactions. This framework is being investigated in 
heavy ion experiments to try shed some light on the problem of confinement. 

In summary, quantum corrections make that the strength of the interaction 
changes with the energy. In the case of QCD, it is very strong at low energies, 
so we will not be able to make a perturbative expansion in powers of the coupling 
constant and make useful computations in this way, because they will not converge 
since 0:5 ~ 1. Additionally, and due to confinement, one should find a way to relate 
the fundamental theory with quark, antiquark and gluon degrees of freedom with 
the mesons produced in hadronic tau decays. In the next sections and chapters we 
will see that the solution to both problems comes together: when one finds the ap- 
propriate degrees of freedom, we will understand how to build a reliable and useful 
computation. 



1.4 Quantum Effective Field Theories 

The history of Physics is a history of the understanding of more and more nu- 
merous and diverse phenomena. In many cases, the comprehension of the new does 
not invalidate the description of the already-known, that is obtained as a particular 
limiting case of the new theories, whose range of applicability is larger. Sometimes, 
the old theory can be regarded as en effective theory of the new one in a determined 
subset of its application. 

Some examples can illustrate this: at the beginning of the XIX century a cor- 
rect description of electrostatics was already achieved. Diverse experiments due 
to 0rsted, Ampere, Ohm and Faraday -among others- increased the number of 
phenomena to describe simultaneously including electrodynamics and magnetism 
with time-dependent fluxes. The whole set could be explained coherently through 
Maxwell equations. In them, the wave nature of light was described, showing it 
as an electromagnetic wave propagating at a given speed, c, that was a universal 
constant of the theory. In the limit c 00, one loses the Maxwell's displacement 
current. As a consequence, the old theory (Ampere's law) could be seen as a limiting 
case of the new one (Maxwell equations) when the appropriate parameter (1/c) was 
considered to be small. Ampere's law can be considered as the first order in the 
expansion in 1/c of the so-called generalized Ampere's law that could be obtained 
from the Maxwell equations. It is thus an EFT of the former. In static phenomena 
a similar treatment, based on the complete Maxwell equations is unnecessary and 
Coulomb or Ampere's laws are enough, obviously. 
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Newtonian mechanics is valid for a large number of situations in our everyday 
life. Notwithstanding this is not the case in the world of the infinitely small or 
enormously fast. Quantum Mechanics generalizes it in the first case and Especial 
Relativity does it in the second. One of the fundamental hypothesis of the quantum 
theory is that the action is quantized in integer multiples of the reduced Planck's 
constant [h), which allows to explain the emission blackbody spectra, for instance. 
The value of this constant in IS units is so small that it becomes macroscopically 
irrelevant. For this reason it makes sense that the limit h ^ oi the quantum the- 
ory will bring us back to the classical theory that is this way an EFT of the former. 
Consequently, nobody would resort to Quantum Mechanics to solve a macroscopic 
problem unless it is to illustrate an introductory lesson to the topic. 

It can also be seen that classical Maxwell's electrodynamics is an EFT of Quan- 
tum Electrodynamics, QED, appropriate in the limit ^ — )■ 0. The theory that we 
have seen before as fundamental, it is from this point of view an EFT of the next 
more fundamental theory. Again it is not necessary to solve the equation of motion 
of a macroscopic charged body in presence of an EM field using the quantum theory. 
From the practical point of view, EFTs are more useful than the fundamental ones 
in their subsectors of applicability. 

But for the case that we work for a theory of everything our theory will always be 
effective, and it will be better this way since one avoids complicating the problem 
without any need and the choice of variables is suitable to its description. We still 
need to justify that this effective theory would be a quantum field theory, {QFT). 

The most common method of studying QFTs is based in the use of perturbation 
theory in powers of the corresponding coupling constant, that must be small for 
every term in the expansion to be smaller than the previous one so that we can 
cut our expansion at a given order -because the perturbative series is not exactly 
summable- and expect that the outcome approximates well the true result. Such 
an expansion does not make sense in our case of hadronic r decays, because of the 
value as ~ Then, one has to find an alternative way to proceed. 

In any case, it is convenient not to abandon QFTs, since their formalism war- 
ranties that the observables will fulfill all requirements of a relativistic quantum the- 
ory (as it must be the theory describing the Physics of our elementary particles): mi- 
crocausality (if two space-time points are separated spatially, whatsoever operators 
defined in them satisfy trivial commutation or anticommutation rules -depending 
on their statistics-), unitarity (the sum of the probabilities of all possible events is 
unity), analyticity (the functions of the fields must be complex-differentiable in the 
vicinity of every point of its domain), Poincare invariance (the symmetry group of 
Relativity), spin-statistics connexion theorem (Fermi-Dirac statistics for half-integer 
spin particles and Bose-Einstein statistics for particles with integer spin) and cluster 
decomposition (ensuring the locality of the theory, since sufficiently far away regions 
behave independently). 

Although we have seen that the techniques of QFTs are highly desirable we must 
admit that they are not enough on their own, because if one incorporates these very 
general principles into the theory one would need a lot of experimental information 
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to characterize a tlieory and tlierefore make predictions. As we have seen before it 
is convenient to use EFTs. Therefore, it will be natural and adequate to employ 
quantum EFTs in our problem. 

In order to formulate them we need to identify the relevant degrees of freedom 
and the expansion parameter. Both things will happen generally at the same time, 
as we will see. There will be a typical scale. A, separating active and passive degrees 
of freedom. Particles with m <C A will be kept in the action while the heavy fields 
with M ^ A will be functionally integrated out. We will consider the interactions 
among the lightest states that will be organized in a power series in 1/A. Since 
m/A ^ 1 the effect of every consecutive term will be less than the previous one and 
we will be able to cut the expansion at a given order. Besides, we will be able to 
control the error introduced estimating the contribution of the first omitted term 
from the expansion parameter and the known terms. 

We will close the section stating Weinberg's definition of EFTs [3] : if -for a given 
set of degrees of freedom- we apply perturbation theory with the most general La- 
grangian consistent with the assumed symmetries we will obtain the most general 
5* matrix elements -and therefore the observables that are constructed from them- 
that are consistent with analyticity, perturbative unitarity, cluster decomposition 
and the assumed symmetries. 

We note that with respect to the most general formulation introduced before 
we are adding here the compromise with a choice of degrees of freedom and the 
assumption of the symmetries of the underlying theory. This approach will be re- 
viewed later on, because it may be desirable to make a more elaborated approach 
including dynamical content of the underlying theory. 



1.5 Chiral Perturbation Theory 

We have highlighted the concept of symmetry. Symmetries have always been the 
key to understand physical phenomena. On one hand they are expressed with the 
greatest mathematical rigour, on the other end they allow -in some cases- approxi- 
mations, that are at the core of almost any realistic computation. 

Which is the symmetry that we can employ to build our effective theory? The 
answer is neither easy nor immediate. One could think in some property directly 
related to the gauge group of the theory, with the property of colour. Due to 
hadronization, the possible structures with vanishing total colour charge are im- 
mediately fixed by the product of representations in group theory, since we know 
the representations of the gauge group (adjoint) and we have fixed that of matter 
(triplet and antitriplet for quarks and antiquarks, respectively). We can check that 
the mesons fulfill this condition, but we do not obtain any useful hint in order to 
develop our EFT. Indeed, assuming confinement, we observe that letting Nq free 
is the only remaining possibility that we will consider next. 

It will not be then a local gauge symmetry the one allowing us to built the EFT. 
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Let us see which global symmetries the strong interaction has. We think first that in 
this Thesis we study processes that produce the lightest mesons: pions, kaons and eta 
particles. It is intuitive that the heavier quarks will not be active. Therefore, we con- 
sider the QCD Lagrangian for light flavours: m, (i, s, = 3 in fll.l6p . If we neglect 
in first approximation the masses of these quarks m„ ~ ~ ~ 0, the QCD La- 
grangian is invariant under separate transformations of the RH and LH components 
of the quark fields, global transformations of the group G = SU{nf)L ® SUijif)^, 
the so-called chiral symmetry group. 

Local symmetries determine the interaction -as in fll.l6p -. There are two possi- 
bilities for globals symmetries: If both the Lagrangian and the vacuum are invariant 
under the group of transformations G then the symmetry is manifest in the parti- 
cles spectrum. However, even if the Lagrangian is invariant under transformations 
belonging to G, the vacuum is not, then the spectrum will refiect the symmetries 
of a certain subgroup H of G, where both the Lagrangian and the vacuum will be 
symmetric under transformations of if, but only the Lagrangian will be invariant 
under all the group G. One speaks in this case of spontaneous symmetry breakdown 
of the symmetry G ^ H. We also know that we will have as many massless scalar 
1^ particles (Goldstone bosons |143] ) as broken generators. That is, the number of 
Goldstone bosons equals the difference between the number of generators in G and 
H. 

If we restore to phenomenology we observe that the lightest mesons can be clas- 
sified in multiplets (n/ = 3) of equal spin (J) and intrinsic parity (P), which cor- 
responds to the representations of the group 5't/(3)y. We also see that multiplets 
with opposite parity do not share mass: the vector multiplet {J^ = 1~) is lighter 
than that of axial- vectors (l"*"); and that of pseudoscalar mesons (0~) is much lighter 
than the scalars (0+) or than the spin 1 particles 0. In Chapter [2] it is explained 
how these observations lead to the pattern of spontaneous breaking of the symmetry, 
which is SU{3)l'S) SU{3)r — )■ SU{3)v- There are n^ — 1 = 8 broken generators, that 
would be the number of Goldstone bosons that we should observe. In fact, since the 
masses of the light quarks are small compared to the typical hadronization parame- 
ter, ^xSB ~ IGeV, but not zero, we have in addition to the spontaneous breaking of 
the symmetry an explicit breaking of it because rriq ^ 0, rriq = rriu, rud, m^. That is 
why we observe 8 particles with small but nonvanishing masses that we call pseudo- 
Goldstone bosons, pGbs, (for his origin in the spontaneous breaking of the symmetry 
and his mass in its explicit breaking). These are the pions, kaons and eta particles 
detected in our semileptonic tau decays: vr^*", 7r°, rj, K"^, K^, K^. 

Now that we have the symmetry and our choice of degrees of freedom we have to 
worry about building the EFT Lagrangian that contains them conveniently. Wein- 
berg's theorem ensures that having done that, the perturbative treatment of it will 
lead to the most general S-matrix elements in a consistent way. The formalism that 



^Scalar stands for a spin-zero particle in this context. No reference is made to its intrinsic parity 
here. 

^°We win call resonances all light-flavoured particles heavier than those belonging to the lightest 
multiplet 0~. 
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allows to build effective Lagrangians for symmetry groups that have been broken 
spontaneously is due to Callan, Coleman, Wess and Zumino |144[ 1145] . Its applica- 
tion to low-energy QCD will allow us to write an EFT describing the interaction 
among pseudo-Goldstone bosons. Moreover, since there is an energy gap between 
these particles and the next heavier ones, the effect of these heavier modes will be 
small and will allow to build an EFT containing only these modes, Chiral Pertur- 
bation Theory, xPT [U [5] . 

This theory has a natural expansion parameter in the ratio between masses or 
momenta of the pseudo-Goldstone bosons over the scale A^^^, that will be much 
less than unity. All the initial problems are thus solved: is an EFT built upon 

symmetries of QCD in a specific subset of it (light flavours in low-energy processes 
where the only products are pGbs and chiral symmetry is a good approximation) 
and with a expansion parameter that permits to do perturbation theory. However, 
since ~ 1.8 GeV, the resonances could be active degrees of freedom, so that we 
will have to enlarge x^T to higher energies and include new degrees of freedom. 
Unfortunately, in this case it will be more complicated to proceed through the pre- 
vious steps to build the theory, as we will see. 



1.6 QCD in the limit of a large number of coulours 

When we incorporate heavier particles the counting is broken, since the masses 
and momenta of these new degrees of freedom are of the same order or larger than 
A^SB, in such a way that its ratio is no longer a good expansion parameter of the 
theory. We have another difficulty: there is no longer a large and well-defined energy 
gap separating the particles that are active degrees of freedom of the theory from 
those who will be integrated out because they are not. We will see that a solution to 
both problems can arrive by considering the large number of colours limit of QCD 
|146[ I147[ 1148] . Anyhow, we should point out that as opposed to the low-energy 
sector with xPT, it is not known how to build an EFT dual to QCD in the interme- 
diate energy range. The limit Nq — )■ cxo is a tool that will allow to understand which 
are the dominant contributions and which are not important -among all allowed by 
symmetries- in our Lagrangian. 

't Hooft suggested considering QCD in the limit when the number of colours of 
the gauge group goes to infinity |146] . His motivation was achieving a simpler the- 
ory that still kept some resemblance with the original one and from which one could 
derive qualitative properties -hopefully also quantitative- of the underlying one. In 
this limit QCD is exactly soluble in two dimensions |147] . but not in four. Still, if 
we assume that the theory is confining, a number of experimental features of QCD 
can be derived, which suggests that this construction is a good approximation to 
nature. Among them we will highlight for the moment that: 

- In the Nq — c>o limit mesons are free, stable (they do not decay) and do not in- 
teract among themselves. Meson masses have a smooth limit and there are infinite 
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particles: a tower of excitations per each set of quantum numbers. 

- At first order in the expansion in 1/Nc, meson dynamics is described by tree level 
diagrams obtained with an effective local Lagrangian whose degrees of freedom are 
mesons, as it was discussed in the Weinberg's view of xPT. 

At this point one can observe that there is a certain internal contradiction be- 
tween the construction of EFTs a la Weinberg and the expansion in 1/Nc for QCD 
that should be solved in some way: on the one hand Weinberg's view is to define the 
particle content and the symmetries and then to build the most general Lagrangian 
consistent with the assumed symmetries and it guarantees that we will obtain the 
most general results through a perturbative approach. The problem is that the in- 
troduction of the resonances invalidates the former expansion parameter, that was 
successful for xPT- 

On the other side, the large number of colours limit of QCD can help us to or- 
ganize an expansion in 1/Nc, but it contradicts the ideas in the previous paragraph 
since one of its conclusions at lowest order is that we can not fix a priori the particle 
content of the EFT, for the consistency of the expansion we have to have infinite 
copies of every type of resonance. 

Because of that we have two possibilities: 

- Either we forget the requirement for the Weinberg's formulation of making a suit- 
able choice of degrees of freedom for the energy range we are considering and we 
include the spectra demanded by the limit Nc — >■ oo. 

- Or we include the phenomeno logical spectra and depart from the 1/Nc counting. 

One could think that incorporating subleading effects in 1/Nc "we may be able 
to get the measured spectra. This idea can not become a reality for the moment 
because of the nature of the 1/Nc expansion in QCD. It is true that a given order 
in as there is a definite number of diagrams, and that they can be computed and 
their effects resummed, but this is not at all the case in 1/Nc'- at every order there 
are infinite diagrams, and nobody has been able to think of a mechanism able to 
study this question. In the framework of EFTs based on this expansion there are 
studies investigating the NLO in 1/Nc- 

Additionally, one can recall that the Weinberg's approach does not include any 
type of dynamical information on the underlying theory: this is the price to pay for 
its generality. In our case we will see that a theory with pseudo-Goldstone degrees 
of freedom and resonances, that respects the symmetries of low-energy QCD, and 
therefore reproduces x^T at low momenta, based in the limit Nc — )■ oo, is not com- 
patible with the known asymptotic behaviour of QCD at high energies. Since we 
want our theory to work up to some ~ 2 GeV and at these energies perturbative 
QCD is already reliable, this should not happen. Then, the theory we need will 
require dynamical information from QCD -this will allow it lo link the chiral and 
perturbative regimes in the sector of light-flavoured mesons- and, either renounce 
to the choice of the physical flnal states as degrees of freedom or to model the ex- 
pansion in 1/Nc- This is discussed in the next section. 
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1.7 Resonance Chiral Theory 

Resonance Chiral Tlieory, RxT PC], includes tlie pseudo-Goldstone bosons and 
the resonances as active degrees of freedom of the theory and requires general prop- 
erties of QFTs and the invariance under C and P QCD has. Their fundamental 
features are sketched in the following. 

The low-energy limit of RxT must be xPT. This property has been used to 
predict systematically the LECs of xPT in terms of masses and couplings of the 
resonances when integrating these ones out of the action, at the chiral orders O {p^) 
[6] and O (/) in the even [149] and odd-intrinsic parity sectors |150] , with Nq — )■ oo 
and requiring the QCD high-energy behaviour. 

The xPT Lagrangian includes the octet of pseudo-Goldstone bosons. When ex- 
tending xPT, RxT incorporates the resonances as active degrees of freedom that 
are included in nonets, since octet and singlet of a SU{Nc = 3) group merge into 
a nonet for Nc — )■ oo. The xPT Lagrangian is built using the approximate chi- 
ral symmetry of massless QCD. After that, the spontaneous and explicit symmetry 
breaking is incorporated in exactly the same way as it happens in QCD. The nonets 
of resonances are added requiring the general QFT properties and invariance under 
C and P and the structure of the operators is determined by chiral symmetry. At 
first order in the expansion in I/Nq the terms with more than a trace and the loops 
are suppressed. The first property permits to postpone some terms allowed by the 
symmetries of the Lagrangian and the second one its use at tree level, as it was 
already explained. 

We remark that the theory determined by symmetries does not share yet some of 
the known properties of QCD at high energies. Therefore, one must match the the- 
ory with asymptotic QCD at the level of Green functions and/or form factors. The 
application of these properties determines a series of relations between the couplings 
of the theory that allows it to be predictive with less experimental information than 
otherwise. In this Thesis we obtain relations of this type on the form factors in two 
different type of processes that we will confront to those found in two- and three- 
point Green functions where the same couplings appear 0. The nice UV behaviour 
forbids terms with a lot of derivatives, which helps us to limit the number of opera- 
tors in the Lagrangian, since the counting that worked in xPT is now broken. The 
situation is not that easy, as we will comment later on, because consistency con- 
ditions may require the introduction of operators with more derivatives and some 
non-trivial relations among their couplings. Generally speaking, we do not include 
terms with a lot of derivatives because this would require fine-tuned relations to 
ensure the required cancellations needed at large momenta. In many cases the phe- 
nomenological success is, at the end of the day, the support of our approach. 

There is an inconsistency between Weinberg's approach and the strict limit A^^ — )■ 
oo, but to our knowledge, there is no known way of implementing the infinite tower 
of resonances in a model independent way. Then, it seems reasonable to start study- 

^"'^ There are not computations within RxT of four-point Green functions, whose short-distance 
relations we could confront to ours. 
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ing easy processes with the minimum number of degrees of freedom involved. As we 
get more and more control in this approximation (or the data get more and more 
precise) we wiU be able to include more states if needed. This approach is practical 
in order to estimate the different coefficients of the theory and it also respects the 
goal of a good physical description, trying to do it in terms of the least number of 
variables. 

Finally, our phenomenological study can not avoid introducing some properties 
that are higher orders in the 1/iVc expansion. In the energy range where the taus 
decay, resonances reach their on-shell condition and do indeed resonate due to their 
width, lower than its mass but typically non-negligible. Widths are a subleading 
effect. We will include them consistently within RxT, as we will see. 



1.8 Organization of the Thesis 

As it has been said, our study adopts the approach of EFTs. For this reason we 
introduce its basics in Chapter [2l Three are the cornerstones of our work on the 
theory side: on the one hand ensuring the right limit at low energies, ruled by xPT. 
On the other, the large number of colours {Nq) limit of QCD applied to EFT with 
hadronic degrees of freedom, in our case RxT. And finally, to warrant a behaviour 
at high energies in agreement with QCD for the different form factors. The ffist 
and second question are considered in Chapters [2] and [3l respectively, whereas the 
third one is introduced in Section 13.51 and discussed in any particular application 
of the theory considered in later chapters, that are preceded by a brief summary 
of the theoretical studies undertaken and an overview on the essentials of exclusive 
hadronic tau decays (Chapter |4]). The applications that we consider are: hadronic 
decays into three pions (Chapter [5]) and with two kaons and a pion (Chapter [6]). 
We also include the three-meson decays including t] particles (Chapter [7]) and the 
radiative decays of the tau with a single meson r — )■ P~7z/t-, where P = tt, K, 
in Chapter [HI With all of them we will improve exceptionally the control on the 
parameters of the resonance Lagrangian participating in the considered processes, 
both in the vector and in the axial-vector current and, therefore we will know better 
how to describe, in a theoretically sound way based on EFTs and the symmetries 
of QCD, these r decays. We will be able to take advantage of all these findings 
in the future, applying them to more complex processes. The thesis ends with the 
general conclusions on the work done. 
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Introduction 



Chapter 2 



Effective Field Theories: Chiral 
Perturbation Theory 

2.1 Introduction 

Effective Field Theories are built upon two seemingly contradictory deep roots: 
the idea of symmetry and the usefulness of making justified approximations. That 
is because symmetry is linked to the mathematical structure behind and appears to 
be fundamental, while an approximation implicitly seems to assume some deviations 
from Nature. We will clarify in which context -that of EFTs- both concepts join 
together in a rigorous approximation. 

It is not true that if one had the exact solution to the complete theory, no one 
would use the EFT instead. The EFT is more convenient in its domain of applica- 
bility because it uses the right variables and exploits the hierarchy of physical scales 
in the problem. We will be more specific about this point later on. 

Although the precise formulation of EFTs has been reached in the last thirty 
years, the two main ideas named above are, in a sense, living within Physics for long. 
It is common lore that the choice of variables can make the problem easier. If not 
exactly realized in Nature, symmetries are sometimes given at a quite approximate 
level and allow for a parameterization of the problem that exploits that and renders 
the computation doable (it is advisable to use cylindrical coordinates to solve the 
Laplace Equation in a tube-shaped cavity, for instance). At the same time, either 
analytically or numerically, one can work corrections to this exact solution by in- 
cluding the symmetry breaking as it happens in reality, or faithfully modeling it. 
We will see quite generally how these ideas of symmetry and approximation apply. 

One of the longstanding motivations in Physics has been that of pursuing the 
so-called theory of everything. This theory would be of little practical use be- 
cause the energy scales involved would be orders of magnitude higher than the 
ones we can probe experimentally (unless extreme phenomena near black holes 
are observed). That would be the situation for any theory that unifies Gravity 
with other forces, since its characteristic energy scale, the so-called Planck Mass 
{Mpi = (SttG)"^/^ ~ 10^^ GeV), is outside our reach. Thus, this unification would 
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be almost useless but from the point of view of the likely mathematical beauty. An 
EFT description using just the active degrees of freedom in any specific setting is 
in order. 

On the other hand, if we leave gravity aside, the situation changes: If there was 
exact unification of the SM gauge groups [151] -with maybe some others [152] . 
adding extra particles |153] . using small additional dimensions to reduce E ~ Mpi 
|154[ I155[ 1156] , etc.- at some energy scale ever accessible to experiments, then we 
would reaffirm our understanding on SM, gain more insight on some kind of Physics 
beyond it (BSM) discovered by that time and get a number of predictions testable 
in experiments. 

Let us use the very well-known example of the hydrogen atom to explain how 
the relevant degrees of freedom arise naturally. A first description of the system is 
achieved by using the Schrodinger equation for the electron bounded to a proton by 
Coulomb's law. The only properties that count at this stage are the electron mass 
and charge (or, equivalently, the fine structure constant, a = e^/(47r) ~ 1/137). It 
does not essentially matter that the proton mass is not infinite, because it is much 
heavier than the electron one. The spin 1/2 of the electron does not affect yet either. 
If one counts the mass scales that appear in the problem, one sees they are rrig and 
Mp, being nif^/Mp ~ 5 ■ 10^^. Any effect of rrif^/Mp ^ will be a ~ 10"^ correction, 
at most. It can be seen that the leading interaction involving spin (between the elec- 
tron spin and the electrons' orbital angular momentum) are also suppressed with 
respect to the leading Coulombic interaction. The general feature we may extract 
is that the characteristic energy scale of the problem (A) is set by the electron mass 
and the strength of the interaction: A ~ rriea, the typical momentum (or inverse 
of length scale, the familiar Bohr radius) of the system. Therefore, the relevant de- 
grees of freedom will correspond to particles with energies much lower than this one 
(m, E A): ultrasoft photons with energy of the order of meO^-, that sets the scale 
of energy splittings between levels, the Rydberg (or inverse of characteristic times). 
On the other hand, particles with much higher energies (M ^ A) will influence 
tinily the spectrum and thus can be integrated out from the action. This will be 
the case of the proton or soft and hard photons. But also of the M^-boson, what 
justifies that electroweak corrections to this QED bound state are marginal. 

One has then the possibility of constructing the most general Lagrangian consis- 
tent with QED symmetries including interactions among the lightest states and one 
will be able to organize them efficiently as an expansion in powers of E/A. We have 
found through this example the general rules for building EFTs: identifying the rel- 
evant energy scale of the problem, integrating out the heavier modes and building 
the most general Lagrangian consistent with symmetries involving the light modes: 
a tower of interactions that one will conveniently organize in powers of E/A. The 
procedure rests on Weinberg's Theorem, that wiH be discussed in Section 12.21 

The fact that the heavier states can be integrated out (as explained in Section 
12. Sp does not mean that they do not leave any mark in the low-energy Physics. The 
effect of these states on the EFT is double: on the one side they pose symmetry 
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requirements on the EFT 0, on the other hand they correct the values of the con- 
stants specifying the dynamics of the low-Energy theory {LECs\ that are different 
in the full and in the effective theory in case they enter in both □, see Section 12.41 

If the underlying theory is weakly coupled at the scale A one is able to compute 
explicitly the values of the LECs. Otherwise, one must rely on lattice evaluations or 
fix them phenomenologically as discussed in Section 12.61 In the first case, the same 
coupling constant will serve as an expansion parameter to apply the perturbative 
techniques, while in the second one it may be difficult to find such a parameter. 

One important feature of EFTs is that there is an infinite number of interact- 
ing terms in the EFT, which makes the theory non-renormalizable in the classical 
sense. However, this is not a problem once we understand that EFTs add to the 
general characteristics of renormalizable theories the need of having a rule in or- 
der to estimate the size of these non-renormalizable terms. This will allow us to 
stop the expansion once we reach some desired maximum error associated to our 
computation. We will classify the terms in the Lagrangian according to some count- 
ing scheme that makes explicit the organization of all allowed interaction terms in 
powers of the expansion parameter. Then, at a given order, one will have infinites 
that will be renormalized by redefining the LECs appearing at the next order in 
the expansion. If one regularizes using Dimensional Regularization (that preserves 
all symmetries of the theory in the renormalization procedure), renormalizability is 
assured since every infinite will be the coefficient of an operator respecting the sym- 
metries and therefore already present in the effective Lagrangian at a higher order, 
determining an order-by-order renormalization. At the practical level, EFTs are as 
renormalizable as those classically called that way. For a given asked accuracy we 
have to take into account terms in the expansion up to some order, that includes a 
finite number of terms, as in any renormalizable theory. 

A general remark before closing this introductory section: It seems that EFTs 
are the tool that solves everything and that is not true. The Hydrogen atom is a 
system with a well-defined hierarchy of scales and a non-relativistic nature. Then, 
the ratios E'/A and v/c are two small magnitudes that work extremely well in the 
setting described above. Moreover, most of Particle Physics systems fulfill the non- 
trivial characteristic that there is a small number of quantities playing a role in the 
problem with some scaling among them. This allows (and suggests) an EFT ap- 
proach. Even in the cases where the scaling is not so well defined or the expansion 
parameter is not that small it is an advisable tool. However, in Chemistry (or even 
more in Biology) there appear an enormous amount of unrelated energy scales of 
comparable magnitude. Then even the extremely simple approach applied to the 
Hydrogen atom as first step will lead in an EFT study to too cumbersome expres- 
sions to make any sense out of them. We are lucky that these techniques can be 
applied in Physics. 



"'^For instance, in the non-relativistic EFTs the relativistic invariance of the fundamental theory 
implies relations between the LECs in the EFT that are valid to all orders in the coupling constant. 

^This does not happen when the degrees of freedom are different in the fundamental and effective 
theory. 
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In the remainder of the chapter we will be more precise on the ideas sketched 
above. We have made extensive use of Refs. ^57\ [1581 M [TSU [I62l [1631 MM 
in order to prepare this part. 



2.2 Validity of EFTs: Weinberg's Theorem 

We will precise now the formulation of EFTs a la Weinberg. It can be stated as 
a theorem [3] : 

For a given set of asymptotic states, perturbation theory with the most general 
Lagrangian containing all terms allowed by the assumed symmetries will yield the 
most general S matrix elements consistent with analyticity, perturbative unitarity, 
cluster decomposition and the assumed symmetries. 

EFTs describe the physics at low energies, this defined with respect to some 
energy scale, A, characteristic of higher energy processes. Heavier states with M > A 
are integrated out from the action and the relevant degrees of freedom are those with 
masses m << A. There is a well defined ordering in powers oi E / K for the infinite 
interactions among the light states one gets. 

The view on renormalizability of QFTs has changed through the years. For 
much time, it was claimed that for a QFT to be renormalizable one needed that 
the Lagrangian contained only terms with dimension less or equal than that of 
the space-time, D. If operators of any dimension were allowed, one would need 
an infinite number of counterterms to absorb all the infinites and consequently an 
infinite number of unknown parameters condemning the theory to have no predictive 
power. Since the EFT has an infinite number of terms {C^ff = C<d + Cd+i + 
where only the first one is renormalizable in the classical sense) the conclusion seems 
devastating. 

We have explained at the end of the previous section that the infinite number of 
terms in the EFT will not cause any problem with respect to the renormalization of 
the theory. For a definite number of powers in the (E/A) expansion, the symmetries 
of the EFT allow only a finite number of operators in the Lagrangian. Consequently, 
there will be a finite number of counterterms that renormalize the theory at this 
order. 

In addition to the problem of predictivity loss, one could think that as the energy 
of the process increases this tower of classically non-renormalizable interactions will 
give rise to a wild violation of unitarity at high energies. To clarify that this is not 
the case, we will classify the Quantum Field Theories according to their sensitivity 
to high energy |165] : 

1. Asymptotically free theories: Nothing in them signals a limiting energy beyond 
which they can no longer be employed. 

2. Ultraviolet unstable theories: The theories themselves report about a limit 
energy range of applicability. This statement will be illustrated with several 
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examples in section 12.51 

EFTs belong to the second group. The main difference with respect to the first 
ones comes from the appearance of new LECs at every order in the perturbative 
expansion -that is not simply an expansion in the number of loops, as we will see-. 
It makes no sense to go further and further in this expansion indefinitely. Every new 
order in the series in {E/A) is intended to achieve a more detailed description. The 
accuracy reached with every new term goes as e < (f ) * , where D™''^ is the 
highest dimension of all operators included El. Once we demand a limited precision, 
we know at which order in the expansion we shall stop. Moreover, if we desire to 
enlarge the applicability of the EFT to higher energy physics the way out is not 
to include operators of higher and higher dimension, because as soon as £^ ~ Mi 
-being Mi the mass of the lightest initially integrated out particle- the Weinberg's 
theorem tells that the right procedure is to include it in the Lagrangian as an active 
field. This happens usually, and there is a formal way to deal with this successive 
incorporation of particles, that we will describe in the next section. 

In QCD, confinement forbids quarks and gluons to be asymptotic states. Wein- 
berg's theorem guarantees that writing out the most general Lagrangian in terms 
of hadrons -that can be thought as active degrees of freedom in a given subset of 
energies- consistent with the needed symmetries and respecting all the other stated 
conditions will bring us the most general observables consistent with the assumed 
symmetries and general properties of QFTs. 



2.3 Integrating out the heavy modes 

We will explain here more formally the integration of heavy modes from the action 
that has been anticipated in the previous sections. We will use the path integral 
formalism and assume that the theory at high energies is known. The effective action 
Feff, will be written only in terms of the light modes and encodes all the information 
at low energies, where it yields the same S matrix elements than the fundamental 
theory by construction. S^s reads 



where $/ and refer to the light and heavy fields respectively and S'[$;,<l>/i] is 
the action of the underlying theory where both modes are dynamical. The effective 
Lagrangian gets defined through 




(2.1) 




(2.2) 



■^There will be quantum corrections to this estimate, that most of the time will be irrelevant. 
Anyway, the moral is that the error is essentially under control, as one would ask any theory for. 
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The effective action S'cfT[$;] can be computed using the saddle point technique. The 
heavy field is expanded around some field configuration $/i as follows {A^h{x) = 



d^x 



6S 



+2./ ^'"^^'^ SM^)SMy) 



A^h{x)A^h{y) + ... . (2.3) 



$/i is chosen so that the second term in the RHS of Eq. (12. 3|) vanishes to allow a 
(formal) Gaussian integration 



0. 



(2.4) 



With this choice Eq. (EH]) is 



where 



A {x, y) 



(2.5) 



(2.6) 



We see from Eq. (12. 5p that the first term corresponds to a tree level integration of 
the heavy field The power counting of the EFT will determine how the expan- 
sion is realized, as we will see in the case of xPT in Chapter 2. 

Two comments are in order: The procedure is iterative; one can have a pair of 
{i?FT-fundamental theory} valid up to some energy scale A. Then, for E > A, 
some other mode may become active and the fundamental theory in the previous 
step will become the EFT in the next one. The other remark concerns the actual 
use of that integration. The general procedure outlined above can involve compli- 
cated or unfeasible calculations. This may happen because the degrees of freedom 
are different in both theories and there is no unambiguous way of relating both, 
or because a perturbative treatment is not applicable. In these situations one may 
restore to phenomenology or lattice evaluations to do the computations. In any 
case, it is always possible to obtain some information on e*'^^"''*'] from symmetry 
constraints stemming from the fundamental theory. 



2.4 Effect of heavy modes on low-energy Physics 

We have stated in Section 12.11 that although the heavy modes are non-dynamical 
at low energies they have an impact in the LECs of the theory when integrating 
them out following the method in Sect. I2.3l in going from the the fundamental theory 
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to the effective one. We will see this general property at work in the case of xPT- 
There is again a theorem expressing this notion precisely, due to Appelquist and 
Carazzone [166] : 

For a given renormalizable theory whose particles belong to different energy scales, 
that does not suffer Spontaneous Symmetry Breaking and does not have chiral fermions; 
the only effects of the heavy particles of characteristic mass M in the physics of the 
light particles of masses around m at low energies either appear suppressed by in- 
verse powers of M or through renormalization. 

The question is immediate: Does it apply in general? Does it to QCDl 
QCD is renormalizable [1671 1168[ I169[ 1170] and we have discussed in the intro- 
duction that there are six quarks with masses spanning four orders of magnitude. 
This suggests that one could very likely have hadrons belonging to different en- 
ergy scales, and also dynamical gluons with very different energy-momentum. In 
principle, the first condition of the theorem does not seem impossible to meet, al- 
though one should revise this assumption in any particular scenario. Moreover there 
is no spontaneous symmetry breaking associated to the QCD vacuum. Finally its 
fermions are not chiral: left-handed and right-handed fermions do not couple differ- 
ently to the gauge color group. All conditions of the Appelquist- Carazzone theorem 
are a priori fulfilled. 

2.5 Example 

We will introduce an example of EFTs in order to help us illustrate some general 
characteristics of EFTs that have already been discussed and will be of use in the 
next sections. We will see how: 

• An EFT indicates its border of applicability by itself. 

• EFTs help to understand the physics involved giving us some hints that point 
to the more fundamental theory to be scrutinized in future experiments. 

Inspired by the coupling of the electromagnetic current to photons, Fermi 
[171] proposed as the basis of a theory of weak interactions a local current x current 
interaction among fermions that we can write -just for the lightest species- now as: 



where Pl is the projector over left-handed states. 

Eq. (12. 7p and dimensional analysis imply that a {v^e~ — ^~ Ve) must diverge in 
the ultraviolet as G']r s, which signals again a more general theory, the SM . 

Is this the end of the story? Coming back to the hierarchy problem, see Table 
II. 2^ there is a dimension five operator (thus, suppressed at low energies by the high- 
energy scale) that respects all gauge symmetries of the SM and that will give mass 
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to Maj orana neutrinos |172j : 

-^(Jl^) F {^Ul) +h.c. (2.8) 

through diagonahzation of the mass-term @. Thus, M^^ajorana ^ ^ where is 
related to the electroweak scale and A to the new Physics scale. The important les- 
son we learn from this particular example is that regarding the SM as an EFT we 
can go on learning about a more fundamental theory. To mention a recent example, 
let us note that these ideas have also been applied under the hypothesis of minimal 
flavor violation [173] . 

The same physical predictions in the full and effective theories should be 
expected around the heavy-threshold region. Thus, both descriptions are related 
through a so-called matching condition: the two theories (with and without the 
heavy field) should give the same S matrix elements for processes involving light 
particles. 

Until the matching conditions have not been taken into account, one is not deal- 
ing with the effective field theory, that is, the matching procedure is a fundamental 
step to develop effective approaches. We will illustrate how this works with the 
Fermi theory, see Eq. (12. 7|) . 

When the ly-boson momentum is small compared to its mass, its propagator 
can be Taylor-expanded to give: 

' ■ ■ ^' + ...), (2.9) 



p' - Ml \ Ml Ml 

and the lowest order in this expansion can be applied to the SM tree-level result 
for us — du in the unitary gauge: 



to give: 



Comparing this to the amplitude obtained with Eq. (12. 7p we can match both 
theories up to C ( -^r- ) corrections by relating the corresponding coupling constants 



through the W mass: 



Gf g 



2 



V2 8M, 



(2.12) 

w 



"'Left-handed leptons are collected in the ^s, tps include the Higgs field and F is, in general 
non-diagonal in flavour space. 
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Going further in the expansion of Eq. (12.91) will require to include additional 
higher-dimension operators in Eq. ( 12. 7p . 




Figure 2.1: Feynman diagrams for the flavour changing charged current process 
us — >■ du at lowest order: within the fundamental electroweak theory through W- 
exchange (left) and using Fermi's EFT (right). The effective local vertex is repre- 
sented by the thick dot. 

In this particular example the tree level matching is trivial because the \AS\ = 1 
processes are allowed without loops. For \AS\ = 2, the LO non-trivial contribution 
comes from the loop box diagram. 

In the Fermi theory it has been possible to compute the LECs in the EFT from 
the fundamental theory. In our case, when studying low and intermediate energy 
QCD, it will not be possible to derive from QCD the couplings of RxT, the match- 
ing conditions in this case will apply when demanding asymptotic QCD behaviour 
to the Green functions and form factors obtained within RxT. That will impose 
some restrictions on the effective couplings of the theory, as we will see. 



2.6 Weakly and strongly coupled theories 

A weakly coupled theory is one in which perturbation theory applies in a given 
energy range, whereas it is strongly coupled in some energy interval if the couplings 
are there comparable to (or even greater than) unity and any ordering for the pertur- 
bation series makes no sense. One might try to understand why asymptotic states 
differ from interacting states for these strongly coupled theories as a consequence of 
this property. In practice, and apart from very few realistic exceptions (like, for in- 
stance, Bethe-Salpeter equation |174[ 1175(1176] for bound states in QFT) we are only 
able to get rid of physical problems in QFT by using perturbative methods: Either 
belonging to the original theory or to an EFT (in fact, the naming non-perturbative 
methods has been generalized for this last case); so, it is clear that our inability for 
dealing with such kind of mathematical problems makes EFTs even more necessary. 

Finally, another consequence for weakly/strongly coupled theories is that in 
them the naif dimensional analysis is not /is modified by anomalous dimensions H. 



^The anomalous dimensions are quantum corrections to the classical operator dimensions. Their 
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Anomalous dimensions (together with a non-abelian gauge group) can explain how 
a theory can share ultraviolet freedom and infrared confinement, as it is the case for 
QCD. Ref. |177] gives an easy and illustrative example of this. We recall its main 
features in the following: Let us consider the two-dimensional Thirring model |178] 
for a fermionic field whose Lagrangian is 

C = ^ {i^ - m) ip - {Ip-f^'^Y . (2.13) 

It can be shown that it is dual to the sine-Gordon model for a fundamental scalar 
field, with the Lagrangian: 

£ = ^d,4>d^^ + ^ cos (2.14) 

where the couplings g and (3 are related by means of: 

/32 1 



Air 1 + g/n 



(2.15) 



that indeed shows us that sine-Gordon strongly coupled model with ^ An can 
be studied with the weakly coupled Thirring model {g ~ 0). Then, we have two 
-equally valid and quite different- alternatives for describing the same theory (this 
happens because of the big anomalous dimensions that appear within strongly cou- 
pled theories at some scale. They can change drastically the behaviour of the dif- 
ferent operators entering the EFT when considering them at different energies) . At 
a given energy scale, we can choose between a strongly coupled theory involving 
bosons that has big anomalous dimensions and a weakly coupled theory whose de- 
grees of freedom are fermions with little anomalous dimensions. From the purely 
formal point of view, there is no reason to prefer one alternative to the other one, 
but in order to compute it is clear that the second option -that has a smooth per- 
turbative behaviour- is more comfortable. 

This example emphasizes again the importance of making a right selection of de- 
grees of freedom. A theory that can be really involved at some energies (sine-Gordon 
model, that is strongly coupled) can be studied by means of another one, which is 
easier (Thirring model). 

The parallelism with QCD is tempting. The strongly coupled low-energy QCD 
can be treated by means of a weakly coupled theory written in terms of bosons, and 
this will be much easier than if we would have tried to solve it using quarks and 
gluons as the relevant fields. 



importance at different energy scales can be evaluated by using the so-called Renormalization 
Group Equations. 
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2.7 Precise low-energy Physics as a probe for New 
Physics 

Under the conditions of the Appelquist-Carazzone Theorem one sees that the 
effect of integrating out the heavy particles is to modify the values of the LECs and 
impose symmetry restrictions. We enumerated how all conditions of the theorem 
(but for maybe the energy gap between particles in some regions of the spectrum) 
were accomplished for the theory of strong interactions. However one can have 
EFTs applicable to sectors of the rest of the SM that may not fulfill the theorem 
and bring valuable information about the Physics at higher energies by analyzing 
with precision the low-energy experiments because in this case the effect of heavy 
modes in low-energy Physics will not be that mild. This is indeed the case for the 
electroweak {EW) sector of the SM, where spontaneous symmetry breaking affects 
the EW vacuum and fermions are chiral in the sense defined above. 

Thus, we understand that when extremely precise LEP data were analyzed and 
compared to theoretical computations including many quantum corrections, the Z 
width |179j . and its decay into a h-h pair [ISUj 1181] , were shown to be so sensitive 
to the yet-undiscovered top quark, through m^, that it indicated where to find it 
at FERMI LAB, as we told in the introduction. This is a clear and historically 
interesting example of how immensely precise low-energy experiments can give us 
clues about where physics beyond our model waits hidden. 

We will add two related examples of current interest: an electroweak precision 
test (measurement of the weak mixing angle) and the anomalous magnetic moment 
of the muon. We will be very schematic here just in order to highlight the point 
we wish to make, for a detailed analysis one can consult recent reviews on the topic 
[I821II83], or Ref. [TM] . 

Precision tests of the SM are promising places to look for physics BSM. An 
accurate measurement must be supplemented by very precise input parameters and 
higher order radiative corrections. At first sight it is striking that the measurement 
with finest precision is the main source of uncertainty in the end. That highest 
precision number is that of the fine structure constant, a, determined from the 
measurement of the anomalous magnetic moment of the electron |185] , with amazing 
accuracy: gj2 = 1.00115965218073(28) a'^ = 137.035999084(51), relying on 
perturbative QED as summarized in Ref. |186j . However, physics at higher energies 
is not described by this a measured at zero momentum transfer but for the one 
incorporating the quantum running. The shift of the fine structure constant from the 
Thompson limit to high energies involves necessarily a low-energy region in which 
non-perturbative hadronic effects spoil that astonishing precision. In particular, 
the effective fine structure constant at the Z pole plays an important role in EW 
precision tests, like the weak mixing angle, 9w, related to a, the Fermi constant, 
Gf, and Mz through [EZl [T881IT89] : 



(2.16) 
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where Ar incorporates the universal correction Aa{Mz), the quadratic dependence 
on rrit and all remaining quantum effects. In the SM, Ar depends on various physical 
parameters including the mass of the Higgs Boson, M^, still unknown [§. This way, 
the measurements of sin^6'iy can help to put indirect bounds on Mh \W2\ \WS\ I194j . 
The error on Aa{Mz) dominates the theoretical prediction. Here and in the case of 
the muon magnetic moment anomaly the source of the uncertainty is similar, and 
it depends on R{s), defined as follows: 

^ ^ had(-,)) 

cr (e+e- /i+yU-(7)) 

Specifically, the hadronic contribution Aa"^l^{Mz) of the five quarks lighter than 
the Z boson can be related to Eq. f l2.17p via |195] : 

^1 



A<^(M.) --[^y^e d. (2.18) 



where 



and cr°g^j(s) is the total cross section for the annihilation into any hadron with 
vacuum polarization and initial state QED corrections subtracted off. As discussed 
extensively in the introduction, we are lacking a way of using the QCD Lagrangian 
that allows to compute Eq. (12.191) with enough accuracy to discriminate if there 
is new physics associated to the measurement of sin^^vy- The strategy is to use 
experimental data on the e~^e~ annihilation into any hadronic state from threshold 
up to some energy (~ 2 GeV) where we can already rely on perturbative QCD 
supplemented by a motivated description of the lineshape of the many resonances 
appearing as sharp peaks in the hadronic cross section. Therefore, the theoretical 
prediction of R{s) -and of the observables that depend on it- includes experimental 
information. 

The current accuracy of this dispersion integral is at the level of 1% and it is 
dominated by the measurements in the region below a few GeV \196\ \197\ \198\ \199\ 

mamnm^m^m^m5[m6[m7[mE[m9[mmmA[m^m3[mMmRm6\ . 

As in the case of the fine-structure constant at the Z scale we have just considered, 
the theoretical (in the sense commented above) prediction of the anomalous magnetic 
moment of the muon is dominated by the error on the hadronic vacuum polarization 
effects at non-perturbative energies. Using analyticity and unitarity it was shown 
[217] that it could be computed from the dispersion integral: 



had,LO _ ^ 

^ - 47r3 



/ dsK{s)a'{s) = ^ / -K{s)R{s) , (2.20) 



^After the defence of this Thesis, both the ATLAS and CMS Collaborations have reported 
[1901 1191] the observation of a Higgs-like particle with mass ^ 125 GeV. 
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where the kernel K{s) ~ 1/s is further enhancing the low-energy contributions. In 
particular, the dominant part is given by the two-pion vector form-factor (Fy'^(s)): 



where cr^ is defined immediately above Eq. flU.7p and A is the scale up to which we 
consider experimental data instead of the theoretical perturbative QCD prediction. 

A precise recent measurement of a{e^e~ — t- 7r+7r^(7)) by the BaBar Collabo- 
ration |218] using the initial-state radiation method gives (taking into account the 
updated contribution of the other modes in ref. [SS]) a^^'^'^'^o ^ (698.6 ±4.0) ■ 10"^°, 
with similar results obtained by other groups. The current prediction is |213j 
a^^ = 116591865(49) ■ 10~^^, to be compared to the experimental average a^^^ = 
116592080(63) ■ 10^^\ that yields for the difference exp-SM Aa^ = 215(80) ■ 10"", 
2.7 standard deviations. This is on the limit to point to new physics |219j . However, 
given the facts that: 

• There have been discrepancies [22011221] in the shape of i?(s) (not that much in 
the integrated value) in the region of interest between the different experiments 
KLOE, CMD2, SND and BaBar that seemed to hint to underestimated 
systematical errors in the unfolding of the data. An increase of precision in 
the experimental measurement and a revision of the estimated uncertainties 
in the treatment of radiative corrections could help settle this issue. 

• One should have an independent way of extracting a^^'^'^^ using -Eq. fll.5p - 
after an isospin rotation. This way one would have a theory prediction using 
T data instead of e^e~ data. The results obtained with r data seem to be 
slightly closer to the SM ones (2.3 a away, |213j ). 

• A common treatment of radiative correction (including maybe more than one 
Monte Carlo generator) by the different collaborations would be desirable. 

One should conclude that it is still early to claim for this BSM physics. 

The purpose of this section has been to show a few selected physical observables 
that allow for precision measurements at low energies that were sensitive to new 
physics at higher energies. The SM would be the EFT of the one describing all 
phenomena at this higher enery scale. In all cases this was possible because the EW 
sector of the SM did not fulfill the conditions of the Appelquist-Carazzone theorem, 
and thus the effect of heavier modes was not only in modifying the values of the 
LECs and imposing additional symmetry properties. It is also instructive to see 
how in the cases of both smOw and this probe of BSM physics is polluted by 
the hadronic uncertainty imposed by low-energy QCD, some aspects of which we 
are discussing through this Thesis. 




(2.21) 
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2.8 Summary of EFTs 

We conclude the first block of the chapter with a recapitulation on the main 
features of EFTs. They are the following ones: 

• Dynamics at low energies does not depend on details of physics at high ener- 
gies. 

• One includes in the action only the relevant degrees of freedom according to 
the physics scale considered and to the particle masses. If there are large 
energy gaps, we can decouple the different energy scales, that is: 

0^m<^<M-^cx). 

There is a well-defined perturbative way of incorporating finite corrections 
induced by these scales. 

• Exchanges mediated by heavy particles have been replaced by a set of local 
(non-renormalizable) operators involving only the light modes. 

• The E'FT-Lagrangian is a sum of operators, C = QOj, whose coefficients 
scale as q — )■ E'^^~"'^ Ci. Here, di comes from dimensional analysis and 7j is the 
anomalous dimension. Provided we have chosen the right degrees of freedom, 
anomalous dimensions are small and the leading behaviour at low energies is 
given by the lowest dimension operators. Then, going further in the expansion 
we improve our accuracy: to include all corrections up to order l/E^, one 
should include all operators with dimension < di — '-/i + p, i.e., all terms with 
coefficients of dimension > —p. The number of operators to be considered at 
each order is finite. 

• Although EFTs are not renormalizable in the classical sense -they are ul- 
traviolet unstable-, they are order-by-order renormalizable for a given asked 
accuracy. 

• EFTs have the same infrared behaviour than the underlying theory. On 
the contrary, EFTs do not possess the same ultraviolet behaviour than the 
fundamental one, so we need to perform a matching procedure to ensure that 
they are equivalent at a given intermediate (matching) scale. 

• Whenever we respect symmetry principles for building the EFT, we will get 
the right theory written in terms of the variables we have chosen {Weinberg's 
theorem). 

• Under some conditions. Sect. 12. 4[ the only remnants of the high-energy dynam- 
ics are in the LECs and in the symmetries of the EFT [Decoupling theorem). 
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2.9 Introduction to Chiral Perturbation Theory 

In this section we will introduce a paradigm of EFTs, xPT. We will need it to 
build the RxT Lagrangian. The remainder of the chapter will be devoted to it. 

We have seen in the Introduction, Eq. f ll.lSp . how the strong coupling evolves to 
smaller values with increasing energy and the converse in the other end of energies: 
it increases its value as the energy gets smaller and smaller. A look to Figure 12.21 
could be instructive. 




Figure 2.2: Summary of the values of as{^j) at the values of yU where they are 
measured. The lines show the central values and the ilex limits of the PDG [9j 
average (see in Fig j2.3l the inputs used for this determination). The figure clearly 
shows the decrease in as when increasing fi. 

One sees that at /i ~ 2 GeV the value of asifi) is not yet that big to prevent a 
meaningful perturbative expansion in terms of it. Following the RGE to extrapolate 
to lower values of it is found that at a typical hadronic scale ~ Mp, Mp one can 
have ^^(/i) > 0.5 that jeopardizes that approach. Since hadronic decays of the r 
span the range 0.14 — 1.78 GeV, one should find a way out that starts from QCD. 
One rigorous alternative is to simulate on the lattice the QCD action. We will not 
report about this option here. Although it has proved to be very successful in many 
non-perturbative strong-interaction problems, the processes we study here have not 
been addressed by the lattice community yet. One can also construct models that 
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T-decays 

Lattice 

DIS 

e"'"e" annihilation 
Z pole fits 
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"rO-" 



' ■ ■ ■ ■ I ■ ■ ■ ■ ' 



0.11 0.12 0.13 
OCs (Mz) 

Figure 2.3: Summary of the values of ^^(Ml) used as input for the world average 
value 0, «5(M|) = 0.1184(7). 



keep this or that feature of QCD, but we do not find this alternative satisfactory. 
Finally, one can build an EFT of QCD for this subset of energies using as variables 
the active degrees of freedom as we will describe next. 

In order to discuss the global symmetries of the QCD Lagrangian, Eq. fll.lGp . we 
will restrict ourselves to the so-called light sector of QCD, with n/ light flavours. 
In our case, Uf = 3: u, d, s, that are much lighter than the so-called heavy quarks 
c, b, t. The characteristic hadronic scale lies in between both regimes. Therefore, 
integrating out these three heavy quarks we go from0 QCD^'-f^^ to QCD"'f^^. The 
Lagrangian of QCD^f^^ in the limit of massless light quarks (so-called chiral limit) 
is: 

^QCD = ^QLpqL + tqnPqn. - ^G^l^G^ , (2.22) 

where the upper-index zero reminds us the limit taken, and we have employed the 
usual notation for the left(right)-handed spinors qL^qn) and projectors: = Pl^ 

The Lagrangian, Eq. f l2.22p . is invariant under global transformations belonging to 
SU{nf)L®SU {n f) R®U {l)v ®U {1) A- U {l)v is trivially realized in the meson sector 
but it gives rise to baryon number conservation, U{1)a gets broken by anomalies 
and explains why the r/' is heavier than the rj or the kaons. Finally, it remains 
SU{nf)L ® SU{nf)ji, the so-called chiral group of transformations in flavour space, 
that acts on the chiral projections of the quark fields in the following way: 

qL — > qL = 9LqL , 

qn — > qR = 9RqR, (2.23) 

where gL,R E SU{nf)L,R. 

This chiral symmetry, which should be approximately valid in the light quark 



^The effective strong coupling in tlie two tlieories are related by a matching condition, intro- 
duced in Sect. 12.51 This is discussed in Ref. |222| . for instance. 
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sector {u, d, s), is however not seen in the meson spectrum (Table [2TT1) : 





Particle 


m (MeV) 


JP 


Particle 


m (MeV) 


0- 




~ 135.0 


0+ 


ao 


~ 985 






~ 139.6 




ao 


~ 985 






~ 547.9, (957.8) 




/o 


~ 980 






~ 493.7 






~ 800 






~ 497.7 






~ 800 


1- 




~ 775.8 


1+ 




~ 1230 






~ 775.5 






~ 1230 




U,(f) 


~ 782.7, (1019.5) 






~ 1170, (1281.8) 






~ 892.0 






~ 1273 






~ 891.7 






~ 1273 



Table 2.1: Spectrum of the lightest mesons 0. The /o(500) [9] or a [2231 EMI 1225] is not 
included in the Table. 

The conclusions we draw are the following ones: 

• Mesons are nicely classified into SU{3)v representations. 

• Reversing intrinsic parity changes drastically the spectrum (just compare the 
masses of the octet of = 0~ versus that with = 0"*", or = 1~ vs. 

= Thus, a transformation involving 75 is not a symmetry of the 

spectrum. Chiral transformations seem not to be a symmetry of low-energy 
QCD. 

• The octet of = 0~ stands out being its members much lighter than the 
ones in other octets. 

Although chiral symmetry changes the parity of a given multiplet, the previous 
spectrum is not contradictory with it. We shall recall that there exist two ways of 
realizing a global symmetry: In the Wigner-Weyl way all the symmetries of the La- 
grangian are shared by the vacuum of the theory and then they are manifest in the 
spectrum. In the Nambu-Goldstone way, there is a so-called spontaneous breakdown 
of the symmetry that makes the observed spectrum compatible with the underlying 
approximate symmetry. 

There are two fundamental theorems concerning spontaneous symmetry break- 
ing: Goldstone theorem |143[ 1226] , which is devoted to global continuous symmetries 
and Higgs-Kibble theorem [223 1^ [2221 122DI 1231], that worries about local gauge 
symmetries. 
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Chiral symmetry is a global symmetry, then Goldstone theorem is the one applied 
here. We can state it in the following way: Given a global continuous symmetry of 
the Lagrangian: either the vacuum shares the symmetry of the Hamiltonian; or there 
appear spin zero massless particles as a display of Spontaneous Symmetry Breaking. 
In the last case, for every spontaneously broken generator, the theory must contain 
a massless particle, the so-called Goldstone boson. 

Vafa and Witten showed [232] that the ground state of the theory must be invari- 
ant under vector transformations, so that Spontaneous Symmetry Breaking cannot 
affect the vector part of the chiral subgroup (V^ = i?^ + LJ^), but the axial one 

Let us consider |233[ 1234] a Noether charge Q, and assume the existence of an 
operator O that satisfies 

(0|[Q,O]|0) ^ 0; (2.24) 

the only possibility for this to be valid is that Q|0 ) 7^ 0. Goldstone theorem states 
there exists a massless state \G) such that 

(0|J°|G')(G'|C|0) 7^ 0. (2.25) 

It is important to notice that the quantum numbers of the Goldstone boson are 
dictated by those of J° and O. The quantity in the left-hand side of Eq. ( I2.24p is 
called the order parameter of SSB. 

Considering that U{1)a is affected by anomalies, only SU{nf)A can be concerned 
with the Goldstone theorem. Then, for rij = 3 and for the lightest quark flavours 
(m, d, s) we end up with eight broken axial generators of the chiral group and, corre- 
spondingly, eight pseudoscalar Goldstone states IG"), which can be identified with 
the eight lightest hadrons (three tts, four Ks and the 77, see Table [?!T]) . their (rel- 
atively) small masses being generated by the explicit breaking of chiral symmetry 
induced by the quark mass matrix entering the QCD Lagrangian. The correspond- 
ing operators, C", must be pseudoscalar s. The simplest possibility is C° = qj5X"'q, 
which satisfies 

(0|[Q^,g75A^]|0) = -i(0|g{A",A^}g|0) = ( 0|gg|0 ) . (2.26) 

The quark condensates 

(0|mm|0) = {0\dd\0) = (0|ss|0) ^ (2.27) 

are then the natural order parameters of Spontaneous Chiral Symmetry Breaking 
(SxSB). 



2.10 Different representations for the Goldstone 
fields 

Based on the previous reasoning, our basic assumption is the pattern of SxSB: 
G = SU{3)l ® SU{3)r H = SU{3)v. (2.28) 
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Since there is a mass gap between the lightest multiplet of pseudoscalar particles 
and the rest of the spectrum, we can easily apply the Weinberg's approach and 
formulate an EFT dealing only with these modes. 

The general formalism for E'FT-Lagrangians with SSB was worked out by Callan, 
Coleman, Wess and Zumino (CCWZ) |144l 1145] . A very clear explanation can be 
found in Ref. [T58] . 

Consider a theory in which a global symmetry group G is spontaneously broken 
down to one of its subgroups, H. The vacuum manifold is the coset space G/H. 

The set of coordinates we choose has to be able to describe the local orientation 
of the vacuum for small fluctuations around the standard vacuum configuration. Let 
e G be the rotation matrix that transforms the standard vacuum configuration 
to the local field one. Due to the invariance of the vacuum under H transformations, 
S happens to be not unique; namely, 'E{x) h{x) -where h e H- gives the same con- 
figuration. In the present ) G 0{N) and we can parameterize any vector 
by means of the suitable S matrix: 



[X = ^ X 



/0\ 







V ^ / 



(2.29) 



The same configuration (^{x) can also be described by S(a;) h{x). In our example, 
h{x) is a matrix of the form: 



h{x) 



h'{x) 
1 



(2.30) 



with h'{x) is an arbitrary 0{N — 1) matrix, since: 

/0\ 



h'{x) 
1 







/0\ 







(2.31) 



The GGWZ prescription is to pick a set of broken generators X, and choose 

^^X■Ax) ^ ^2.32) 



where 7r{x) describes the Goldstone modes. 

Under a global transformation g, the matrix S(a;) changes to a new matrix g S(a;) 
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because — )■ g<f){x), that it is not in the standard form of Eq. fl2.32p . but can 
be written as 

gE = E'h, (2.33) 

that is usually turned into 

H(x) -^gE{x)h-\g,E{x)). (2.34) 

CCWZ formalism is characterized by equations fl2.32p and fl2.34p for the pseudo- 
Goldstone boson (pG) fields and their transformation law. The transformation h 
appearing there is non-trivial because the Goldstone boson manifold is curved. Any 
other choice gives the same results as CCWZ formalism for all observables, such as 
the S matrix, but does not give the same off-shell Green functions. 

The CCWZ prescription in Eq. f l2.32p says nothing about which set of broken 
generators we would better choose. Depending on our choice, we will have a different 
base. There are two that have become standard in order to write the QCD chiral 
Lagrangian, the so-called .^-basis and the S-basis [158] . Each of them brings us a 
different equivalent parameterization (commonly called U and u, respectively). 

There are many simplifications that occur for QCD because the coset space C/H 
is isomorphic to a Lie group. 

Let X"- = Tl + be our choice of broken generators. 

An element g & C can be written as: 



L 
R 



(2.35) 



where L{R) G SU{3)l{r)- The unbroken transformations are of the form (12.350 . 
with L = R = U, 

u)- (2-36) 
Now, using the CCWZ recipe, Eq. (1232|) : 



= e^""-'^' = exp \ = [ cu.. ^ (2-37) 



iT-n \ _ f ^(x) 
-iT-7i J ~ \ ^Hx] 

where 

^ = e^^-^ (2.38) 
stands for the upper block of S(x). The transformation rule Eq. fl2.34p gives 



e(x) \ f L \ f ^{x) \ f U^\x) 



(2.39) 



and, consequently, the transformation rule for ^, 

e(x) — y Li{x)U-\x) = U{x)^{x)R\ (2.40) 
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which defines U in terms of L (R) and ^. Instead, if we choose X" = T£ as the 
basis for broken generators, we wiU have U = R, and 

S(x) — > LI:{x)RK (2.41) 

Finally, comparing Eqs. f l2.40p and f l2.4ip . one concludes that S and ^ are related 

by 

S(x) = e{x) . (2.42) 

In the context of xPT, everybody writes U{x) instead of S(x) and u{x) sub- 
stitutes C,{x). It is also more common to employ $(x) for the coordinates of the 
Goldstone fields. We will follow this notation from now on. 

The Goldstone boson nature restricts these fields to be angular variables, thus 
dimensionless. It is convenient to work with boson fields of mass dimension one, 
which motivates the standard choice: 

u = e^^-*/^, U = u^ (2.43) 

where F ~ 92.4 MeV is the pion decay constant. 



$(x) = y2T,$"(x) = ^5^A„$» = 



a=l 



(2.44) 

where the Gell-Mann matrices in fiavour space, A^, -which are the fundamental 
representation of SU{3)- have been introduced with the same normalization as for 
SU{Nc) generators of QCD. 

Notice that f/($) transforms linearly under the chiral group, but the induced 
transformation on the pG fields is highly non-linear. 

There is abundant good literature available on this topic and its specific applica- 
tion to xPT [IS51 12331 1233 1233 123S1 123Z]. 



2.11 Lowest order Lagrangian. Method of exter- 
nal currents 

In order to obtain an EFT realization of QCD at low energies for the light quark 
sector, we should write the most general Lagrangian involving the matrix U{^) (or 
«($)), which respects chiral symmetry. The Lagrangian can be organized in terms 
of increasing powers of momentum or, equivalently, of derivatives (the subindex 2n 
refers to that): 

oo 

^xPT = 5^/:2n, (2.45) 

n=l 
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being the dominant behaviour at low energies given by the terms with the least 
number of derivatives. Unitarity of U obliges two derivatives to be present for 
having a non-trivial interaction. At lowest order, the effective chiral Lagrangian in 
the [/-formalism is uniquely given by the term: 

A = ^{d.U^d'^U). (2.46) 

where ( A ) is short for trace in flavour space of the matrix A. 

Expanding the matrix that exponentiates the pG fields in a power series in $, 
we get the Goldstone kinetic terms plus a tower of interactions increasing in the 
number of pseudoscalars. It is a capital fact that all interactions among the Gold- 
stones can be predicted in terms of a single coupling, F. The non-linearity of the 
E'FT-Lagrangian relates the amplitudes of processes involving a different number 
of pGs, allowing for absolute predictions in terms of F. This sector was thoroughly 
studied by Weinberg ESS [210]. 

But the lightest mesons do not interact solely due to elastic scattering among 
themselves. In addition to the strong interaction, they also experience electro- 
magnetic and (semileptonic) electroweak interactions and this has to be taken into 
account. In order to compute the associated Green functions, we will follow the 
procedure employed by Gasser and Leutwyler, who developed xPT consistently to 
one loop ([U ini 1241] ). We extend the chiral invariant QCD massless Lagrangian, 
Eq. f l2.22p . by coupling the quarks to external Hermitian matrix fields v^, a^, s, 

Cqcd = Cqcd + ^7^ (^M + 750;.) q -q{s- i-f^p) Q ■ (2.47) 

External photons and W boson fields are among the gauge fields and (pseudo) sca- 
lar fields provide a very convenient way of incorporating explicit xSB through the 
quark masses (see Eq. 02.561) . where Ai is defined.): 

+ eQA^ , 



s s + M, (2.48) 



being 







Vud 























0^ I , T+ = I I . (2.49) 
Inclusion of external fields promotes the global chiral symmetry to a local one: 

q gnqR + gLqi, 

s + ip gn. (s + ip) g\ , 

9l (-i, gi + igL g[ , 



gR r/, g^ + igR ^fjj . (2.50) 



^We do not include the tensor source |242) . 
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where we have introduced the definitions = w^ + a^ and £^ = v^j, — a^] and requires 
the introduction of a covariant derivative, D^U , and associated non-Abehan field- 
strength tensors, -F^*^: 

F^^ = x" - d" x^" - I [x'^, x^] , X = r, (2.51) 

The transformations of the external sources under the discrete symmetries Pj jC 
are as follows: 

s + s — ip / / {s — ipY 1 

The power of the external field technique is exhibited when computing chiral 
Noether currents. Green functions are obtained as functional derivatives of the 
generating functional, Z [v^, a^, s, p], defined via the path-integral formula 

exp {iZ} = J VqVqVG^exp i^i J d^x Cqcv^ = J VUexp |i J d^x CcS^ ■ 

(2.52) 

At lowest order in momenta, Z reduces to the classical action, S2 = J d^x £2, and 
the currents can be trivially computed by taking suitable derivatives with respect 
to the external fields. In particular, one realizes the physical meaning of the pion 
decay constant, F, defined as 

(0|(J^)1V"'(P)) = ^V2Fjf. (2.53) 



The locally chiral invariant Lagrangian of lowest order describing the strong, 
electromagnetic and semileptonic weak interactions of mesons was given by Gasser 
and Leutwyler [U E] : 

C2 = ^{D^UD^U^ + ^u^ + ^iu), x = ms + IP)- (2.54) 

The two LECs that characterize completely the 0(p^)-chiral Lagrangian are 
related to the pion decay constant and to the quark condensate in the chiral limit: 

F^ = F[l + 0{mg)] = 92.4 MeV, 
{0\uu\0) = -F^ B[l + 0{mg)]. (2.55) 

A consistent chiral counting must be developed to organize the infinite allowed 
terms in the Lagrangian. Depending on the actual relation of these two LECs one 
could have different EFTs for low-energy QCD. This illustrates the fact that the 
Weinberg's approach to EFTs does only rely on symmetries but does not have dy- 
namical content incorporated. This issue is studied in the next section. 
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2.12 Weinberg's power counting rule 

Chiral Lagrangians were originally organized in a derivative expansion based on 
the following chiral counting rules (see Table 1212]) . 

Using Eqs. f l2.43p . fl2.44p and setting the external scalar field equal to the quark 



Operator 


O 


U 


pO 




P 


^ L,R 


p2 


s, p 


p2 



Table 2.2: Chiral counting in Standard x^^- 



mass matrix -that is, explicitly breaking chiral symmetry in the same way it happens 
in QCD-, 

f rriu \ 
s = Mq = \ ma , (2.56) 
V / 

one can straightforwardly read off from Eq. fl2.54p the pseudoscalar meson masses 
to leading order in m^: 

m^± = 2mB , 
mlo = 2mB - e + 0{e^), 
m\± = (m„ + ms)B , 
m|o^„ = (m, + m,)i?, 



2 



where [233] 



= + 2"^.)^ + £ + 0{e'), (2.57) 



^1 B (rriu — TTiij)'^ 

m = - {ttIu + md), e = — — ^ . (2.58 

2 4 m, — m 



With the quark condensate assumed to be non-vanishing in the chiral limit 
(-B 7^ 0), these relations explain the chiral counting rule in Table fI72\ 

Up to this point, xPT is a very elegant way of understanding the phenomenolog- 
ical successes obtained in the pre-QCD era. The well-known relations already got 
with current algebra techniques are recovered using Eqs. (12.541) and (I2.56P : 



F'mi = -2m(0|gg|0) [213] (2.59) 

^ ^ < ^ ^ nm,nm, (2.60) 

2m nis + rUu mg + rrid 

3ml = 4ml - ml EIS] , M, (2.61) 
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but the real power of xPT -as an EFT- lies in the fact that it gives a perfectly 
defined way of taking into account the next orders in the chiral expansion and the 
quantum corrections. 

xPT is based on a two-fold expansion: as a low-energy effective theory, it is an 
expansion in small momenta. On the other hand, it is also an expansion in the 
quark masses, m^, around the chiral limit. In full generality, the Lagrangian is: 

C^PT = -^u- ' '^^i = ^(P' ■ (2-62) 

The two expansions become related by Eq. (12.571) . If the quark condensate is non- 
vanishing in the chiral limit, meson masses squared start out linear in rriq. Assuming 
the linear terms to give the dominant behaviour there, we end up with the standard 
chiral counting with rriq ~ 0{p'^) and 

'^e// = "Y^^d-, C,d = i^ij ■ (2.63) 

d i + 2j = d 

In short, Eq. (I2.54p has two LECs: F and B. xPT assumes B to be big compared 
to F and organizes the chiral counting according to that assumption. Generalized 
xPT |247l 1248^ 1249] was developed as a scheme adapted for much smaller values of 
S, a picture that is not supported by lattice evaluations of the condensate |25Ull251l 
12521 12531 [2M 12551 12561 [2H7] or estimations based on sum rules [2581 ESSl [2601 12611 
I262[ 12631 1264j . Another issue that is still unsolved concerns the possible instabilities 
due to vacuum fluctuations of sea q — q pairs, as the number n/ of light fermions 
increases [2SS1 EHHl ESU S ESHl EZOl 127511271] . 

In order to build higher orders in the chiral expansion it is better to use the chiral 
tensor formalism that uses u instead of U as the exponential non-linear realization 
of the pGs. This is so because the building blocks in the [/-formalism [U, F^''^, 
x) do not transform in the same way under the chiral group. While this is not an 
issue for dealing with the lowest order Lagrangians, in can make very difficult to 
determine the minimal set of independent operators at higher chiral orders. 

The Lagrangian must be chiral symmetric, hermitian, and Lorentz, parity (P) 
and charge conjugation (C) invariant. In the m- formulation one uses traces of chiral 
tensors either transforming as 

X ^ h{g,<^)Xh{g,<^>y, (2.64) 

or being chiral invariant. 

With this purpose, we define the chiral tensors: 

= i {u^ {d^ - ir^) u-u{d^- il^) v)] , 

X± = X "^^ i ) (2.65) 

The lowest order chiral Lagrangian that can be written respecting also all other 
symmetries is then 

£2 = ^{u,u>^ + X+)- (2.66) 
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Explicit xSB is incorporated through x+i where x is given by Eq. fl2.54p . Then, 
in the isospin limit, 

/ m2 \ 

X = 2Bs = \ Q ml . (2.67) 

\ 2m\-ml ) 

The content of Eqs. (12.541) and (I2.66P is exactly the same. 

Now we will explain why the expansion in an EFT may not be simply an 
expansion in the number of loops. This is indeed what happens in xPT . 

Consider an arbitrary complex Feynman diagram involving just pGs. We recall 
the expansion in xPT, Eq. (12.451) . The LO Lagrangian supplies 0{p'^) vertices, the 
NLO one 0{p'^) couplings, and so on and so forth. Using A''^ to denote the number 
of vertices obtained employing the Lagrangian of order 0{p'^), remembering that pG 
fields have mass dimension one and that any momentum running inside a loop is to 
be integrated over four dimensions -after proper renormalization-, one may conclude 
that for this generic diagram all powers of momentum will fulfill the relation: 

D = AL - 2Bi + ^Ndd, (2.68) 

d 

being L the number of loops and Bi the number of internal boson lines, respectively. 
Moreover, there is a topological relation for any connected Feynman diagram 

L = Bi - [y^N^-I^ (2.69) 

that one can use to erase Bi from Eq. (I2.68P to end up with Weinberg's power 
counting rule [H]: 

D = 2L + 2 + ^Nd{d-2) . (2.70) 

d 

It is straightforward to read off from (I2.7UI) the exact ordering of the chiral ex- 
pansion: 

• D = 2 corresponds to L = and = 1, i-e., tree level contributions obtained 
using Eq. (I2.54p -or (12.661) -. This makes sense: we recover the predictions of 
old current algebra as the dominant very low-energy behaviour in xPT . 

• D = 4 is obtained either with L = and iV4 = 1, or with L = 1 and arbitrary 
insertions of N2- Tree level contributions coming from £4 are to be balanced 
with one- loop diagrams formed with £2- And so on. This is in agreement with 
the order-by-order renormalization of xPT: the divergences generated at a 
given chiral order are renormalized by the appropriate counterterms appearing 
at the next order. 
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However, this is not tlie whole story. For xPT to be dual to QCD at low en- 
ergies it must satisfy classical symmetries slightly modified by quantum properties. 
Classical symmetries can be swapped away by anomalies, which are long-distance 
non-perturbative effects. And this is what happens with U{\)a for the massless 
QCD Lagrangian, Eq. (12. 22 p . To ensure the duality, every aspect of low-energy 
QCD must be realized in the same way in xPT and, particularly, one must add a 
term that reproduces this anomaly, as it is discussed in the next section. Moreover, it 
is not possible to write a generating functional for massless QCD that is simultane- 
ously invariant under the subsets of V and A transformations of the chiral group. It 
is mandatory to include a term that mimics this behaviour whose degrees of freedom 
are pGs. This task was carried out by Wess, Zumino and Witten |275[ 1276] . who 
wrote such a kind of functional, WZWf. It happens to start contributing at C(p^). 
Therefore, three contributions shape NLO chiral expansion that are, schematically: 
L = with iV4 = 1, L = 1 V A^s, and WZWf. 



2.13 NLO in the chiral expansion 

The lowest order Lagrangian is O (p^) (Eq. (I2.66P ) for even intrinsic parity and 
O (p^) (the WZWf) in the odd-intrinsic parity sector. 

There is a new operator that enters the 0(p^) Lagrangian in the w-formalism: 

/^^ = uF^nt ± u^F^'u, (2.71) 

that collects the left(right)-handed field-strength tensors presented in Eq. fl2.5ip . 
The covariant derivative in this formalism reads: 

V^X = d,X + [T^,X], (2.72) 

defined in terms of the chiral connection 

= ^ W (^M - ^V) u + u{d^- il^) u^] , (2.73) 

for the covariant derivative to be transformed in the same way as X does, Eq. (12.641) . 

It easy to check that {W ^X)'^ = V^(X"''). The connection does not transform 
covariantly as X. It will be useful when introducing the chiral multiplets of reso- 
nances in RxT, which transform in the same fashion. With one may also build 
the covariant tensor 

r^. = d,T, - d,T^ + [F^,FJ. (2.74) 
The other 0{p^) operators transforming covariantly, Eq. (12.641) are: 



(2.75) 
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where it has been used that can be written as 

= iu^D^Uv) = -luD^U^ = ul, (2.76) 

and is traceless. 

The relevant transformation properties of chiral tensors in this formalism are 
shown in Table 1^751 Taking these into account, we achieve the most general 
chiral Lagrangian written in terms of them: 

A = Li ( u^u'^ ) ^ + L2 ( u^u^ ) ( M^U^ ) + L3 ( u^u^u^u'^ ) + ^4 ( u^.u^' ){x+) 

- 1 L.ift'u.u, ) + Lio/4 ( /+^,/r - f.,J^' ) 

+ zLn(x-(VX + V2X-)) - Li2((VX + V2X-)') 

+ H,/2 ( /+,./r + f^,J^^ ) + ( xl -xl). (2.77) 

where the terms whose coefficients are Ln and L12 do vanish considering the equa- 
tions of motion {EOM) of 0{p^). The EOM for £3 is: 

OfOM(n) = V.n'^ l-^^^- )) = (2-78) 

Lii and L12 can now be skipped at 0{p^) using that: 

^off-shell ^ Ln(x_02''''^'(ix)) - Lr2{0^'"'\u)0^'"'\u)^). (2.79) 

The terms with coefficients Hi and are contact terms relevant for the renor- 
malization of xPT. 

The renormalization of xPT needed to work at 0{p^) was accomplished in Refs. 
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Table 2.3: Transformation properties under C, P and hermitian conjugation of the chiral 
tensors and other useful structures in the u-formalism. T means transposed. 
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[U |5]. The divergences that arise using £2 at one-loop are of order O(p^) and are 
renormalized with the LECs of £4: 



where D is the space-time dimension and C is a constant defining the renormaliza- 
tion scheme. 

The renormalized couplings, LKn) do depend on the arbitrary renormalization 
scale /i. This dependence cannot survive in any physical observable. As it had to 
happen, it is canceled out with that coming from the loop in any physically mean- 
ingful quantity. 

As we said, the odd- intrinsic parity sector starts at 0{p'^). Its appearance is 
due to one of the anomalies affecting the chiral group U{3)l ® U{3)r. On the one 
hand there is the anomaly which makes that the classical symmetry U{1)a is lost 
at the quantum level. Apart from group color factor, it is identical to the case 
of the axial anomaly of QED, discovered perturbatively in one-loop computations 
[2771 1278] by Adler, Bell and Jackiw. Later on, the proof that this result does not 
receive radiative corrections |279j by Adler and Bardeen insinuated that anomalies 
could have a non-perturbative nature, as it was shown by Fujikawa, using the path- 
integral formalism |28Ul I281j . 

On the other hand, there is an anomaly that affects the whole U{3)l ® U{3)fi ~ 
U{3)v ® U{3)a symmetry group that originates in the fact that it is not possible 
to preserve the simultaneous invariance of the generating functional under vector 
and axial-vector transformations. Wess and Zumino [275] were the first to obtain 
a functional generating this anomaly that affects chiral transformations written in 
terms of pGs. Operatively, it is more useful the one derived later by Witten [276] , 
that I will present here following the discussion in Ref. |282] . 

The fermionic determinant does not allow for a chiral invariant regularization. 
Given the transformations 



the conventions in the definition of the fermionic determinant may be chosen to pre- 
serve the invariance of the generating functional, Z, either under V transformations, 
or under the A ones; but not both simultaneously. Choosing to preserve invariance 
under the transformations generated by the vector current, the change in Z only 




(2.80) 



gR = 1 + i{a{x) + /3(x)) , = I + i{a{x) - f3{x)), 



(2.81) 
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involves the difference between gji and gi- 

6Z = - J dx{(3{x)n{x)) , (2.82) 

Nc , 
167r2^ 



4 2i 



8i 4 



(2.83) 



= daV^ - dpVa - i[Va, Vp] , (2.84) 

Da a/3 = daa,3 - i [v^, ap] . (2.85) 

Notice that Q only depends on the external fields, and a^, and that the quark 
masses do not occur. 

The explicit form for the functional Z [U, i, r] that reproduces the chiral anomaly 
given by Witten |276] is: 

Z[U,i,r]^^^ = l^^/xe^''^-{J:fEfE^,EfEt) (2.86) 



iN, 



c 



487r 



2 



-{L ^ R) , Nc = 3, 

= U^d.U , = Ud^U\ (2.87) 

where {L < — y R) stands for the exchange 

f/wf/t, i^^r^, S^wSj. (2.88) 

The first term in Eq. f l2.86p bears the mark of the anomaly: It is a local action 
in five dimensions that can not be written as a finite polynomial in U and D^U in 
four dimensions. This term involves at least five pseudoscalar fields and will not 
contribute either to the hadronic three meson decays of the r or to its radiative 
decays with one meson in the final state. Eqs. f l2.86p and f l2.87p contain all the 
anomalous contributions to electromagnetic and semileptonic weak meson decays: 
71-0 _^ -jj _^ ez/e7, etc. For further discussions on this topic see also Ref. 
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2.14 NNLO overview and scale over which the 
chiral expansion is defined 

xPT is an expansion in powers of momentum over a typical hadronic scale that 
we can understand in two equivalent ways: 

• pGs stand out due to SxSB. This generates -through quantum effects-, the 
S'X'S'-B-scale, A^, as a natural parameter over which the chiral expansion is 
defined. 

• Decoupling theorem told us that one of the effects of heavy integrated-out 
particles in the physics of light modes appears in inverse powers of these larger 
masses. Then, we expect typical masses of the lowest-lying resonances to 
provide this scale, as well. 

I will start considering the appearance of that scale through loops. For this, let 
us consider scattering among pGs at O(p^). Apart from the tree level contribution 
of £4, there will be that given by £2 at one-loop, whose amplitude is of order 

' (2.89) 



where comes from the internal boson propagators and each interacting vertex 
of £2 gives -after expanding the LO Lagrangian up to terms with four powers of $, 
that is, four pGs- a factor {p/FY |^. One can estimate this integral as 

where n is the renormalization scale. On the other hand, the tree level interaction 
given by £4 has the shape L[ (g/F)^. We know the total amplitude is scale inde- 
pendent which implies that a shift in the scale /x has to be balanced by that of the 
tree level £4 contribution. The loop-related factor 1/16 tt^ must be also in £4. 
We can write the £e// as: 



~ £4 £g 



(2.91) 



where 1/A^ gives the expansion of the E'FT-Lagrangian in powers of q/A^. It is 
straightforward to check that this also happens as the chiral order in the expansion 
is increased. Taking into account the loop-related factor, we estimate 

A^ ~ 47iF ~ 1.2 GeV. (2.92) 



^All vertices will have some momentum p, but other external ones too. The q below intends to 
represent these ones. 
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This dimensional analysis suggests that the n — pGs vertex will receive a contri- 
bution from the Lagrangian that will go as 




(2.93) 



and, consequently, the LECs in the Lagrangian will be of order 

A™-2 ^ (47r)"»-2 ■ 

On should be aware that ~ 1 GeV does not mean xPT can be applied up 
to this energy. The complementary point of view explained at the beginning helps 
to understand this. Mp ~ 0.8 GeV sentences all xPT attempts to explain physics 
from this region on to failure unless one explicitly incorporates resonances as active 
degrees of freedom, as RxT does. 

Mp ~ 0.8 GeV is to be regarded as a clear upper bound for the validity of xPT 
and corresponds to the typical size of the counterterm corrections. On the other 
hand, AttF ^1.2 GeV is the scale associated to quantum effects through loop cor- 
rections. 

There is still one more reason for using RxT when we go over 0.5 GeV, or so. 
The lowest order contributions in the chiral expansion lose importance continuously 
and we are forced to go further and further in the expansion to reach the same 
accuracy. Two LECs specify the OijP') Lagrangian, 10 appear at Oip"^) but 90 
are challenging us and the number of different experimental data we can collect to 
fix them at 0{p^). Although not all of them enter a given process, the description 
becomes pretty much easier when resonances become active variables, as we will see. 
The O (p^) xPT Lagrangian was developed and the renormalization program was 
accomphshed in Refs. [2811 EHSl [2861 1287] . 



Chapter 3 



The Large N(j hmit and 
Resonance Chiral Theory 

3.1 Introduction 



We finished the last Chapter by recalling some of the motivations for enlarging 
xPT and extend it to higher energies. The problem is that as soon as we try to do 
it the chiral counting gets broken because the momentum of the pGs can become 
comparable to or Mp. Thus, there is no immediate parameter to build the ex- 
pansion upon. 

In many other instances in QCD, this difficulty does not occur. QCD is pertur- 
bative at high energies, so the same strong coupling is a useful expansion parameter 
in that energy region. There can be a double expansion (in as and l/Mg) because 
pole masses are good parameters for a quick convergence of the perturbative series 
when studying heavy quarks: Heavy Quark Effective Theory [HQET) -for just one 
heavy quark- [2881 EHSl [2901 EHB |292l |293], or (potential) Non-Relativistic QCD 
{{p)NRQCD) -if both quarks are heavy- [2911 1^ EHSl |2971 [2981 [SHU [3001 IMl 
[3U21I303] . 

In addition to the lack of a natural expansion parameter in the region where the 
light-flavoured resonances pop up, there is some thinking in xPT, that might guide 
the strategy to follow. While in the EFTs listed in the previous paragraph the 
expansion parameters are quantities appearing in the QCD Lagrangian, this is not 
the case for xPT: the expansion involves the momenta and masses of the pGs and 
(not the quarks and gluons and Aqcd)- 

The proposed expansion parameter, I/Nq, will indeed be useful to describe the 
physics of light-flavoured mesons. Moreover, it can be used to understand qualita- 
tively some results in x^T in terms of a quantity that defines the gauge group of 
the strong interactions in QCD. 
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3.2 1/Nc expansion for QCD 



't Hooft |146] had the seminal idea of generalizing QCD from a theory of three 
colours to the case with Nc colours. Though a priori this can be regarded as an 
unnecessary artifact that will make things even more difficult, this is not -at all- the 
case, and QCD gets simplified in the large- iVc limit becoming even solvable in one 
spatial plus one time dimension |147] . 

Later on, many papers appeared guided by 't Hooft's idea, Ref. |148j is the capital 
one, but see also Refs. |304[ I305[ 1306] . This part of the chapter is mainly based on 
them and on Refs. [3071 EHHl [Ml l3T0] . 

As we will see, there are many phenomenological facts that find their only expla- 
nation on large- A^'c arguments. This is, at the end of the day, the strongest support 
the 1/Nc expansion for QCD has. 

Recall the QCD Lagrangian, fll.l6p . From it, we can read off the Feynman rules 
obtained for all QCD vertices and see how the coupling of a fermionic line to a gluon 
is 0{gs), exactly as the three gluon vertex. The four gluon interaction is 0{g1), each 
quark loop runs over three colours and each gluon loop over eight possibilities, cor- 
responding to the number of generators of SU{'i)c- Eight is not so much larger 
than three, but in the \aige-Nc limit, the number of gluon states (A*"^ — 1) is really 
huge compared to that of quarks {Nc)- It is also reasonable to approximate A^^ — 1 
by Nl;, that is, to consider U{Nc) instead of SU{Nc). The first ingredient of the 
large- A'c limit of QCD is to take into account that gluon states are more important 
than quark states. The second one comes from asking a finite behaviour in this limit 
for the quantum corrections and happens to modify the usual counting in powers of 
Qs for the vertices reminded before. 

Prior to that, it is useful to introduce in this context the double line notation 
for the gluon lines. This way we represent each gluon as a quark-antiquark pair, an 
approximation that becomes exact in the large- A'c limit. For the gluon selfenergy, 
we will have the diagrams displayed in Fig. 13. 1[ 

Within the new notation, each line represents a given colour propagating. After 
fixing external colour indices, there is no remaining freedom in the quark-loop con- 
tribution, but there is still an inner loop in the purely gluon contribution over which 
Nc colours can run. 

If we now use the Feynman rules obtained from Eq. (11.161) . we perceive that the 
second diagram in Figure \37L\ behaves, in the large- A"c limit, as g^, while the first 
one diverges: it goes as g^ Nc- As we want gluon self-energy (and the /3-function) 
to be finite in the limit Nc — )■ oo, we are led to redefine gs as cjs = This also 

modifies the Feynman rules. Now, gluon coupling to a fermionic current or three 

gluon vertex will be of O (^:^7^ j ! ^iid four gluon local interaction of O (^"^^ ■ This 

way, the beta function reads: 




(3.1) 
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Figure 3.1: Feynman diagrams for tlie LO contribution to the gluon self-energy: 
using the usual notation (left), and with the double line one (right). 



and we keep the hadronization scale Aqcd independent of the number colours when 
it is taken to be large. One can see from Eg. ( 13. II) that quark loops are suppresed 
with respect to gluon loops in the large- A'c- limit. 




Figure 3.2: Comparison between planar and non-planar diagrams for gluon self- 
energy. The four-gluon vertex is depicted by the thickest dot. Three gluons vertices 
are highlighted by a thick dot. Other superpositions of two gluon lines correspond 
to crossings and not to intersections. 

The upper diagram in Figure 13.21 is planar -all superposition of lines correspond 
to intersections- , while the lower one is not -some of them are just crossings-. For 
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the first one, the counting is (^:^7^ j = 1; of the same order than the purely 

gluon contribution in Figure 13.11 

For the lower one, we have = This is because the diagram is 

non-planar and the number of colour loops has decreased from four to one and the 
central vertex has disappeared. 

We have seen explicitly how, in the easiest examples, two selection rules arise: 

• Non-planar diagrams are suppressed by the factor 

• Internal quark loops are suppressed by the factor 

Planar diagrams, with arbitrary exchanged gluons do dominate (and the obliged 
external quark loop to be a meson). 

To see that all this is always true it is convenient to rescale fermion and gluon 
fields: 

G^ = ^G», (3.2) 



1 



c 



whence 

^QCD = Nc 



q {ip -M)q-^^ Gl^G^: 



(3.3) 



(3.4) 



and all the counting is simply in powers oi It can be seen |308] that the order 
in this expansion for any connected vacuum diagram is related to a topological in- 
variant, the Euler-Poincare characteristics, which allows to demonstrate the above 
properties in full generality independently of the number of exchanged gluons. The 
conclusion we draw is clear: In the large- A'^c limit, Feynman diagrams are planar 
and without internal quark loops. 

It is worth to stress that the -^-expansion for QGD has to be regarded in a 
different way than usual expansions in perturbation theory. Expanding in powers 
of the coupling constant gives us Feynman diagrams and, at any given order, there 
are a finite number of them contributing to a process. Looking at the commented 
equivalence among diagrams belonging to Figure 13. 1[ which is clearly the LO Feyn- 
man diagram, and to Figure 13. 2( a general fact is enlightened: In order to obtain a 
given order in we need an infinite number of Feynman diagrams. The diagrams 
collected in Figure 13.31 are both of LO in 1/ Nc and one could think of much more 
complicated ones. 
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Figure 3.3: Two LO contributions in 1/Nc to gluon self-energy. Gluon vertices are 
highlighted by a thick dot. 

3.3 Nc counting rules for correlation functions 

Two related basic assumptions are made for studying meson dynamics in the 
large- iVc limit: 

• QCD remains to be a confining theory for Nc — > oo. 

• Therefore, the sum of the dominant planar diagrams is responsible of confine- 
ment in this limit. 

We will consider quark and gluon composite operators whose quantum numbers 
are able to create a meson (they must be color-singlet thus). The aim is to under- 
stand some salient features of meson phenomenology by looking to gauge invariant 
operators that cannot be splitted into separate gauge invariant pieces. For the quark 
operators, d the suitable bilinears are named according to the same spin-parity as- 
signments used for mesons: scalars (gg), pseudoscalars (^755), vectors (57^ g), or 
axial- vectors (^7'^75?). We will represent them generically as Oi{x). We will use 
again the method of external sources (or currents, Ji{x)) coupled to them. In order 
to be consistent with the counting for the rescaled fields introduced in Eq. (13. 2p . the 
right expression to add will be [308] Nc Ji{x) Oi{x) that will keep all the selection 
rules told before. Correlations functions are obtained functionally differentiating the 
generating functional W{J) with respect to the sources: 

{d,d,...d^)c = T^T^T^T^--- -^j^WiJ)\j=o, (3.5) 
iNc oJi iNc 0J2 iNc oJz 

and each additional functional differentiation [i.e. each source insertion) is weighted 
by a factor ~ It can be shown that 0{Nc) contributions stem from planar 

vacuum-like diagrams only with gluon lines. They can contribute to correlation 
functions of purely gluon operators, n-point Green function of purely gluon oper- 
ators will be of C(iV^-n^)^ 

r-meson vertex is of order A^^ Quark bilinear 
operators start contributing at 0{Nc) -which corresponds to a quark loop in the 
outermost border-, being 0{N^'~'^) the corresponding n-point Green function. 



^The large- iVc limit is also useful to understand some properties of baryons. For a review on 
this topic, see Refs. 001 Ell ISH ISIS] • 

^Symmetries also allow mixed operators composed by quarks and gluons and giueballs made 
up of gluons only. 
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Considering that with Nc = 3 the symmetric wave-function in colour space of a 
meson is written as 



3 



i=l 

in the large- iVc limit this will be 



M = ^Y.^^qi. (3.6) 



i=l 



providing an amplitude for creating a meson that is -as it should be- independent 
of Nc- This property applies also for glueballs. 

For any arbitrary number of currents, the dominant contribution will be 

(T(Ji...J„,)) ~ 0{Nc), (3.8) 

given by diagrams with one external quark loop and arbitrary insertions of gluon 
lines that do not spoil the planarity of the diagram. 



fn fn 

^ {J J) J- = E„ X X - Oil/Nc 



Figure 3.4: Basic diagram for the 2-point correlator and representation as a sum of 
tree-level diagrams with meson exchange. 

In Ref. [308] . it is shown that the action of J{x) over the vacuum will create only 
one- meson states in the large- iV^; limit. Taking this into account, the two-current 
correlator is of the form: 

{J{k)J{-k)) = Y.lJ^^ (3.9) 

^^^^^ K* 'Y~Y~) 



n 



where the sum extends over infinite meson states of mass m„ and decay constant /„ 
defined through = (0|J|n). This is a capital result from which we can derive 
most of meson phenomenology in this limit: 

• Being ( J J) ~ 0{Nc), fn ~ 0{^/T7c) because k"^ has nothing to do with the 
Ai'c-counting. Meson decay constants are 0{^/Nc). 
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• Moreover, the whole denominator must be whence m„ ~ too. 
Meson masses are said to have smooth large- A^^c limit E|. 

• ( J(/c) J{—k) ) is known to have a logarithmic behaviour at large momentum 
|315l 1316^ I317[ 1318] . k. Therefore, if we are to obtain these logarithms adding 
terms going as l/fc^, we will need an infinite number of them. Despite seeming 
quite surprising at first, the conclusion is clear: There are infinite mesons in 
the large- A^c limit. 

• The poles of (13. 9p are all in the real axis. Because the instability of a particle 
is translated into an imaginary part in its propagator that has to do with its 
decay width, we deduce that mesons are stable for Nc oo. 

To sum up, the two-point correlator is reduced in the large- A'^c limit to the addi- 
tion of tree-level diagrams in which J{—k) creates a meson with amplitude /„ that 
propagates according to 1^2 being annihilated by J{k) with the same amplitude. 

It is straightforward to generalize this result for an arbitrary number of currents. 

It can be shown that, in the laige-Nc limit |3U9] : 

• n-point Green functions are given by sums of tree level diagrams obtained by 
using a phenomenological Lagrangian written in terms of freely propagating 
mesons that accounts for local effective interactions among m < n of them. 

• Mesons do not interact, because both the m- meson vertex and the matrix 
element creating m mesons from the vacuum are 0{Nq suppressed in 
this limit. 

• The same can be applied to gluon states by considering gluon currents, Jq = 
{G^^"'G^ya)- The ra-point Green function is 0{N^) and a gf-gluon operator 
vertex is 0{N^~^); so gluon states are also free, stable and non-interacting in 
the strict limit. 

• The mixed correlator with m quark-bilinears and g gluon operators is 0{Nc), 
but the local vertex among all them is C(iV^~^~™'^^), that is suppressed, too. 
Gluon and meson states do decouple in the laige-Nc limit, being their ensemble 
suppressed by 1 / y/Nc- 

The discussion for 3— and 4— point correlators given by meson exchange is por- 
trayed by Figure 1331 where the counting in 1/Nc is given. 

When considering the different Green functions, one wants to guarantee that 
all the poles are originated by the tree-level diagrams obtained from an EFT- 
Lagrangian. To show this, one needs to restore to unitarity and crossing symmetry. 
Crossing means that every pole appearing in a given channel will manifest in all 

■^This argument is used j314| to show that the qq component of the /o(500) or cr meson is not 
predominant. 
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Figure 3.5: 3 and 4-point correlators given by meson exchanges: Tree-level diagrams 
are dominant and every quark loop is suppressed by one power of 1/Nc- The 
counting in I/Nq is given for all of them taking into account that every source 
brings in a 1/Nc factor and that r-meson vertices introduce the factor N^~^^'^. 



others related to the previous one by crossing. Unitarity guarantees that every pole 
in a given diagram will reappear each time this particular topology occurs as a sub- 
diagram in a higher-order Green function. All amplitudes are thus produced by tree 
level exchanges with vertices given in an i?FT-Lagrangian. 

Any model or theory based on the 1/Nc expansion will naturally raise the 
question of the error associated to that expansion, which can be naively estimated 
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as 1/Nc ~ 30%. It is natural to object to the convergence of a series in 1/Nc that 
ends up being 1/3 in the real world. The associated error of the size of the expansion 
parameter would make our effort useless. Fortunately, this does not seem to be the 
case. Just to give a counterexample, a look at the results of Ref. |319] will quickly 
suggest that the actual error can be much smaller, which is noteworthy, especially 
taking into account that in the quoted reference, an impressive agreement with data 
in e^e" — ?■ tt+tt^ up to s = 1 GeV^ was obtained in terms of just one parameter, 
Mp. 

Let us recall how this can be possible. First, the large-TVc expansion of QCD 
is not an expansion in the usual perturbative sense. For instance, in QED, the 
perturbative expansion means, firstly, that the diagrams with less photon couplings 
to fermionic lines dominate. After that, when we compute diagrams both at tree 
level, and including loops, we realize that the expansion parameter is a = e^/(47r)^ 
and the coefficients of the series are small compared to a: every order we go further 
in the expansion the error reduces by ~ 1/a ~ 137. In the large- iVc expansion 
of QCD, we know first, which diagrams are leading-order (planar diagrams with 
gluon exchanges) and which ones are suppressed. Unfortunately, the expansion has 
a fundamental subtlety that prevents one from determining the expansion parameter 
after that: there are infinite diagrams at any given order in the expansion, so that 
one cannot perform a calculation at both LO and NLO and compare them to know 
what the expansion parameter is. It is known, however, that diagrams with internal 
quark loops are suppressed as 1 / Nq and that non-planar diagrams are suppressed as 
1/iV^. Moreover, if the number of quark flavours, n/, is not considered to be smaller 
than Nc the former diagrams can even scale as Uf/Nc- These kind of contributions 
would be responsible for the mixing of qq and qqqq states. The fact that this 
effect is not observed in Nature and the success of the quark model classiflcation of 
mesons in qq multiplets suggests that the coefficients of these diagrams with internal 
quark loops are tiny, in such a way that the flrst non- negligible correction would 
come from the non-planar diagrams, suppressed as l/A^c ~ 10%. This reasoning 
may explain why the large- TVc expansion is a such a good approximation for low 
and intermediate-energy QCD, given the phenomenological accomplishments of its 
applications in meson effective fleld theories [309] and the corroborated predictions 
given by the large- A''^; limit both for |165[ 1233] and for RxT [Sj coupling 

constants. All these reasons seem to suggest that, quite generally, some factor 
comes to complement 1 / Nc for the value of the expansion parameter to be reduced 
and the relative accuracy to be increased. 

This conclusion is supported by the investigation of some O(p^) and 0{p^) cou- 
plings of xPT, which are done modelling the NLO expansion in 1/Nc of 
[32D1 ESQ E21 MS\- According to the size of the corrections, we judge 

that 15% can be a reasonable general estimate (see, however, our discussion in Ap- 
pendix C of Ref. |326] on the possible variations on the predictions of the couplings 
obtained in the Nc — >■ oo limit). Noticeably, the actual expansion parameter can 
be computed for RxT in the study of the vector form factor of the pion at NLO in 



62 



The Large A^^; limit and Resonance Chiral Theory 



the 1/Nc expansion |327] . yielding 

which, at lowest order, is the ratio of the vector width and mass, ay ~ 0.2, agreeing 
with the previous discussion. 

Moreover, we should emphasize that our approach goes beyond the Nc ^ oo 
limit. We will see that the lowest order in the I/Nq expansion for the theory in 
terms of mesons is supplemented by the leading higher-order correction, namely 
by including the resonance (off-shell) widths for the wide states p, K* and ai and 
constant widths for the narrow u and states. This seems to point to smaller errors 
than those characteristic of the LO contribution in the 1 / Nc expansion and may be 
able to explain, altogether, an eventual fine agreement with data. 



3.4 Resonance Chiral Theory 

Our methodology stands on the construction of an action, with the relevant de- 
grees of freedom (Weinberg's approach), led by the chiral symmetry and the known 
asymptotic behaviour of form factors and Green functions driven by large- A^c QCD. 
The large- A^'c expansion of SU{Nc) QCD implies that, in the Nq oo limit, the 
study of Green functions of QCD currents can be carried out through the tree level 
diagrams of a Lagrangian theory that includes an infinite spectrum of non-decaying 
states. Hence the study of the resonance energy region can be performed by con- 
structing such a Lagrangian theory. The problem is that we do not know how to 
implement an infinite spectrum in a model independent way. However, it is well 
known from the phenomenology that the main role is always played by the lightest 
resonances. Accordingly it was suggested in Refs. P, [7] that one can construct 
a suitable Lagrangian involving the lightest nonets of resonances and the octet of 
Goldstone bosons states (vr, K and 77). This is indeed an appropriate tool to handle 
the hadronic decays of the tau lepton. The guiding principle in the construction 
of such a Lagrangian is chiral symmetry. When resonances are integrated out from 
the theory, i.e. one tries to describe the energy region below such states {E <^ Mp), 
the remaining setting is that of x^T, that was described in Chapter one and in the 
previous section in the context of the large- A'c limit. Then, RxT is a link between 
the chiral and asymptotic regimes of QCD and a very useful tool to understand 
intermediate-energy QCD dynamics [328] . 

The path-integral formalism is adequate to explain what we are doing. Starting 
from the generating functional, Z, of QCD, one obtains the different Green func- 
tions taking the suitable functional derivatives of Z. Depending on up to which 
energy we consider the interesting physics scale to be, the heavier integrated-out 
degrees of freedom will be all meson resonances (xPT), or just the charmed -and 
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even heavier- mesons (RxT). That is, 

/oo oo oo oo 

Vu Y[VV^ Y[VAj Y[VSk Yl pp^e*^'^'^^«^^("'^-^^'^'='^'") 
i=l j=l k=l m=l 

= j Pwe^^'^'^^^^^^"), (3.11) 

where V , A, S, P designates the type of resonance: vector (1 ), axial-vector (l"*"^), 
scalar (0"'""'') and pseudoscalar (0 ''). Integrating the resonances out of the action 
reproduces xPT-pGs interaction simply modifying the xPT-LECs. In Eq. (13.111) 
an infinite number of resonances have been considered per each set of quantum 
numbers, as A'^^ — )■ oo tells. There are two approaches to this: the single resonance 
approximation {sra) considers that the lowest-lying multiplets are able to collect the 
bulk of the dynamical information and these are the only resonant degrees of free- 
dom kept active in the action. Since there is an infinite number of Green functions, 
it is obviously impossible to satisfy all matching conditions with asymptotic QCD 
with these few resonances. The minimal hadronic approximation {mho) generalizes 
the sra by including into the action the minimal number of resonances that allows 
fulfilling the QCD short- distance constraints in the considered amplitude. 

RxT includes explicitly the xPT at 0{p^) but, instead of adding to it the next 
order in the chiral expansion (which is obtained upon integration of the resonances, 
as it is explained below), that piece is supplemented with a Lagrangian describing 
interactions among pGs and resonances. The more convenient chiral tensor formal- 
ism in terms of u{x) and all the other structures introduced in (12.711) for the external 
sources and the pGs (I2.43p . (12.441) . (12.651) -whose transformation properties under 
C, P and Hermitian conjugation were collected in Table [2l3] - are employed to write: 

Cr^t{u, V, A, S, P) = C%t{u) + Cr{u, V, A, S, P) . (3.12) 

For the resonance fields, the observed multiplets tell us that only octets and 
singlets in flavour space occur; so reffering to them as R and respectively, the 
non-linear realization of the chiral group G, will be given by 

R ^ h{g,<!?)Rh{g,<!)y , Ri ^ Ri . (3.13) 



^There are many possible ways to transform the resonance fields that lead to the same trans- 
formation under the vector group and it can be shown that they are all equivalent after a field 
redefinition. Since we are working in the w-basis the most convenient choice is the one in Eq. 

(ESI). 



64 



The Large A^^; limit and Resonance Chiral Theory 



For the first vector nonet 0, we will have: 



V, 



1 

* a=0 



(3.14) 



V 



76^8 + 73^1 
P 

K*- 



T7=* 



where the antisymmetric tensor formulation for vector fields has been introduced 
instead of that due to Proca, that may be more familiar [§. With this description 
one is able to collect, upon integration of resonances, the bulk of the low-energy 
couplings at 0{p'^) in xPT without the inclusion of additional local terms In 
fact it is necessary to use this representation if one does not include the £^'^^pt ^^e 
Lagrangian theory. Analogous studies at higher chiral orders have been carried out 
at 0{p^) in the even- |149j and odd-intrinsic |15U] parity sectors. We will assume 
that no C^^pT with n = 8, 10, ... need to be included in the theory. 
We will write explicitely the axial-vector octet since it is also of major importance 
in the processes considered in this Thesis: 



A 



1 ^ 

7! ^ ^"""^'^ 



(3.15) 



a=0 

a^ 



V2 



1 „0 

73^1 



v 



K 



lA 



4 

-75^1 



73^1 



^lA 
^lA 



One can proceed analogously for S and P-multiplets [Hj and for the particles with 
JP^ = 1+- 



The formulation of a Lagrangian theory that includes both the octet of Goldstone 
mesons and f/(3) nonets of resonances is carried out through the construction of 
a phenomenological Lagrangian |144[ 1145] where chiral symmetry determines the 
structure of the operators. In order to construct the relevant Lagrangians, we 
need to introduce the covariant derivative fl2.72p . dictated by the local nature of the 
non-linear realization of G in i? fl3.13p . in such a way that 



V^R^h{g, ^)V^Rh{g, $)t 



(3.16) 



The transformation properties of resonance fields under P, C and Hermitian 
conjugation that are needed to write the Effective Lagrangian are collected in Table 
13.11 For other structures appearing in the later extensions of the original Lagrangian 
and their transformation properties, see Section | 



^In the Nc — > oo limit octet and singlet converge to a nonet. 
^The appendix E is specially devoted to this topic. 
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Operador 


p 


c 


h.c. 


s 


yfiu 
S 




Afiu 

s 


p 


-P 


p^ 


p 



Table 3.1: Transformation properties of resonances under P, C and Hermitian conjuga- 
tion. 



We have to build the most general Lagrangian involving all the pieces that respect 
the assumed symmetries. This means considering 0{p^)-pG tensors together with 
one resonance field. If we think about vr vr-scattering again, this amounts to consider 
as the first correction to the tree level amplitude not only the one-loop diagrams 
obtained with arbitrary insertions of C2 vertices, but also meson-resonance exchange 
amid both pairs of pions. 

For the kinetic terms, bilinears in the meson fields are considered including the 
covariant derivative and incorporating by hand the corresponding mass of the 
octet or singlet. The pattern of preserved SU{?>)y justifies the same mass for all 
members of the representation of the symmetry group and it cannot be determined 
from first principles, but fitted to the experiment. The discrepancy among resonance 
masses within the same multiplet has two sources: on the one hand it corresponds 
to SU{?>)v breaking operators and on the other hand to NLO corrections in 1/Nc- 

The construction of the interaction terms involving resonance and Goldstone fields 
is driven by chiral and discrete symmetries with a generic structure given by 

~ (i?ii?2...i?,X^"H0)> , (3.17) 

where x^"^ {4') is a chiral tensor that includes only Goldstone and auxiliary fields. It 
transforms like R in Eq. (13.131) and has chiral counting n in the frame of xPT. This 
counting is relevant in the setting of the theory because, though the resonance the- 
ory itself has no perturbative expansion, higher values of n may originate violations 
of the proper asymptotic behaviour of form factors or Green functions. As a guide 
we will include at least those operators that, contributing to our processes, are lead- 
ing when integrating out the resonances. In addition we do not include operators 
with higher-order chiral tensors, x^'^K'P)^ that would violate the QCD asymptotic 
behaviour unless their couplings are severely fine tuned to ensure the needed can- 
cellations of large momenta. 

Guided by these principles and considering only one resonance field, the La- 
grangian that was obtained in Ref. [6] is 

Cr= Y1 {^i^UR) + MR)} , (3.18) 

R=V, A, S, P 



''It reduces to the ordinary one in the case of singlets. 
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where the kinetic term |^ is 

Cun{R) = -^{V^Rxf^V.R'"' -^MlR^.R^"), R = V,A , 

Uin{R) = ^{V^RV^R- M^R'), R = S,P , (3.19) 

and stands for the nonet mass in the chiral limit. The purely interacting term, 
C2{R), is given by 

C2[S{0++)] = c,{SuX) + Cm{Sx+) + CdS,{u,un + c^S,{x+), 
/:2[P(0-+)] = id^{Px-) + ^dr,^Pl{x-), (3.20) 

where all couplings are real and it has been considered only the octet for V and A, 
because ( fl^" ) = ( [u^, u'^]) =0 forbides couplings for V and A singlets at this 
chiral order. 

We also assume exact 5^7(3) symmetry in the construction of the interacting 
terms, i.e. at level of couplings. Deviations from exact symmetry in hadronic tau 
decays have been considered in [33U] . However we do not include SU{3) break- 
ing couplings because we are neither considering next-to-leading corrections in the 
1/Nc expansion. These corrections have already been considered within RxT in 
Refs. [22^ I3M I32T1 13221 13231 13M 13251 1^ 



3.5 Matching RxT with QCD asymptotic behaviour 

The long distance features of QCD |334[ 1335] have to be inherited by RxT as 
made precise by the matching conditions. At high energies, RxT must match the 
OPE, and this will impose some relations among its couplings. These relations 
will depend upon the Lagrangian we choose. Due to historical reasons we will 
explain here the results obtained with the kinetic pieces and the interactions terms 
in Eq. fl3.20p restricting our attention to those that can be relevant in the processes 
we examine, namely the spin-one resonances. The number of relations that we 
obtain will influence decisively in the predictability of the theory. Working in the 
sra, we find |3U9j 

• Vector Form Factor. 

At LO in 1/Nc, the form factor of the pion is given within RxT by 



^This naming can be a little bit confusing because this term also includes interactions hidden 
in the covariant derivative part. 
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and QCD short-distance behaviour |336] dictates 55m Iiy{q^) —j- const, as 
oo, which results |^ in a relation for the resonance couplings 

Fy Gv = F\ (3.22) 



Axial Form Factor. 

We consider the axial form factor G'a(^) governing the matrix element 
(7|/l^|7r) [1]. Extracting Gyi(t) from the (VAP) Green function by setting 
the pion massless, one finds 

where bi and 63 are unknowns. Demanding that the form factor Gyi(t) vanishes 
for large t [3 [SUl EUl [337], we obtain 

63 = . (3.24) 

Using the RxT Lagrangian, Eq. fl3.20p . under the hypothesis of single reso- 
nance exchange, one finds [71 1338] 



,3.5, 



Requiring Gyi(t) to vanish for t — )■ 00 implies the relation Fy = 2Gy, one 



version of the so-called KSFR relation |339[ I34U] . The inclusion of bilinear 
resonance couplings modifies the form factor as given in Eq. fl3.23p |338] with 
bi = M\ — My, 63 = 0, and it induces a correction to the KSFR relation: 



2FyGy -F^ _ F^ _ Ml- 2M^ 
2F2 2F2 2(M2 - M2 ) 



(3.26) 



Weinberg's sum rules. 

The two-point function of a vector correlator between left-handed and right- 
handed quarks defines the mixed correlator 

T^LRiq') = — + jj^^ - . (3.27) 

My — MX — q^ 

Gluon interactions safeguard chirality, so TIlr must fulfill a non-subtracted 
dispersion relation. Moreover, it must vanish in the chiral limit faster than 
l/{q^Y q^ — )■ 00. This implies |341] the relation for the couplings: 

F^-Fl = F\ M^F^ - MlFl = 0. (3.28) 



^Thc imaginary part of the Vector- Vector correlator is given by the Vector form factor. Ahhough 
the former has contributions from aU possible n- meson form factors, it is sensible to require that 
every one vanishes asymptotically in order to fulfill that constraint. See the discussions below 
eas. (|5.1ip and (|6.17p . respectively. 
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Considering the above restrictions (13.221) . (13. 261) and (I3.28p . we are able to write 
all decay constants in terms of F and the resonance masses: 



p2 _ p2 Ml _ Ml _ f Ml 

-Tt/ — r —n TTTT , -T/l — -T —7^ TTTT , (j'l/ — -T i 



^ Ml -My ^ Ml -My ^ V Ml 



(3.29) 



Finally, we will see that applying the QC D-ruled short-distance behaviour to the 
decays — > P~^Vr computed using RxT |342j allows to relate V and A masses 

2 Ml = 3 My (3.30) 

a result that reproduces the one obtained in Ref. |343] for the form-factor ^^7*7- 
These relations guarantee the matching among QCD and its EFT, RxT, for the 

considered Green functions. Let us, however, make a caveat about phenomenology 

and QCD at this point. 

There are infinite Green functions both in QCD and also in its EFTs. In per- 

turbative QCD, all of them are described in terms of a single coupling, a^. In 

non-perturbative QCD this is clearly not the case. Then, the situation changes 

and, unless we bear this in mind, we can arrive -or seem to arrive, to be precise-, to 

inconsistencies. 

There is no difference between considering one set or another of Green functions 
in high-energy QCD. The situation is opposite in its low and intermediate-energy 
regime. For instance, we have seen that for a set consisting of vector, and axial- 
vector form factors of pCs and LR two-point correlators the relations (I3.22p . (I3.26P 
and (I3.28P ensure QCD asymptotic behaviour for the EFT working in the sra. 

But, once we go further and study three-point correlators and form factors in- 
volving three particles in the final state it is likely that either the previous relations 
get modified in some cases, or -what it is preferable- we admit that the sra is a 
valid approach if we do not intend to describe all QCD Green functions at the same 
timeE^. Otherwise, we are forced to incorporate a second multiplet of resonances in 
the (axial-)vector case. 

These discrepancies among QC-D-asymptotic restrictions for the parameters en- 
tering has already been found and discussed |338j . However, the understanding 
of this issue is evolving as more works are concluded. Our position towards this 
problem will get defined in later chapters concerning the practical applications of 
the theory. We will see that we will arrive to consistent relations for the radiative 
decays of the tau with one meson and for the three meson decays. However, it is 
very likely that they will not coincide with the relations one could find studying 
four-point Green functions or four meson form factors. In any case, the study of 
these is a too involved task that we do not consider for the time being. 



^The validity of these assumptions within large- TVc QCD is studied in Refs. [MillM51IM51[M7] . 
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3.6.1 Even-intrinsic parity sector 

We recall the purpose of the original paper were RxT was horned it was 
to build a sound theory including resonances within the chiral framework that re- 
spected all principles and symmetries governing light-flavoured QCD and that was 
able to reproduce the O(p^) even-intrinsic parity chiral Lagrangian upon integration 
of the resonances. 

In order to construct (13.181) . (13.191) . (l3.2Up . 0{p^)-pG tensors together with one 
resonance fleld were enough to accomplish that purpose. 

One may wonder why we intend to extend the original Lagrangian in RxT, while 
for xPT the decision consists in going one order further in the chiral expansion. The 
nature of pGs is completely different to that of resonances. Whereas the flrst ones 
transform non-linearly under the vector subgroup, the second ones do it linearly. 
This results in a huge, fundamental difference. Processes involving different number 
of pGs are related. For instance, all 2n-pGs — t- 2n-pGs scattering processes are con- 
nected at a given order. As the easiest example, all of them are written in terms of 
the pion decay constant at LO; but the divergence structure -before renormalizing- 
of say 12 vr — )■ 12 vr is given by that of the simplest process 2 vr — )■ 2 vr, as well. 

On the contrary, resonances are not free excitations (even in absence of x^B); 
so that any time we want to consider physics involving one more multiplet of reso- 
nances, we have to extend our Lagrangian to include it relying again on the same 
symmetry principles that guided the construction of the already existing pieces. 

The analysis of r~ — )■ (tttttt)"!/^ within RxT |348] could not ignore the rele- 
vance of the axial- vector ai-resonance exchange within this decay. The contribution 
given by the chain ai — )■ pn — t- tttttt driven by vector exchange was accounted for 
by going one step beyond the work in Ref. [6] including bilinear terms in the reso- 
nance flelds that lead to a coupling ai p tt, hence only the generalization including 
one pseudoscalar was considered in the quoted paper. 

The most general Lagrangian respecting all the assumed symmetries and includ- 
ing one 0{p'^) chiral tensor, one vector and one axial- vector resonance flelds can be 



written [M8] 



5 



VAP 
2 




(3.31) 



1=1 



where Aj are new unknown real adimensional couplings, and the operators Oyj^p 
constitute the complete set of operators for building vertices with only one pseu- 
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are given by 




^VAP 




'^VAP 




^VAP 




^VAP 




^VAP 





(3.32) 



where it has been used h^'^ defined in Eq. (12.75 p . As we are only interested in tree 
level diagrams, the C(p2) xPT EOM, ( K7E\f . has been used in C^^^ in order to 
eliminate one of the possible operators. 

Explicit computation of the Feynman diagrams involved in this process -and in 
all applications studied in this Thesis- show that all the contributions coming from 
£2^^ can be written in terms of only three combinations of their couplings 



Ao 
A' 
A" 



1 

1 

1 
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4Ai + A2 + y + As 



A2 
A2 



^4 , ■ 

A3 + y + A5 



(3.33) 



3.6.2 Odd-intrinsic parity sector 

Now we turn to the WZW anomalous term, we recall that it is the LO contribu- 
tion in the odd-intrinsic parity sector -0{p'^) in the chiral counting-. In Ref. |349] . 
that is the fundamental reference for this section, a suitable Lagrangian was built 
and odd-intrinsic parity processes were examined within RxT. It is a common prac- 
tice to assume that upon integration of the resonances in this Lagrangian one could 
saturate the values of the 0{p^) LECs of x^T in the anomalous sector, analogously 
as it happens in the even-intrinsic parity sector 0. 

The quoted reference has an added interest, because it gave rise to a set of works 
studying the behaviour of 3-point Green functions in RxT [1491 13381 1350] . 

Several authors |351l I352[ I353[ 13541 1355] started to analyze systematically a set of 
QCD three-point functions that were free of perturbative contributions from QCD 
at short distances El, a fact that made more reliable a smooth matching of the OPE 
result went down to low energies and the EFT description by a theory including 
resonances. 

It was shown in Ref. |354j that while the ansatz derived from the lowest meson 
dominance approach to the large- A^^c limit of QCD incorporates by construction the 

^"'^For a larger number of pGs, additional operators may emerge. 

^^This was checked only recently |150j . 

^•^They vanish in absence of SxSB for massless quarks. 
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right short-distance behaviour ruled by QCD, the same Green functions as calcu- 
lated with a resonance Lagrangian, in the vector field representation, are incom- 
patible with the OPE outcome. The authors pointed out that these discrepancies 
cannot be repaired just by introducing the chiral Lagrangian ofC(/)HB New 
terms including resonance fields and higher-order derivatives are needed in this case 
in the vector-field representation, but the general procedure remains unknown. 

This can be a serious drawback for any EFT involving resonances as active 
fields. Ref. [349] studies one class of Green functions analyzed in Ref. [354] in the 
odd-intrinsic parity sector with antisymmetric tensor formalism for the resonances. 
This required the introduction of an odd-intrinsic parity Lagrangian in the formula- 
tion of Ref. [B] containing all allowed interactions between two vector objects (either 
currents or resonances) and one pseudoscalar meson. I will introduce this extension 
of the original Lagrangian of RxT in the following. 

In principle, taking into account Weinberg's power counting rule and resonance 
exchange among vertices with pseudoscalar legs; at 0{p'^) in the even-intrinsic par- 
ity sector one needs to treat on the same footing £2 at one loop, £4 at tree-level 
and £2(-R). In Ref. [7] it was shown that at this order in the chiral counting, the 
Effective Lagrangian £r^t = £2 + £_r is enough to satisfy the high-energy QCD 
constraints. 

Analogously, for the odd-intrinsic parity sector, three different sources might be 
considered: 

• The WZW action |275l 1276] , which is 0{p^) and fulfills the chiral anomaly, 

• Chiral invariant e^j^po- terms involving vector mesons which, upon integration, 
will start to contribute at 0{p^) in the antisymmetric tensor formalism, and 

• The relevant operators in the 0{p^) xPT Lagrangian. 

The odd-intrinsic parity Lagrangians with resonances have already been studied 
in order to consider the equivalence for reproducing the one-loop divergencies of the 
WZW action among different representations for the resonance fields |351] . This 
procedure has also been thought to estimate the couplings appearing the Oijf') chi- 
ral Lagrangian [356]. 

Within the antisymmetric tensor formalism, all the needed building blocks have 
already been introduced. Chiral invariance of the generating functional, together 

^'^ When one considers the pion form factor calculated within the Resonance Theory both in the 
vector and in the antisymmetric tensor formalisms [5], compatilibity with high-energy QCD con- 
straints is found in the latter case without introducing £^''p^™". In the former case, the asymptotic 

behaviour is not good but upon introducing the £^^pj?^''" the required falloff is recovered. This 
possibility of including the Lagrangian at the next order in the chiral expansion does not yet yield 
the proper ultraviolet behaviour in the odd-intrinsic parity sector when working with the vector 
field formalism. 

^^We are not referring to the chiral counting in the framework of RxT , where this is known to 
be lost. We recall the remark in the paragraph including Eq. p.l7p . 
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VJP terms: 



with Lorentz, Parity and Charge conjugation invariance and Hermiticity of the La- 
grangian determine an independent set of operators for VVP and VJP Green func- 
tions to be 00 



ohp = ^w({^'^^/nx-), 

ohp = ^M^P. ( {V^V^^ /n ) . (3.34) 



VVP terms: 



Ol 



VVP 
^VVP 
^VVP 
^VVP 



(3.35) 



The Schouten identity, 



(3.36) 



has been employed to reduce the number of independent operators. 

The authors of Ref. |351] also built VVP operators in the antisymmetric tensor 
formalism but applying the LO EOM to reduce the number of operators to three. 
This is a valid procedure provided one is only interested in on-shell degrees of free- 
dom; but particles inside Green functions are not on their mass-shell. The resonance 
Lagrangian for the odd-intrinsic parity sector will thus be defined as 



C 



VJP 



ECa 



£odd 
V 

/-/-)a 



i^vjp + C,vvp 
Cvvp 



4 



/ ^ da Oyyp ; 



a=l 



(3.37) 



where the octet mass, My, has been introduced in Lvjp-, in order to define dimen- 
sionless couplings. The set defined above is a complete basis for constructing 
vertices with only one-pseudoscalar; for a larger number of pseudoscalars additional 



-1 and J is short for external vector 



^^Thc conventfon for the Levi-Civita density is £0123 
current. 

^^One more operator arises for the singlet VVP and VJP Green functions, respectively, which 



affect netural current processes, see Ref. |357j . 
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operators may emerge. 

As discussed, the 0{p^) xPT Lagrangian in the odd-intrinsic parity sector has to 
be considered, as well. Two operators may contribute at LO in 1/ Nq to the ( VV P) 
Green function: 

4pt'' = {^i(X-/r/f ) - ^t,{V,fl^[ff, u'^])] , (3.38) 

where the ti LECs are not fixed by symmetry requirements. The operators in 
Eq. fl3.38p belong both to the EFT where resonances are still active fields and to 
that one where they have been integrated out. Hence in the latter case, we can 
split the couplings as = tf + ti, where tf is generated by the integration of 
the resonances and ti stands for the surviving 0{p^) xPT contribution when the 
resonances are still active. In analogy with the even-intrinsic parity sector, the ti 
are negligible compared to the resonance contributions, which means that the ti are 
generated completely through interaction of vectors. Accordingly, we should not 
include £^p'^'^'^ in our study to avoid double counting of degrees of freedom. Then, 
the relevant effective resonance theory will be given by: 

Zrxt[v, a, s, p] = Zwzw [v, a] + Zy'^^lv, a, s, p] , (3.39) 

where Z^f is generated by in f lZBB]) . Cy in fICT) . fICT]) . flX^ and C°y^'^ in 

The VVP Green function is 

(n^yp);;tt (P, g) = jd'xj d^ye^(^- + ^-^)(0|T[y;(x)K'(l/)nO)]|0). (3.40) 

Provided a Green function is related to an order parameter of QCD, it vanishes 
in the chiral limit to all orders in perturbation theory, so that there is no term in 
the OPE expansion that goes with the identity. This is specially nice regarding the 
matching with the RxT result, that will never include such a kind of term including 
the identity. This is the case for ( VVP ) Green functions, and also for ( VPPP ) 
Green functions like those related to r decays into three mesons but, for instance, 
it is no longer so in ( WW ) Green functions (like, for example, light-by-light 
scattering processes). It is conventionally written that we can rely on matching 
RxT with the OPE at such low energies as 2 GeV when there are order parameters 
involved. Otherwise, the matching becomes very cumbersome. 

The ( VVP ) Green function is built within RxT in [349] . When the limit of two 
momenta becoming large at the same time is taken, one finds compatibility with the 
QCD short-distance constraints, provided the following conditions among the C'^'^ 
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couplings hold 



4c3 + ci = , 

Ci - C2 + C5 = , 

Nc Mv 



C5 — Cg 



647r2 72Fv 



di + 8^2 = -:rA -T^ + 



647r2 F2 4F2 ' 

Being the couplings in the (odd-intrinsic parity) Effective Lagrangian independent 
of pG masses the result turns out to be general. 

Now it comes the crucial point. The obtained ( VVP ) Green function reproduces 
the lowest meson dominance ansatz in [352]: 

Ilvvpip , g , (p + g) ) = ^ • (p2_M2)(g2_M2)r2 - ^3-^2) 

The previous ansatz fl3.42p recovers the lowest meson dominance estimates for 
the LECs derived in Ref. |354] . Their authors found impossible to reproduce them 
working with the vector representation for the resonances, not even paying the price 
of introducing local contributions from the 0{p^) chiral Lagrangian. They suggested 
that the problem could be due to the Effective Lagrangian approach and unlikely 
to be cured by using other representations for the resonance fields. The work un- 
dertaken in Ref. |349j contradicts this assertion for the ( VVP ) Green function in 
the odd-intrinsic parity sector. 

The derived Lagrangian, Eq. fl3.37p . was tested through the computation of the 
decay width for the process a; — t- tt 7 that was completely predicted thanks to the 
relations (13.411) . This calculation pop up the question about the validity of Vector 
meson dominance-assumption [3581 1359] . It was found that the direct vertex was 
larger than expected, even comparable to the p-mediated process. Anyway, these 
results agree with the \axge-Nc limit of RxT, in which both contributions are of the 
same order in the expansion. This feature was confirmed through the computation 
of other channels: In particular, u ^ Sir showed that Vector meson dominance 
hypothesis was at variance with the experimental value for the decay width. This 
confirmed what was suggested before: that local VPPP vertices in the odd-intrinsic 
parity sector are relevant. 

We present here the last extension [36UI 1361] of the original Lagrangian that 
was first applied to study the KKir decay modes of the r lepton. We have found 
that the most general VPPP Lagrangian in the odd-intrinsic parity sector is 



-VPPP — y~\ ^vppp ) (3.43) 
7T 
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where, in the chiral hmit and using the Schouten identity, three new operators arise 

i e^^o^p ( ( u^K'^u^ - u^h^'^u^ ) ) . (3.44) 

Apart from these ones, when the chiral limit is not taken, two new operators have 
to be taken into account 

O'yppp = W {{V^\u-u^]x-) . 

0\ppp = e^^^p (u'^V^'^u^X-) ■ (3.45) 

From the previous distinction, we can guess that matching at high energies will 
give us some information on the three couplings that survive in the chiral limit, but 
for the others it is likely that only phenomenological information will shed light on 
them. 

Notice that we do not include analogous pieces to Eqs. fl3.34p and f l3.43p with 
an axial-vector resonance, that would contribute to the hadronization of the axial- 
vector current. This has been thoroughly studied in Ref. |348] (see also [362] . this 
picture is supported by the conclusions in Chapter [5]) in the description of the 
r ttttttz/t- process and it is shown that no {Ax^^''{'^)) operators are needed to de- 
scribe its hadronization. Therefore those operators are not included in our minimal 
description of the relevant form factors appearing in later chapters. 



3.6.3 Concluding remarks 

There are other extensions of the Lagrangian which will not be used in this The- 
sis. For the even-intrinsic parity sector, the reader can find in Ref. |149] the minimal 
set of operators corresponding to the coupling of a resonance and an 0{p^) chiral 
tensor, and trilinear resonance terms without any chiral tensor. For the odd-intrinsic 
parity part, in Ref. |363j there were written new pieces for the couplings among the 
two vector objects and a pG or a vector source: Cy-^^aP and CvwaJ- 

All the introduced extensions of the original Lagrangian will play a role in the 
three meson decays and one meson radiative decays of the r examined in this Thesis. 
As we will see, the contribution of VPPP vertices in the odd-intrinsic parity sector 
turns out to be fundamental for the decay w — 37r (see Appendix D). Therefore, 
apart from its own interest, we can take advantage of it to get additional restrictions 
on the new couplings introduced throughout this section. One of the targets of our 
work is to gain more control over the new couplings of the resonance Lagrangian 
which we have just introduced and thus improve our quantitative understanding of 
intermediate-energy meson dynamics. 



^VPPP ~ 
^VPPP — 
^VPPP — 
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Chapter 4 

Hadronic decays of the r lepton 



4.1 Introduction 

In this chapter we want to set the model independent description of the hadronic 
decays of the r which we study. Using Lorentz invariance and general properties of 
QCD one can decompose any amplitude participating in a given process in terms of 
a set of scalar quantities that only depend on kinematical invariants, the so-called 
form factors. As explained in Appendix A, this description is equivalent to that in 
terms of structure functions. 

Moreover, we also desire to explain the three different approaches to describe the 
the involved form factors and to illustrate others than ours. This will let appreciate 
better the improvements introduced by our study compared to previous approaches. 

As we have discussed in previous chapters we still do not know a way to derive 
the form factors related to the hadronization of QCD currents in the intermediate 
energy region. In view of this, three major approaches have been developed to tackle 
these problems |364] : 

• The first approach is the one motivated by the discussion in the previous 
chapters and followed in this Thesis. It consists in exploiting the power of the 
EFT framework a la Weinberg -Section 12.21 supplemented by some dynamical 
content of the problem at hand, namely the known short-distance behaviour 
of QCD -Section ED- and the large-iVc limit of QCD -Chapter H. 

• The second approach is that of modeling phenomenological Lagrangians. Their 
actions are written in terms of hadron fields but employing ad-hoc assumptions 
whose link with QCD is not clear and which are introduced in order to get a 
simpler theory. As an example, we have the suggested Hidden Symmetry or 
Gauge Symmetry Lagrangians mentioned briefly in appendix F. 

• Finally, we have another -more comfortable though less satisfactory- way of fac- 
ing the problem. It is to propose dynamically driven parametrizations. They 
provide an amplitude suggested by the assumed dynamics: resonance domi- 
nance, polology, etc. The expressions one obtains are much easier than those 
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given by more based approaches, as we wiU see giving some examples later on. 
Numerical fit to data is quicker and the accordance between the theoretical 
expressions and the experiments is, often, remarkable. Notwithstanding, the 
connection between their ad- hoc parameters and QCD is missing. According 
to our understanding, the point is not just to get an impressive fit to the ex- 
perimental points but to understand the hadronization of the QCD currents 
in these particular processes. 



4.1.1 Breit-Wigner approach 

As we want to compare our results to those obtained within the Breit-Wigner 
models, we describe their main features in this section. 

Since long time ago, it is well-known that any hadronization process occurring in 
the resonance energy region will be dominated by the contribution of these resonance 
states. The application of this resonance dominance to hadronic tau decays has a 
long history |365[ I366[ I367[ 1368] . A model based on these ideas that became very 
popular is due to Kiihn and Santamaria 



In any of these cases the parametrization is accomplished by combining Breit- 
Wigner factors {BWr{Q'^)) according to the expected resonance dominance in each 
channel 0, that is, 

F{Q') = f{a,,,BWn,m) , (4-1) 

where A/" is a normalization and the former expression is not linear, in general, in 
the Breit-Wigner terms. Data are analyzed by fitting the parameters and the 
masses and on-shell widths entering the Breit-Wigner factors. Two main models of 
parametrizations have been employed: 

a) Kiihn-Santamaria Model (KS) 

The BW form factors are given by [MS ESSl ESZl ESSl ESH] 

BWf (g2) = , (4.2) 

that vanishes in the high-Q^ region, as demanded by short- distance QCD. 

b) Gounaris-Sakurai Model (GS) 

It was originally developed to study the role of the p(770) resonance in the vector 
form factor of the pion |37U] still in the current algebra era. It has been applied over 
the years to other hadronic resonances |371[ I372[ 1373] by the experimental collabo- 
rations. The BW function now reads 



"'^Consequently, they do not depend only on Q^, the total hadronic momenta, but also on other 
Lorentz invariants depending on the considered channel. The in parenthesis intends to be a 
shorthand notation we will keep in the following. 
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Bwf (g^) = Mi + f^M (43) 

where Jr-XQ'^) encodes information of the off-shell behaviour of the considered res- 
onance. For the particular case of the p(770), it can be read off from Ref. |370] . 

In both models the normalization is fixed in order to reproduce the xPT O(p^) 
behaviour at << M^. The experimental groups use to believe that the difference 
among the predictions of these two models gives an estimate of the theoretical error 
H. As we will see, the simplicity of these models is irrelevant if they fail to verify 
properties coming from QCD itself, as it happens to be the case, both in the three 
meson modes and the radiative decays with one meson. It is true that we learn 
things about the resonance structure using these models to fit the data, but it is not 
-as argued many times- that the (occasionally) little discrepancy among themselves 
in the observables (values of masses, on-shell widths and branching ratios and shape 
of the spectra and Dalitz plots) can be regarded as a proof of the rightness of both 
models. 



4.1.2 Model independent description. General case 

Within the Standard Model E| the matrix amplitude for the exclusive hadronic 
decays of the r, r~ — >■ H'Ur, is generically given by 

M = ^V'c'km 7^ (1 - 75) , (4.4) 

where Gi;' is the Fermi constant, Vqj^j^j the corresponding element of the CKM 
matrix, and 

= {H\iy^-A^)e'''^^^\Q), (4.5) 

is the matrix element of the left-handed current that has to be evaluated in the 
presence of the strong QCD interactions. 

Symmetries help us to decompose l-i^ in terms of the allowed Lorentz structures 
of implied momenta and a set of scalar functions of kinematical invariants, the 
hadronic form factors, F,, of QCD currents, 

= E (•••); (4.6) 

i ^ ^ ^ ^ 

Lorcntz structure 

that are universal in the sense of being independent on the initial state, describing 
therefore the hadronization of QCD currents. 

This decomposition is studied in detail in Appendix A, where it is also derived 
the equivalence among using form factors or structure functions to describe these 



^In fact, Ref. j369) already used it with this purpose. 

•^A nice and short introductory description can be found in Refs. |374[|375j . 
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hadronic decays. We just recall for the moment that the decay width for a given 
channel is obtained by integrating over the n hadrons plus one neutrino differential 
phase space, the hadron and lepton tensors are defined from the following |f| 

where "H^ is the hadron current defined in Eq. (14. 5p . C^^ carries information on the 
lepton sector and dVS stands for the differential element for phase space integration: 

V-^u= n^n., C'" = 5^M.(£,s)7'^(l-75)M,,(r,s')7'(l-75K(^,s). (4.8) 

s,s' 

Then, one has 

dr = ^ l^cVr^..-H"-H^^dP5, (4.9) 

with 

C^^WW^ = Y,LxWx, (4.10) 

X 

where Wx are the structure functions defined in the hadron rest frame. 

The hadron structure functions, Wx-, can be written in terms of the form factors 
and kinematical components and the study of spectral functions or angular distri- 
butions of data allow us to reconstruct them. Their number depends on the final 
state, being 4 in the case of two mesons and 16 for three. Either form factors or, 
equivalently, structure functions, are the target to achieve. 



4.2 One meson radiative decays of the r 

4.2.1 Model independent description 

For the decay modes with lowest multiplicity, r P^u : t, P = 7t,K, the rel- 
evant matrix elements are already known from the measured decays vr" — )■ fi~i'fj, 
and K~ — )■ fi^u^. The corresponding r decay widths can then be predicted rather 
accurately. These predictions are in good agreement with the measured values, and 
provide a quite precise test of charged current universality. 

When one considers the emission of a photon things change and they provide dy- 
namical information |376] about the hadronic matrix elements of the = (V^ — A^) 
current. 

The process is t~(pt-) — )■ h'T-{q)P~{p)'y(k) . The kinematics of this decay is equiv- 
alent to that of the radiative pion decay |377j . We will use t := {pr — q)"^ = (k + p)"^. 

''Ss s' corresponds to the averaged sum over polarizations. 
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In complete analogy to the case of the radiative pion decay |378j . the matrix element 
for the decay — )■ P~^Vr can be written as the sum of four contributions: 

M [r-{pr) ^ Mq)P-{p)l{k)\ = MiB. + MiBp +Mv + Ma, (4.11) 

with! 

Y Tflp Z J 

iMv = iGFV},'^^,eFv{t)e,,p^e''{k)kPp" , 

iMA = GFV^,^j,^eFAit)e''{k) [{t - 2ml)g^, - 2p,k,]L^, (4.12) 

where e is the electric charge and is the polarization vector of the photon. Fy{t) 
and FA{t) are the so called structure dependent form factors. Finally and L^'^ 
are lepton currents defined by 

= u^Mmi - 75) ( Jr/;p"_% 7V(p.) . (4.13) 

The notation introduced for the independent amplitudes describes the four kinds 
of contributions: A^/b^ is the bremsstrahlung off the tau, (Figure HTTT a)). J^ibp is 
the sum of the pG bremsstrahlung (Figure HTTT b)). and the seagull diagram (Figure 
I4.ir c)). A^y is the structure dependent vector (Figure HTlT d)) and M.a the structure 
dependent axial- vector contribution (Figure ll.lT e)). Our ignorance of the exact 
mechanism of hadronization is parametrized in terms of the two form factors -Fa(^) 
and -FV(t). In fact, these form factors are the same functions of the momentum 
transfer t as those in the radiative pion decay, the only difference being that t now 
varies from up to rather than just up to m^. 

The two matrix elements M-ib^ and M.ibp are not separately gauge invariant, 
but their sum, ie. the (total) matrix element for internal bremsstrahlung IB 

Mib = MiBr + MiBp , (4.14) 

is indeed gauge invariant, as A^y and JUa are. We also define the (total) structure 
dependent radiation SD by 

Msd = Mv + Ma. (4.15) 



^Notice that i and minus factors differ with respect to Ref. [376] (DF). Moreover, our form 
factors have dimension of inverse mass while theirs are dimensionless. In their work, this factor of 
(•\/2^^^7^)^^ in the form factors is compensated by defining the sum over polarizations of the matrix 
element squared with an extra 2m^ factor. This should be taken into account to compare formulae 
in both works using that ^^(0-°^ = V^m^ Fy {t)'='"\ FA{t)°^ = 2^m^FA{t)'^'"' ■ 
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(a) 



ib) 




id) 




Vr 7 

w- 




Figure 4.1: Feynman diagrams for the different kinds of contributions to the radiative 
decays of the tau including one meson, as explained in the main text. The dot 
indicates the hadronization of the QCD currents. The solid square represents the 
SD contribution mediated by the axial- vector current and the solid triangle the SD 
contribution via the vector current. 



iM 



The spinor structure can be rearranged to give 

Pr ■ 



IB 



GFV^^'^eFpM^u^Mi^ + 75) 



SD 



CRM 



p ■ e 



e{ie^,p^L^e''kPp''Fv{t) 



Pr ■ k p ■ k 2pr ■ k 

f + 75) [{t - ml)^-2{e 



(4.16) 

p)^] u{pr)FAit)} . 



The square of the matrix element is then given by 



l-Mp = \Mib\^ + 2^e{MiBM*sD) + \M 



(4.17) 



where the bar denotes summing over the photon polarization and neutrino spin and 
averaging over the tau spin. 

We follow Ref. |376] and divide the decay rate as follows: the internal bremsstrahlung 
part TjB arising from |A^/bP, the structure dependent part Tsd coming from 
IA^sdP, and the interference part Tint stemming from 2^e{JliiB-M*sD)- Further- 
more Tsd is subdivided into the vector- vector {Tyv), the axial- vector — axial- vector 
(Taa) and the vector — axial- vector interference term Tva- Similarly F/Arr gets 
splitted into the internal bremsstrahlung- vector interference Tjb-v aiid the internal 
bremsstrahlung-axial- vector interference Tjb-a parts. Thus, one has 



total 

Tsd 
Tint 



Tib + Tsd + Tint 
Tvv + Tva + Taa , 

TlB~V + TiB-A ■ 



It is convenient to introduce the dimensionless variables x and y: 

2pj. ■ k 2pj. ■ p 



X 



M2 



y ■-- 



M2 



(4.18) 



(4.19) 



In the tau rest frame x and y are the energies and E.^ of the photon and the 
pion, respectively, expressed in units of Mr/2: 



E~, 



Mr 



-X, 



Er 



Mr 



(4.20) 
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Eq. (l4.2Up sets the scale for the photons to be considered as "hard" or "soft". This 
means that the formulae for internal bremsstrahlung should be similar for radiative 
tau and pion decay, once they are expressed in terms of x and y, as it is the case, 
albeit photons of comparable softness will have very different energies in both cases. 
The kinematical boundaries for x and y are given by 

0<x< l-rl, l-x+{£^<y<l + rl, (4.21) 

where 



where the upper figure corresponds to P = vr and the lower one to P = K. It is also 
useful to note that 

p-k = ^ix + y-l-rl), t:= {p^ - q)^ = (k + = M^{x + y - 1) . (4.23) 
The differential decay rate is given by |379j 

,r(.- ^ ..P-,) = ^/'\k + p + , - pO^flg. (4.24) 

where the bar over the matrix element denotes summing over the photon polar- 
ization and neutrino spin and averaging over the tau spin. Choice of the tau rest 
frame, integration over the neutrino momentum, p, and the remaining angles and 
introduction of x and y yields 

£T rrir 



\M\\ (4.25) 



dx dy 256n^ 
The integration over y gives the photon spectrum 

dr_ r'+'-p d^r 

l — x 

Because of the infrared divergence of the internal bremsstrahlung a low-energy cut 
must be introduced for the photon energy, by requiring x > Xq one obtaines the 
integrated decay rate 

/■^"'"^ dr 

T{xo) = T{Eo) = J dx—, (4.27) 

that does depend on the photon energy cut-off {Eq = ^Xq). Instead of x and y one 
can use x and z, where z is the scaled momentum transfer squared: 

^ = ^ = ^ + y-l, (4.28) 
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whose kinematical boundaries are 

z-rl<x<l- — , rl<z<l. (4.29) 

Integration of over x yields the spectrum in z, i. e. the spectrum in the 
invariant mass of the P-photon system: 



The integrated rate for events with t > to is then given by 

dr 

r(zo) = r(v^)= j dz— (^). (4.31) 

We note that zq is both an infrared and a colhnear cut-off. 

In terms of the quantities defined in Eq. f l4.18p the differential decay rate is 

dxdy 27r ' ' (1 -r|,) 

4|FA(t)|VAA(x,|/,r 



(1-4) 

\\Fv{t)\^fvv {x,y,rj,)+meiFv{t)FXit))fvA {x,y,rl) + 



(l-r2)2 ' 



'^'^''^'^ - " [/.B-v^ 3ie(Fv.(t)) + 2/,^_^ ^eiF^m ^^"^^^^^ 



dxdy 2% Fp ^ ^ ' (^l ^ rj.) 

where 

. 2\ _ [r|.(x + 2) - 2rg,(x + |/) + (x + y - 1) (2 - 3x + + xy)] {rj, - y + 1) 

J/B (a;, rp) - — , ^.2 n ' 

(rp — X — ?/ + 1) 

fvv{x,y,rj,) = -[rp{x + y) + 2rl{l-y){x + y) + {x + y-l){-x + x^-y + y'^)], 

Iaa [x, y, rj,) = fvv {x, y, rp) , 

fvA{x,y,rj,) = -[rl{x + y) + {l-x-y){y-x)]{rj,-x-y + l) , 

/ 2\ ir%-x-y+l){r%-y+l) 

fiB-v [x,y,rp) = , 

^ ' X 

f , _ [rp - "^rUx + y) + {l-x + y){x + y-l)]{rl-y + l) 

JiB-A yx, y, r pj — -"2 — — . 

^ ^ (rp — X — y + 1) X 
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In the approximation rp ~ (vanishing pion mass) these formulae simplify to 

fiB{x,y,0) = — ■ -— , 

[x + y — l)x^ 

fvvix,y,0) = (x-x^ + y-y^) (x + y-l), 

fvAix,y,0) = {x + y-lf{x-y), 

{x + y-l){l-y) 



//B_y(x,y,0) 



X 



f,s-A;x,vM = ^-y-^)i^-y) , (4.34) 

X 

We note that the radiative decay rate has been expressed in terms of the rate of the 
non-radiative decay (r~ — )• u^P^): 

r^2 12 p2 

r.-^..P- = ^IiIIc^mUjIm'M - rlf • (4.35) 
ovr 

We finish this section by presenting the analytical expressions for the invariant 
mass spectrum: 

"^^'^ " [rUl -z)+ 2rl [z - z^) - Az + hz^ - z^+ 



dz 2n 

+ (r^2 + 2rlz -2z- 2z^ + z^) \nz] 



1 ^T-^VrP 

^2 -rlz {I -rlf ' 



drW ^ « M^ {z-lY{z-rlf{l + 2z) p F.-^.^p- 

dz 2AtI Fl ^2 I^^WI (l_^2^)2 



dz 



0, 



dz 67r Fp z^ 

dr jjj-y ^ a M^^ (z - 4)^(1 - ^ + 2: In 

d^ 27r Fp z ^ 

^ - -^f [4(1 2.=. 

+ (4^ - 22 - z') \nz] ^^3f?e(F^(t)) 7'^-;^; . (4.36) 

2 (1 - r;^) 

The interference terms IB — V and IB — A are now finite in the limit z ^ r^, which 
proves that their infrared divergencies are integrable. 

Although the above formulae have been noted in Ref. |376j . we independently cal- 
culate them 1^ and explicitly give them here for completeness. Moreover we would 



(1- 








(1- 






^UrP- 


(1- 


rlf 



^Typoes in Refs. |376[ 13801 1381] have been detected through our calculation. The minus sign 
difference in the definition of the IB part has been taken into account. 
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like to point out that due to the fact that our definitions of the form-factors Fv{t) 
and FA{t) differ from the ones given in Ref. |376j . as we have mentioned before, 
there are some subtle differences in the above formulae between ours and theirs. 



4.2.2 Breit-Wigner models 

These processes were studied by Decker and Finkemeier in a series of papers 
|376[ 1382] 13831 [3M] . Their parametrization respected the chiral limit {t = 0) for the 
vector form factor, as given by the Wess-Zumino term. However, for the axial-vector 
form factor it was fixed to the value of F^lt = 0) in the radiative decay of the pion. 
This way, not only the value at threshold but also the low-t-dependence of the am- 
plitude deviates from the QCD prediction, which is not satisfactory. Moreover, the 
off-shell widths employed for the vector resonances were just phase-space motivated, 
while the one for the axial-vector resonance ai employed the ad-hoc expression in 
the KS model. High-energy QCD behaviour of the form factors was properly im- 
plemented. Finally, the addendum to Ref. [376] change the relative sign between the 
IB and SD contributions, and this has not been confirmed by any later independent 
study, so this is another motivation for our work. 

Our study, included in the chapter [H] intends to go beyond these approximations 
and provide a more based description of these decays. They are still undetected, a 
feature that makes them more interesting, as it is strange according to the estima- 
tions of the decay width of these processes. For reference, the decay modes reported 
by the PDG [8] are reviewed in Table 14.11 
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4.3.1 Model independent description 

The vector form factor of the pion, Fy{s) is defined through: 



(4.37) 



where s = [p + p'Y (s will be defined analogously throughout this section), and the 
participating current is the third component of the vector one of the SU{?)) fiavor 
symmetry of QCD. The matrix element of Eq. fl4.37p is related by chiral symmetry 
to the one appearing in r decays 



:vr-(p.-)7r°(p,o)|d7'^n|0) = V2{p^- - p^^Y F^{s) . 



(4.38) 



''We do not discuss the decays including, in addition, a photon. See e.g. Ref. [385) for details. 
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Table 4.1: Decays of the r according to the number of mesons, n, and the BR For 
the decay r" — )■ ^'t-'^", X~ is displayed in the table. with 95 % CL. with 90 % 
CL. However one should take into account the very recent measurement by the Belle 
cohaboration [386] giving a BR of (3.29 ± 0.17l[!:^^) • 10"^ -: The PDG does not give a 
bound for these channels. 



The associated vector and scalar form factors entering the decay r K n^Vr 
are defined through: 



\K^{PKV{p.)\-sru\Q) = ^ 



PK - Pit 



(4.39) ■ 

The different kaon and pion masses imply the appearance of the scalar form 
factor, (s), that accounts for the non-conserving vector current part of the 
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decay, = (px + Pw)^ ,s = and 

AKn = ml-ml. (4.40) 

Chiral symmetry dictates then the structure of the process r — )■ A'°7r~t^^: with 
the changes: 

K-7i^ K\~ , sYu -> uYs , F^7\s) V2Fff{s) . (4.41) 



An equivalent description is given in terms of the pseudoscalar 



{Ft is) - F^is)) ^ 



and vector form factors. 



The vector form factor into two kaons is probed through r K K^v^-: 

{K\p,)K-{p.)\dYu\Q) = F^{s){po-p-Y. (4.42) 

where, as in the case of the pion form factor, the vector current is conserved in the 
isospin hmit. 

The decay — t- rjir^Ur can only be produced in the SM as an isospin violating 
effect |367] . since it has opposite G-parity to the participating vector current. The 
coupling to the vector current occurs via an 77 — vr^ mixing. The related matrix 
element will exhibit the structure |387[ 1388] 

2 j^nr,^ .md-mu rr^ 

3 md + mumt. — mi. 



{v{Pv)^-{Pn)\dru\0) = \I-F^^{S) J' , , {P.-Pr,r- (4.43) 



Finally, the vector form factor contribution to the K r]^'^ decay modes can be 
parametrized as follows 

(i^-(p^)r/W(pW)|l7"n|0) = ^Ft'\s){pK - pI^^T . (4.44) 

The differential decay rate for the process r — i'Thi{pi)h2{p2) is obtained 

from 

dT{r ^ uMh,) = {L,.Hn dP5(^) . (4.45) 

In order to disentangle the angular dependence it is useful to introduce suitable 
linear combinations of density matrix elements of the hadronic system |^ 

Vif^'^ = 2(M2 - s) ( LbWb + LsaWsa + LsfWsf + LsgWsg ) , (4.46) 



^Similarly, there is also a non-vanishing scalar form factor in the isospin limit in the K/t:~ rj^'^ 
matrix elements. Its discussion for these decay modes below is restricted, however, to the vector 
form factors. 

^The general procedure is studied in Ref. |390j . where it is shown that the angular dependencies 
can be isolated by introducing 16 combinations of defined symmetry. 
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We note that the most general decomposition of L^i^H^'^ (for two body decays) in 
terms of density matrix elements (or structure functions) Wx of the hadronic system 
has two additional terms LaWa + LeWe |390] . However, Wa and We vanish in the 
case of tau decays into two pseudoscalar mesons. Nonvanishing Wa and We arise 
for example in decay modes with a vector and a pseudoscalar |391j . 

The hadron structure functions are related to the vector and scalar form factors 
as follows: 

Wb{s) = A{p,f\Fy{s)\\ Wsa{s) = s^\Fs{s)\\ (4.47) 

Wsf{s) = A^s\p^\^e[Fy{s)F*{s)] , 
Wsg{s) = -4v/5|pi|!3m[Fv.(s)F*(s)] , 

where = p\ is the momentum of hi in the rest frame of the hadronic system: 

pI = -ml- mlf - Amlral , El = {plf + ml . (4.48) 

2v s 

The hadron structure functions Wb,sa,sf,sg are linearly related to the density ma- 
trix elements of the hadronic system: 

Wb = H'"^^ , WsA = , WsF = H'^^ + , Wsg = -i{H°^ - H^'^) . (4.49) 

Finally, the differential decay rate dT/ds yields 

-^^12 .12 o.^2 S ^b{s) + Wsa[S 



ds 2^3 1^ M^s3/2 '^1' 3M2 1^ ^ ' 2s + M2 

(4.50) 

where iVi2 stands for the coupling of the vector current to the mesons 1 and 2 
normalized to the 7r~7r° case (i.e. Nk--k° = 1/2). 



4.3.2 Theoretical descriptions of the form factors 

There is a great amount of data available on Fy{s), Eq. fl4.37p . because it ap- 
pears in the hadron matrix element entering the process e~^e~ — ?■ tt'^tt^ where there 
are many precise measurements [MS [3931 EHl M [3961 [393 [3981 [399] and, in the 
isospin limit, of the decay: — t- tt^tt^z/t-, where the latest data was published by 
the Belle Collaboration [4UU] . -Fy(s) has been studied within xPT up to 0{p^) 
[2411 14011 14021 1403[ 1404] . so the very-low energy description is really accurate. 

The energies going from Mp to ~ 1.2 GeV are dominated by the p (770) so that 
this resonance can be characterized through the study of this form factor very well. 
Ref. [319] attempted to improve the 0{p^) xPT result 0by matching it at higher 
energies with an Omnes solution |406j of the dispersion relation satisfied by the 



The leading 0{p^) xPT terms are also reproduced [405) . 
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vector form factor of the pion. This way, the description keeps its vahdity up to 1 
GeV, approximately. Some years later, the unitarization approach was used |407] 
to obtain a good description of data in this region, as well. The K S-model |369] 
also parametrized this decay. We will discuss this model in more detail along its 
description of the Sir channel in Section 14.4.31 

A model independent parametrization of this form factor built upon an Omnes 
solution for the dispersion relation has also been considered |408[ 14091 1410[ I^TT| 1412] . 
Combining this procedure with RxT [408] improves the previous approach (it ex- 
tends now to ~ 1.3 GeV) if one includes information on the p' (1450) through vrvr 
elastic phase-shift input in the Omnes solution 0. 

It is clear that p' (1450) and p" (1700) will play the main role in the energy region 
up to 2 GeV. However, the proposed parametrizations including both resonances 
only allow to quantify the relative strength of each one and the likely interference 
amid these resonances, the possible presence of a continuum component, etc. are 
completely lost with the most simple approaches. Within RxT, the p' (1450) was 
incorporated through a Dyson-Schwinger-like resummation |414] . and the ideas of 
the Nc — oo limit and vector meson dominance were used in Ref. |415] . including 
a pattern of radial excitations expected from dual resonance models. They included 
the three lightest p resonances plus a tower of infinite number of zero-width higher- 
excited states in the spirit of large- A^c |416j . Using the hidden gauge formalism, 
Ref. |417] has emphasized the role of the p — u — (p mixing in this form factor (see 
also Refs.[2IliIHl ESI 11201 SSP)- Using Fade approximants Refs. MM have 
studied all available space-like data on this form factor up to Q"^ = 12 GeV^. 

The last years have witnessed the discrepancy between e^e~ — t- tt+tt^ and r~ — >■ 
tt-ttV^ predictions [3921 [3931 MM MSI ISMl [3911 M0\ for F^(s). There have been 
some theoretical studies [212^ 1385^ 1424^ 1425^ 1426] of radiative corrections in the r 
decay mode, but the difference is not fully accounted for yet. Two-loop (C(p^)) 
representations of low-energy pion form factors and tt — vr scattering phases in the 
presence of isospin breaking have also been computed recently |427] . 

There is also a large amount of good quality data on the Ktt form factors. In 
addition to the e^e~ data from £'865 |428] . CLEO data appeared on r decays |429] . 
and two high-precision studies of the related r decays were recently published by 
BaBar |430] -for the charge channel r~ — )■ K^n^Ur- and Belle |431] -r~ — )■ Ksti^Vt-- 
A comparison of the newest experiments with the Monte Carlo expectations for the 
7r~7r° and (A'tt)" meson modes is presented in Ref. |184] . 

The form factor F^^(s) was computed at 0(/) in xPT in Ref. [211]. In Ref. [KH] 
the xPT analysis is performed within the three fiavour framework at next-to-next- 
to-leading order. This provides a good description of the very-low energy spectrum. 
In order to extend it to higher energies, in Ref. |432] the Linear sigma model, a 
quark-triangle model and Vector meson dominance have been used. The compari- 
son to data |428] favours the last one. Simple Breit-Wigner models supplemented 
with vector meson dominance have also been used |433l 1434] . They suffered the 

^^p" (1700) exchange has been included m an extension of these works |413| . and was coded in 
TAUOLA [5^5] . 
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same problems explained in Section I4.2.2I 

Both the vector and the scalar form factor have been reviewed recently. In 
Ref. |435] . the distribution function for this decay has been obtained with the rele- 
vant vector and scalar form factors presented above computed within RxT and tak- 
ing into account additional constraints from dispersion relations and short-distances. 
The dynamically generated Kq (800) should be the resonance starring at the scalar 
form factor, whether K* (1410) will modify a bit the more prominent contribution of 
K* (892) to Fy^^s), as the results confirm |436j when confronting it to Ref. |431] . In 
Ref. [437] . the knowledge of 0{p^) chiral LECs and of light quark masses has been 
improved studying F^'^{s). These form factors have been studied using analytic- 
ity constraints and taking into account isospin violating corrections by Moussallam 
[330] . This strategy was also followed in Ref. |438] but sticking to the exact SU{2) 
limit. The scalar form factor has also been studied [4391 1440j matching xPT to a 
dispersive representation. Lately, it has been realized that there is anticorrelation 
in the parameters describing the vector form factor in Fy'"{s) from tau decays and 
Ki2, decays |438l I441j . which has allowed to reach smaller errors in the slope and 
curvature of this form factor. 

Refs. |442l 1443] analyzed the two-kaon vector form factor, Fy{s), in much the same 
way as done for two pions |319] . By that time, the experimental data [3711 1444] were 
not in enough agreement with each other to check the proposed expression. New 
finer results have been published since then [445[ I446j . so a dedicated study of these 
modes within RxT employing all present knowledge of EFTs, short- distance QCD, 
the large-A^^c expansion, analyticity and unitarity would be desirable specially in 
light of forthcoming data from BaBar and Belle. 

We turn to the r decays into r] modes: the n'r]^ ^ channel has been observed 
recently for the first time |447j . while for the K~ri meson system there are recent 
measurements already published [4481 1449j by both the Belle and BaBar Collabo- 
rations. The smaller BR for the first one is consistent with the findings of Ref. |367j 
summarized before. A first description of this decay was attempted at the begin- 
ning of the eighties |450] and revisited recently |45H 1452] and the main features were 
already established few years later |367l 1453] . The xPT result at C(p^) |241j was 
extended to higher invariant masses of the hadronic system in Ref. [454] . Even the 
isospin breaking corrections have been computed for this mode |388j . Again a study 
along the lines proposed in this Thesis would be interesting. The decay r~ — )■ K~rii>r 
has been considered besides the x^T computation at 0{p^) |241] only in Ref. [455] . 
The relevant strangeness conserving scalar form factors have been computed within 
a coupled channel unitary framework recently [456|, 14571 1458] . 
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4.4 Three meson decays of the r 

4.4.1 Model independent description 

The hadronic matrix element for the considered decays may be written as |390|. 
1159] 

{{PPP)-\{V-Ar\0) = Vi:F^{Q\ .1, s^) + V,^Fi{Q\ si, s,) (4.51) 

where 

v: = [g^^ - ^) iPi - Ps). , vr = (^g^^ - ^) {P2 - P.). , 

1/3/^ = £^"^>i„P2/3P37 , = (Pl + P2 + P3)^ = (g - p.)^(4.52) 

the upper indices on the form factors stand for the participating current, either the 
axial- vector (A), or the vector one (V^) and not for the quantum numbers carried 
by them; notice that F^{Q^, si, S2) is the pseudoscalar form factor that accounts 
for a = 0~ transition. Ff{Q'^, si, S2) and F^{Q'^, si, S2) are the axial-vector 
form factors that carry = degrees of freedom. Finally, F^^Q'^, si, S2) is the 
vector form factor, that has = 1~. 

There are other properties that one can derive in full generality. For instance, 
due to the chiral Ward identity relating axial-vector and pseudoscalar currents, con- 
servation of the first one in the chiral limit imposes that F^i^Q"^, si, S2) must vanish 
with the square of a pG mass and hence, its contribution may be suppressed. There 
are, of course, other constraints coming from SU{2) or SU{3) flavour symmetries for 
a given mode, like those stating that the form factors for the decays r~ — )■ ti^ti^tx'Vt- 
and T~ — )■ 7r~7r~7r+i^^ are identical in the SU{2) limit, as it happens for the form 
factors in the decays r~ — )■ K^K^tt'Ut and r~ — > K~^K~ 7r~i>r- There are other 
symmetry requirements: in — )■ (37r)~z/^, Bose-Einstein symmetry implies that 
^■z'i.Q^y "^15 "^2) = F^iQ'^^ S2, Si) and G-parity forbids axial-vector current contri- 
butions to the decays of the r into rjir^TT^ and 777771" [367] . This kind of relations will 
be discussed and used in the following chapters. 

We consider a general three meson decay of the r: T^{i,s) — > z/^(£', s') + 
hi{pi,zi) + ^12(^2,^2) + ^3(^3,^3)- The polarizations {s, s' , zi, Z2, z^,) will play no 
role in the following since we will assume the tau to be unpolarized. Then, the 
differential phase space for a generic channel is given by 

dr(r" ^ i^hyur) = ^^\V^''^'\^C^,H''''dVS^^\ (4.53) 



2Mr 2 



where the phase space-integration involves the three mesons and one neutrino in the 
flnal state: 



dP5(^) = i2.mE-i'-p,-p2-ps) ^ , , , ^'f^ ■ (4.54) 

^ ^ ^ (27r)32E^ {2txY2Ex (27r)^2E2 {2i\f2E'i ^ ' 
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In order to obtain the differential decay width as a function of (the so-called 
spectral function), the integration over J dPiS*-^^ is carried out in two steps: 



provided we use the Kallen's trick to split the integrations by introducing a Dirac 
delta as follows: 

We have: 



1 /"dl^ll^p 
(2vr)^ 

1 /■d|^||^|2^(lP^|-|^l) 



(27r)2 y 

11,^, 1 \^l\Q\Mlm 



2 

where it has been taken into account that decay widths are defined in the rest frame 



2Mr 



of the decaying particle, and \py 
The integration over j dlls is left involving the momenta pi. It yields |379j (notice 
that a factor (27r)~^ is not included in the definition of dlls immediately below): 

j dHs := j Asdt5{s-{Q-p,f)5{t-{Q-p,f)'^^ = wJ 

(4.58) 

where s = {pi + P2Y = su, t = {pi + ps)^ = S13, and u = {p2 + p^Y = S23 = 
Q"^ — s — t + ml + m2 + m|. Using Eq. f l4.58p . one has: 

dg2 128(27r)5Mr Q"^ ^ 

<UJsa{Q ,S,t) {I^ru - j - 2 [(^a{Q ,S,t) + UJB{Q ,S,t))| , 

(4.59) 

where the integrated structure functions have been defined as follows: 

OJsAABiQ^) = J dsdtWsA,A,BiQ^s,t). (4.60) 
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The other definitions employed include the so-called weak matrix element: 
cJ(Q2, M2, ml) = (M2 - g2)(M2 + 2Q^) - ml{2M^ - - ml), and S,, = + 
ml, Aru = — ml. Wsa,a,b{Q^, s,t) correspond to the structure functions in 
Ref. |390] . In terms of the form factors and set of independent vectors in Eqs. fl4.5ip . 
( KW2\i they are 

WsA = [Q''F,^{Q^s^,S2)][Q,F,^iQ^s^,S2)y = Q'\EfiQ^s^,S2)\\ 

Wa = -[V,^F,^{Q^suS2) + Vi'F,^{Q\s^,S2)]x 

[V^.FfiQ', si, S2) + V2,F^{Q\ s,, S2)] , 

Wb = [Vs,Fr{Q^s^,S2)][VrF]^iQ^s,,S2)Y . (4.61) 

In the excellent limit of vanishing neutrino mass, the Q^-spectrum is simply given 
by: 



dQ^ 128 (27r)5M^ 



1 dsdt 



WsA + -(l + 2^]iWA + WB) 



(4.62) 

The limits of integration when obtaining the full width are the following ones: 

dg2 / ds / dt, (4.63) 



2 

min 



s) = \-^{[Q^^m\-m\- mlY - [X^/^ (g^ s, ml) T X"' K, ml s)f] 
^ (4.64) 

Srmn = (^i + m^)^ , s'"'^" = ( - ^3)^ ; 

Qlm = K +^2 + ms)' , g'"^"^" = (M. - m,)2 . (4.65) 



4.4.2 Recent experimental data 

The BaBar [460j and Belle [386] collaborations have recently reported the mea- 
surement of the branching fractions of various particle combinations (any combina- 
tion of pions and kaons) in the decay to three charged hadrons. The mass spectra 
have not been analysed yet. Previous studies of the mass spectra were done by 
the CLEO group [l6l], and the ALEPH [92], DELPHI gHS] and OPAL [463] 
collaborations on the 37r mode. CLEO studied with detail also the KKn modes 
|464[ 14651 1466] . The 3/^ modes have been observed by Babar [46U] and Belle [467] . 
Recently, the Belle Collaboration performed a detailed study of various decays with 
the 7] meson in the final state [448] . 



4.4.3 Theoretical description of the form factors 

Even before the discovery of the tau lepton, its mesonic decays and the relation 
between these ones and the hadronic states produced in e~^e~ annihilation were stud- 
ied [4681 1469] . The late seventies witnessed the pioneering work of Fischer, Wess and 
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Wagner |365] . that employed the method of phenomenological Lagrangians to de- 
rive relations between different n-pion modes in terms of the pion decay constant, F. 
The odd- intrinsic parity sector was also studied along these lines |470] . Ref. |471] 
used isospin invariance and measurements on e^e~ annihilation to relate several 
channels, with important results for the decays involving 77 mesons in Ref. [472] . 
Ref. |473] attempted a Lagrangian description of the Stt decays including resonances 
and, explicitly, the ai-vr-p vertex 0. However, the model was not consistent with 
xPT at 0{p'^) and, moreover made the mistake of not including energy- dependent 
widths for these spin-one resonances. The model by Isgur, Morningstar and Reader 
[474j violated chiral symmetry. Braaten et. al. [475[ 1476] used an EFT approach, 
based on U (3)L®f/(3)R for the vector resonances and respecting chiral symmetry up 
to 0{p'^) for the pGs. However, it left aside the axial-vector mesons that happened 
to dominate these decays and assumed hidden local symmetry. Ref. |477j used the 
isobar model that violates 3-particle unitarity. In addition, the model did not re- 
spect chiral symmetry constraints. The works by B. A. Li [4551 14781 1479^ I48UI 1481] 
covered in a unified framework the most interesting decay channels. His theory was 
based on chiral symmetry for the pGs and the resonances were incorporated follow- 
ing U{3)l ® U{3)r. The author introduced an unjustified energy-dependent p-n-n 
vertex. Studies using old current algebra techniques were also undertaken years ago 
[4821 H83] . 

The KS model [369] was a step forward, because in the zero-momentum limit 
it recovered the xPT results and, additionally, it provided more realistic off-shell 
widths for the involved resonances accounting both for vector and axial- vector states. 
However, as it was shown later, it was inconsistent with chiral symmetry El at 0{p'^) 
[M81I4M] R Moreover, the proposed widths are only phase-space motivated. Al- 
though they worked quite well, there is some lack of dynamics in them, a feature 
that should not be satisfactory. The KS model was a major achievement in LEP 
times to understand r data. Nowadays, the much more precise data samples and the 
finer understanding of the Lagrangian approach to the intermediate-energy meson 
dynamics demands the latter to be applied by the experimental community. We will 
report about its application to the three-meson decays modes of the tau in Chapters 
6, 7 and 8. The recent study in Ref. [486] includes also the sigma contribution to 
this channel and reports that the effect is needed to improve significantly the 
agreement with the data. However, it violates chiral symmetry already at LO since 
it does not include the diagrams with pions in xPT at 0{p'^). 

Other three meson channels were studied following the KS model [433^ 148 7^ 1488^ 

^^The El dominance in heavy lepton decays was proposed in 1971 |468j . 4 years before the tau 
lepton was actually discovered. 

^•^One could think that it is not that important to fulfill the NLO results in xPT while one is 
attempting a description in the GeV region. This is not true. The spectra are very sensitive to the 
normalization and low-energy dependence of the form factors which arc transported to the rest of 
the spectrum, as it is illustrated in Fig. 15.51 

^"^The xP'T result at C'(p^) |402j checked that xPT could only describe this decay in a tiny 
window of phase space. This low-energy part motivated also the study |485| aimed to find hints 
on the mechanism of dynamical chiral symmetry breaking. 
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1489] . In addition to the comments we made to the original work, several other issues 
enter in these cases |490[ 149 1[ I492[ 1493] : Some of the intermediate exchanged reso- 
nances in a given channel that are allowed by quantum numbers are not included in 
the model and, moreover, the treatment of spin-one resonances is inconsistent: the p 
(1450) has noticeable different mass and width in the axial- vector and vector current 
form factors and there are two multiplets of vector resonances in the axial-vector 
current while three in the vector current, a very unnatural phenomenon. It seems 
difficult to explain why the p(1700) happens to be so important in the vector form 
factor, given its high mass. The KS model and its generalizations were implemented 
in the renowned TAUOLA library for tau decays |494[ I495[ I496[ 1497] . Later on, this 
parametrization of the hadronic matrix elements was complemented by others based 
on experimental data by the CLiJoEl and Novosibirsk groups |499] . Currently, we 
are improving some of the proposed currents |326j using the results in this Thesis. 

We end the section by quoting early studies that constructed the form factors 
using the chiral symmetry results at low energies and experimental information to 
extend it to the GeV-scale, on the KKn ^UU\ and //tttt modes [Ml 12021 EDS]. 



4.5 Decays of the r including more mesons 

4.5.1 Model independent description 

A model independent description of the four pion tau decays (and of its electro- 
production) can be found in Ref . |5U4] , where the structure dependent form factors 
were included based on cj, ai and double p exchange and by performing a resum- 
mation of the pion form factor. Ref. [505] builds the amplitude for the Air decay 
assuming some decay chains and that the vertex functions are given by their on- 
shell structure and are transverse. This work was consequence of a previous study of 
r — > ujti~Vt- [391] . In Refs. |5U6l I5U7] isospin symmetry is used in order to determine 
that all decay channels — )■ (47r)^z/^ can be parametrized in terms of form fac- 
tors that depend just on one quantity once the symmetries associated to relabeling 
the different 47r momenta have been used. Moreover, the form factors appearing in 
e^e~ — )■ (47r)'' can be obtained with the same single function. Isospin symmetry was 
systematically used for the first time in multimeson tau decays in Refs. |5U8t I5U9] , 
where the meson channels KK + nn, nn, (2n + l)7r, 2n7r, and K + nir were examined. 

The decays with five mesons have been addressed in Ref. |510j . but the proposed 
hadronic matrix elements rely on the assumed substructure of the process. 



^^The CLEO parametrization was private, reserved for the use of the collaboration until pub- 
lished in gSi . 
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4.5.2 Experimental data 

Tau decays into four-meson modes have been measured very recently in the B- 
factories, and more data was collected by ALEPH |511] and CLEO |512[ 1513] . 
BaBar measured the BR for the mode (i^7r)°Ji ^vr" through K*'^K~Tr° |514] and 
Belle for the mode 27r^7r"'~?7 |515] . The five charged meson modes have been mea- 
sured by BaBar |516] with much larger statistics than CLEO |517j achieved. Fi- 
nally, the six-pion final state was studied also by the CLEO Collaboration |518] . 



4.5.3 Theoretical description of the form factors 

Besides the references quoted in Sect. 14.5. 1[ G. Lopez Castro et. al. have inves- 
tigated the T- {uj/(l))P-Vr decays (P = vr, K) within a VMD model [5T91I520] . 

In Ref. [521] comparisons of five- and six-pion r decay data with the isospin rela- 
tions indicates that the final states in these decays tend to involve an uj resonance. 
If the decay dynamics of the seven-pion r decays are similar to the five- and six- 
pion decays, then isospin relations could explain a low branching ratio limit on the 
r — )■ 'iTT~?)TT^Vr decay. 



4.6 Hadronic r decays in Higgs physics at the 
LHC 

In this section we will report briefly on the importance of mastering hadronic 
decays of the tau in Higgs physics at the LHC lj. One of the main goals of the 
ATLAS |522] and CMS |523] experiments at LHC is the search for the Higgs bo- 
son and the source of electroweak symmetry breaking. Both detectors are capable 
of doing that for any possible range of masses: 114.4 GeV (direct exclusion limit at 
95% confidence level obtained by LEP [521]) to 1 TeVEll -there are many reasons to 
believe that the TeV scale is an upper limit for the Higgs mass, see for instance |526] 
and references therein-. In the low-mass region (m// < 130 GeV) the decays of the 
Higgs boson into two photons or into two taus are the most promising for discovery 
El. Irrespective of the value of mu its decays into taus will be important to measure 
its couplings, spin and CP properties |527] 1528] 1529] . The production and decay of 
the r leptons are well separated in space and time providing potential for unbiased 

""^^See the two notes added afted this Thesis was defended at the end of this section. 

^^One should also note the exclusion bounds set by the Tevatron experiments, CDF and DQ. 
In the combined analysis, [525] with up to 7.1 fb~^ of data analyzed at CDF, and up to 8.2 
at DO, the 95% confidence level upper limits on Higgs boson production is a factor of 0.54 times 
the SM cross section for a Higgs boson mass of 165 GeV. The region 158 < mn < 173 GeV is 
excluded at 95% confidence level. 

^®The decays into WW* — )■ 41 and ZZ* 2£2i'g can also bring valuable information in this 
region, though. 
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measurements of the polarization, spin correlations, and the parity of the resonances 
decaying into r leptons |530[ 1531] . The excellent knowledge of r decay modes from 
low-energy experiments indeed makes this an ideal signature for observations of new 
physics. In the context of the Minimal Supersymmetric Standard Model (MSSM), 
the branching ratio of a if — )■ 77 decay is generally suppressed which makes the 
search for the decay H ^ rr very important 0. This section is mainly based in 
Refs. [5221I5231I5351I536] . 

In Figure 14.21 the branching fractions of the SM Higgs boson are shown as a 
function of rriH- Immediately after they are opened, the WW and ZZ decay modes 
dominate over all others {tt can barely reach 20%, as we can see from the curve 
appearing for mn ^ 300 GeV). All other fermionic modes are only relevant for the 
Higgs boson masses below 2[Mw — ^w)- These modes show peculiar structures with 
a peak corresponding to both weak bosons being on-shell. We see also a valley in 
the WW channel corresponding to the peak in that of ZZ, since one is plotting 
the branching ratio. The decay H bb is dominating below 140 GeV. However, 
even though it was included as a possible channel that could help the Higgs discov- 
ery in the low-mass case up to 2005 [537] . a re-evaluation of the QCD backgrounds 
swapped it away in later reports |522[l523j . Thus, the decays H tt (with br ~ 8% 
for 120 < rriH < 140 GeV) and H ^ '-ff {br ~ 2 ■ 10~^) would be the way to discover 
the Higgs boson in the low-mass case. In particular, the design of the detectors in 
the ATLAS and CMS experiments makes -always attaching to this low- mass case- 
the H ^ TT decay the most promising signature in the former and the if — >■ 77 in 
the latter. 

Although the reconstruction of r leptons is usually understood as a reconstruc- 
tion of the hadronic decay modes, since it would be difficult to distinguish lepton 
modes from the primary electrons and muons, a dedicated effort has been devoted to 
electron and muon vetoing to reduce their background, so that all possible decays of 
a T~^T~ pair: hadron-hadron (hh), lepton-lepton (ii) or mixed (ih) can be detected. 
The following generic nomenclature for r decays is used from the detection point of 
view: single-prong means that exactly one charged meson (most frequently a vr) is 
detected in the reconstructed decay, while three-prong means that there are three 
charged mesons detected. It is understood that one can generally tell a charged 
lepton from a charged meson and the small fraction (0.1%) of five-prong decays is 
usually too hard to detect in a jet environment. The transverse momentum range of 
interest at LHC spans from below 10 GeV to 500 GeV which makes necessary that 
at least two detection strategies are developed, as we will comment later on. As one 
can read from Table \^7L\ r leptons decay hadronically in 64.8% of the cases, while in 
17.8% (17.4%) of the cases they decay to an electron (muon). It is interesting to note 
that the r — )■ tt^Ut decay represents only the 22.4% of single-prong hadronic decays, 
so the detection of vr^ particles in r — nir^n^i'T- is fundamental. For the three- 
prong r decays, the r — > Sn'^iyT decay contributes 61.6% and the r — )■ h'k^^i'k^Ut 



^^The decays iJ — > 77 and H ^ tt have also been searched for at the Tevatron experiments: 
CDF [S32] for the diphoton decay and DO [S33] and CDF [S31 for the tt decay. 
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Figure 4.2: Branching ratio for the relevant decay modes of the SM Higgs boson as a 
function of its mass. 

only about one third. Although the decays containing only pions dominate, there 
is a small percentage of decays containing K"^ that can be identified as for states 
with TT^ from the detector point of view. A small fraction of states with cannot 
be easily classified as one- or three- prong decays since the decays significantly 
both to two charged and two neutral pions. In any study performed so far other 
multi-prong hadronic modes have been neglected. 

Three-prong decays of the r (essentially r — )■ nvr'^S-Tr^z/,-) have the additional 
interest of allowing for the reconstruction of the r decay vertex. This is possible 
because CTr ~ 87/im that one can separate with the inner silicon detector tracking 
system. The transverse impact parameter of the Svr^ can be used to distinguish 
them from objects originated at the production vertex. As we stated before, this 
allows for a full treatment of spin effects. This has been done within the framework 
of the ATLAS Monte Carlo simulation and events were generated using PYTHIA 
6.4 [538] interfaced with TAUOLA [5391 ElDl EH] B Full spin correlations in pro- 
duction and decay of r leptons were implemented. The associated spin properties in 
gauge boson, Higgs boson or SU SY cascade decays carry information on the polar- 



^See also Sect. 
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ization of the decaying resonance: r leptons from W — > and — t- tu^ wiU be 
completely longitudinally polarized, with = +1 and Pr = —1, respectively. As a 
result, the charged to total visible energy distributions for one-prong decays will be 
different in these cases, permitting their differentiation unambiguously. At the LHC 
this effect can be used to suppress the background from the former and enhance ob- 
servability of the latter [542] . The r polarization could also be used to discriminate 
between MSSM versus extra dimension scenarios [543] . On the contrary, r leptons 
from neutral Higgs boson decays are effectively not polarized and those coming from 
Z decays obey a complicated function of the center-of-mass energy of the system 
and the angle of the decay products [544] . In the cleaner environment of a lepton 
collider, like the ILC, building variables sensitive to the longitudinal and transverse 
spin correlations may lead to a CP measurement of the Higgs boson |545[ 1546] . 

Two complementary algorithms for r-identification and reconstruction have been 
studied: 

• A track-based algorithm |547] . which relies on tracks reconstructed in the 
inner detector and adopts an energy-flow approach based only on tracks and 
the energy in the hadronic calorimeter. It starts from seeds built from few 
(low multiplicity) high-quality tracks collimated around the leading one. It 
has been optimized for visible transverse energies in the range 10 — 80 GeV, 
that corresponds to r-decays from W — )■ and Z — rr processes. 

• A calorimeter-based algorithm |548] . which relies on clusters reconstructed in 
the hadronic and electromagnetic calorimeters and builds the identification 
variables based on information from the tracker and the calorimeters. It has 
been optimized for visible transverse energies above 30 GeV, which corresponds 
to hadronic r-decays from heavy Higgs-boson production and decay. 

Whereas the track-based algorithm has been tuned to preserve similar perfor- 
mance for single- and three-prong decays, the calorimeter-based algorithm has been 
tuned to provide the best possible rejection at medium-to-high energies and it is 
therefore more performant for single-prong decays than the track-based algorithm. 
Depending on the specific process and scenario under study, the trigger requirements 
are different, a complete description can be found in Ref. [522] . 

The Higgs-boson can be produced via four different mechanisms at hadron col- 
liders. Although the largest production cross-section for m^/ < 1 TeV is always that 
of gluon fusion, gg — )• H, which is mediated at lowest order by a t-loop, the cleanest 
signal in the H ^ tt channel is due to the so-called Vector Boson Fusion (VBF) 
channel |549l 1550] , that is represented in Figure 14.31 

The expected performance in the ATLAS experiment will be adequate to extract 
T signals in early LHC data from W — ?■ tu^- and Z — t- rr decays. These signals 
are important to establish and calibrate the r identification performance with early 
data. The study of dijet events from QCD processes will allow a determination of 
r fake rates. It is expected that such rates can be measured with a statistical preci- 
sion at the percent level or better already with data corresponding to an integrated 
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Figure 4.3: Feynman diagram for the lowest order Higgs production via VBF and sub- 
sequent decay — > r+r^ . 



luminosity of 100 pb~^ Ell- In any case, despite the advances in theoretical tools 
and extraordinarily detailed simulation of the ATLAS detector, it is preferable to 
estimate backgrounds from data rather than relying entirely on Monte Carlo simu- 
lations. All estimates can thus get sizable corrections as a result. 

Once this first stage is completed, one would be ready to search for the qqH — 
qqTT decays via a Higgs boson produced in association with two jets. This analysis 
requires excellent performance from every ATLAS detector subsystem; r decays im- 
ply the presence of electrons, muons, pions and a few kaons, and missing transverse 
momentum, while the VBF process introduces jets that tend to be quite forward 
in the detector. Due to the small rate of signal production and large backgrounds, 
particle identification must be excellent and optimized specifically for this channel. 
Furthermore, triggering relies on the lowest energy lepton triggers or exceptionally 
challenging tau trigger signatures. The ATLAS collaboration has estimated the 
sensitivity based on ii and £h modes |522j . The hh channel has also been investi- 
gated and gives similar results for signal and non-QCD backgrounds as the other 
channels. However, due to the challenge of predicting the QCD background the 
estimated sensitivity for this mode was not reported. 

The signal events are produced with significant transverse momenta, so the r from 
the decay are boosted which causes their decay products being almost coUinear in the 
lab frame. The di-tau invariant mass can be therefore reconstructed in the coUinear 
approximation El. The mass resolution is ~ 10 GeV, leading to a ~ 3.5% precision 
on the mass measurement with 30/6~^ of data (one year of data taking). In the 



^^We give some numbers to make easier this and subsequent figures: althouglr tire design lumi- 
nosity of the LHC is lO'^^cm^'^s^^, it is still a bit optimistic to count on 10^^cto~^s~^ for the first 
year of operation. In this case, one could expect ^ 3Qfb~^ at the end of the first year. In fact the 
nominal luminosity is 66.2/6~^/year, so 100pb~^ ~ 0.1/6~^ would be achieved very early because 
the instantaneous luminosity for the very first measurements was expected to be at the level of 

^^i.e., one assumes that the r direction is given by their visible decay products: leptons or 
hadrons. 
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more recent analysis particular emphasis is put on data-driven background estima- 
tion strategies. Expected signal significance for several masses based on fitting the 
rriT-T spectrum is shown in Figure 14.41 The results obtained neglecting pileup effects 
indicate that a ~ 5cr significance can be achieved for the Higgs boson mass in the 
range of special interest: 115 — 125 GeV after collecting 30/6~^ of data and combin- 
ing the ii and ih channels. The effects induced by the event pile-up have not been 
fully addressed yet. As it is intuitive, the hadronic decay gives more constraints, 
since there is only one neutrino that escapes detection, while two are unobserved in 
the lepton case. Unfortunately the QCD background prevents the usage of the hh 
mode for the moment, that could further improve the discovery potential in these 
decays. One can check in Figure 14.51 -note that this corresponds to one third of the 
luminosity taken as reference previously- that this is the gold-plated mode in the 
ATLAS experiment for < 135 GeVH 

We will not cover in detail the relevance of hadronic tau decays in Higgs searches 
in the context of the MSSM. We will just recall the most prominent features. The 
topic is studied in depth in Refs. [5221 |523l |535l |536l ESU [5521 [553]. The LHC has 
a large potential in the investigation of the MSSM Higgs sector. The Higgs cou- 
plings in the MSSM are different to those in the SM. In particular, for large Higgs 
masses {rriH > 160 GeV) its decays into weak gauge bosons are either suppressed or 
absent in the case of the pseudoscalar Higgs, A. On the other hand, the coupling 
to third generation fermions is strongly enhanced for large regions of the parameter 
space which makes the decays into r leptons even more interesting. The search for 
light neutral Higgs boson is based on the same channels as for the SM case, with 
more relevance oi H ^ tt for larger masses in some subsets of the parameter space, 
due to enhanced couplings. In addition to this, A —)■ rr is also relevant for large 
values of tan/3 In both decay channels, the ih detection mode would provide 
again the highest sensitivity. A final promising decay channel is — r^Ur, that 
would unambiguously proof the existence of physics beyond the SM. For a high 
SU SY mass scale this charged Higgs boson could be the first signal of new physics 
(and indication for SUSY) discovered. The first results of the dedicated searches 
have already been presented by the CMS |554] and ATLAS |555] Collaborations 
setting stringent bounds in the MSSM parameter space. 

Note added (I): After this PhD Thesis was defended, the LHC experiments have 
published promising data pointing to the existence of a light Higgs. Especifically, 
the ATLAS Collaboration |556] excludes rriH in the ranges [112.9 — 115.5] GeV, 
[131 - 238] GeV and [251 - 466] GeV at the 95% confidence level, while the range 



^^In the CMS experiment the — )• 77 decay mode has a significance of one sigma more than 
H ^ TT \n the energy range of interest |523j . Remarkably, the two photon mode at CMS and the 
two tau mode at ATLAS have a similar significance at the discovery level in the mass range 115 
GcV<-> 120 GeV with SO/fo-^ of data. 

^"'The ratio of the values of the two Higgs condensates. 
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Figure 4.4: Expected signal significance for several masses based on fitting the rrirr 
spectrum in — ?• t~^t~ witli 30/6^^ of data (one year of data taking). From Ref. |522j . 
In tlie TAUlO Conference (13-19.09.2010), R.Goncalo reported on behalf of the ATLAS 
Coll. that the hh mode was at an advanced stage for being incorporated in these plots 
soon. However, figures were not available yet. 



[124 — 519] GeV is expected to be excluded in the absence of a signal. An excess 
of events is observed around mn ~ 126 GeV with a local significance of 3.5 stan- 
dard deviations. The local significance of if — )■ 77, the most sensitive channel in 
this mass range, is 2.8 sigma. The global probability for the background to produce 
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Figure 4.5: The median discovery significance for the SM Higs boson for the various 
channels as well as the combination for the integrated luminosity of 10fb~^ for the lower 
mass range. From Ref. |522j . 



such a fluctuation anywhere in the explored Higgs boson mass range [110 — 600] GeV 
is estimated to be ~ 1.4%. The CMS Collaboration [557] excludes the standard 
model Higgs boson in the mass range [127 — 600] GeV at 95% confldence level, and 
in the mass range [129 — 525] GeV at 99% confldence level. An excess of events 
above the expected SM background is observed at the low end of the explored mass 
range making the observed limits weaker than expected in the absence of a sig- 
nal. The largest excess, with a local signiflcance of 3.1 sigma, is observed for a 
Higgs boson mass hypothesis of 124 GeV. The global signiflcance of observing an 
excess with a local signiflcance greater than 3.1 sigma anywhere in the search range 
[110 — 600] ([110 — 145]) GeV is estimated to be 1.5 sigma (2.1 sigma). Respectively, 
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the searches made by these two experiments in the diphoton Higgs decay channel 
are reported in Refs. |558[ 1559] . In the first one, the largest excess with respect to 
the background-only hypothesis is observed at 126.5 GeV, with a local significance 
of 2.8 standard deviations (the second one gives the value quoted above, 124 GeV, 
with a significance of 3.1 sigma). Finally, the search for the neutral Higgs bosons 
decaying to tau pairs has already been reported by CMS |56U] yielding important 
restrictions in the MSSM parameter space, but not so much in the SM Higgs 
boson searches. There is agreement that more data is required to draw definitive 
conclusions. However, it is very promising that forthcoming data taken during 2012 
can help to finally unveil the nature of the electroweak symmetry breaking in the SM. 

Note added (II): A Higgs-like boson has been discovered by both the ATLAS 
|190] and CMS |191] experiments at CERN. Now, one of the most interesting ques- 
tions is to clarify if its couplings correspond to the predicted particle or not. In 
this respect, the two significant differences with the predictions that were observed 
(higher rate in the di-photon channel and lower rate in the di-tau decay) seem to be 
shrinking according to the results presented at the Hadron Collider Physics Sympo- 
sium 2012. 
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Chapter 5 

T~ {7r7r7r)~iyr decays 



5.1 Introduction 

In this chapter we will discuss the hadronic form factors and related observables 
appearing in r~ — )■ (tttttt)"//,- decays. These processes are a very clean scenario 
to learn about the axial- vector current, because the vector current contribution is 
forbidden by G-parity in the isospin limit. Moreover, the starring role of the light- 
est vector and axial-vector resonances will allow to study in detail the properties 
of the latter, since the first one is extremely well known from e~^e~ — )■ 7r"'"7r~ and 
T~ — >■ 7r~7r°j/,- decays. At the same time, this will be a stringent test of the joint 
consistency of the proposed width for a given definition of mass |438] . 

The T —7- TXTXTiVj. decay is thus driven by the hadronization of the axial-vector 
current. Within the resonance chiral theory, and considering the large- TV^ expan- 
sion, this process has been studied in Ref. |348j . In the light of later developments 
we revise here |362] this previous work by including a new off-shell width for the 
ai(1260) resonance that provides a good description of the r — )■ ttttttz/t- spectrum 
and branching ratio. We also consider the role of the p(1450) resonance in these 
observables. Thus we bring in an overall description of the r — ?■ txtxtiVj. process in 
excellent agreement with our present experimental knowledge. 

The significant amount of experimental data on r decays, in particular, r — 
-ktitiVt- branching ratios and spectra [92] , encourages an effort to carry out a theoret- 
ical analysis within a model-independent framework capable to provide information 
on the hadronization of the involved QCD currents. A step in this direction has 
been done in Ref. |348j . where the r — )■ irirni'r decays have been analyzed within 
the resonance chiral theory (RxT) [6], [7] . As explained in detail in earlier chapters, 
this procedure amounts to build an effective Lagrangian in which resonance states 
are treated as active degrees of freedom. Though the analysis in Ref. [348] allows 
to reproduce the experimental data on r — t- ttttttz/^ by fitting a few free parameters 
in this effective Lagrangian, it soon would be seen that the results of this fit are 
not compatible with theoretical expectations from short-distance QCD constraints 
|338j . We believe that the inconsistency can be attributed to the usage of an ansatz 
for the off-shell width of the ai(1260) resonance, which was introduced ad-hoc in 



108 



r — )■ (vrvTTr) Uj. decays 



Ref. |348] ■ The aim of our work was to reanalyse r — ?■ tt-k-kUt- processes within the 
same general scheme, now considering the energy-dependent width of the ai(1260) 
state within a proper R^T framework. The last issue, that is one of the major 
developments of our work is considered in detail in Section I5.3.1I 

Although this chapter is based in Ref. |362j . the material covered in Sects. 15. 4. 2^ 
15.4.31 and 15.4.41 is presented in this Thesis for the first time. 



5.2 The axial- vector current in r — > (tttttt) z/^ de- 
cays 

Our effective Lagrangian will include the pieces given in Eqs. f l2.66p . fl3.20p and 
These decays are worked out considering exact isospin symmetry, so the 
corresponding hadronic matrix elements will be 

T±^(pi,P2,P3) = (vri(pi)7r2(p2)vr±(p3)|^;.e^''«^^|0). (5.1) 

Outgoing states tti 2 correspond here to 7r~ and 7r° for upper and lower signs in T±^, 
respectively. The hadronic tensor is written in terms of three form factors following 
Eq. (14.511) . with F/(Q^, si, S2) = because we have no vector current contri- 
bution. Since the contribution of F^{Q'^, si, S2) -carrying pseudoscalar degrees of 
freedom- to the spectral function of r — tttttti/^ goes like m\/Q^ and, accordingly, 
it is very much suppressed with respect to those coming from F{^((5^, Si, S2) and 
F^i^Q"^, Si, S2), we will not consider it in the following. 

The evaluation of the form factors Fi and F2 within the context of RxT has 
been carried out in Ref. |348j . One has : 

= ±{F^ + F^ + i^^^) , ^ = 1, 2 , (5.2) 

where the different contributions correspond to the diagrams in Figure ISTTl In terms 
of the Lorentz invariants Q^, s = {pi +^3)^, t = (^2+^3)^ and u = {pi +^2)^ (notice 



-'^Notice that we only consider the effect of spin-one resonances. Given the vector character of 
the SM couphngs of the hadronic matrix elements in r decays, form factors for these processes 
arc ruled by vector and axial- vector resonances. Notwithstanding those form factors are given, in 
the r — > PPPvr decays, by a four-point Green function where other quantum numbers might play 
a role, namely scalar and pseudoscalar resonances |113l 15611 15621 [5^ . Among these, in the three 
pion tau decay modes, the lightest state -that one could expect to give the dominant contribution- 
is the a or /o(500). As we assume the Nc — > 00 limit, the nonet of scalars corresponding to the 
/o(500) is not considered. This multiplet is generated by rescattering of the ligthest pseudoscalars 
and then subleading in the expansion [564] (See, however, Ref. [565) ). 
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Figure 5.1: Diagrams contributing to the hadronic axial- vector form factors Fi : (a) and 
(b) contribute to , (c) and (d) to F^ and (e) to F/^^. 



that u = Q'^ — s — t + 3m^) these contributions are given by [348] 
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Ao, A' and A" being linear combinations of the A, couplings that can be read in 
Eq. f l3.3ip . Bose symmetry under the exchange of the two identical pions in the final 
state implies that the form factors Fi and F2 are related by F2{Q'^, s, t) = Fi{Q^, t, s). 

The resonance exchange approximately saturates the phenomenological values 
of the O(p^) couplings in the standard xPT Lagrangian. This allows to relate 
both schemes in the low energy region, and provides a check of our results in the 
limit <^ My. This check has been performed |348] . verifying the agreement 
between our expression Eq. (15. 3 p — two-resonance exchange terms do not contribute 
at this order — and the result obtained within xPT in Refs. |4U2[ 1489] coming from 
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saturation by vector meson resonances of the O(p^) couplings : 



pXPT 



1+ 



2v^ 



3s 
2MJ 



111 



1 + 



3t 
2M2 



2^ 



chiral loops + 



(5.5) 

As an aside, it is worth to point out that this low-energy behaviour is not fulfilled 
by all phenomenological models proposed in the literature. In particular, in the 
widely used KS model |369] the hadronic amplitude satisfies 



2^2 



Ml 



lit 



t 



2fi 



(5.6) 



Thus, while the lowest order behaviour is correct (it was constructed to be so), it is 
seen that the KS model fails to reproduce the x^T result at the next-to-leading 
order. Accordingly this model is not consistent with the chiral symmetry of QCD. 



5.3 Short-distance constraints ruled by QCD 

Besides the pion decay constant F, the above results for the form factors Fi de- 
pend on six combinations of the coupling constants in the Lagrangian /^r^t, namely 
Fy, Fa, Gv, Aq, A' and A" and the masses My, Ma of the vector and axial- vector 
nonets. All of them are in principle unknown parameters. However, it is clear that 
^RxT does not represent an effective theory of QCD for arbitrary values of its cou- 
plings. Though the determination of the effective parameters from the underlying 
theory is still an open problem, one can get information on the couplings by assuming 
that the resonance region — even when one does not include the full phenomenolog- 
ical spectrum — provides a bridge between the chiral and perturbative regimes [7]. 
This is implemented by matching the high energy behaviour of Green functions (or 
related form factors) evaluated within the resonance theory with asymptotic results 
obtained in perturbative QCD [3 [3381 [SSI [3501 [3531 EMI [^31 In the iVc ^ oo 
limit, and within the approximation of only one nonet of vector and axial- vector res- 
onances, the analysis of the two-point Green functions 'n.v,A{(f') and the three-point 
Green function VAP of QCD currents with only one multiplet of vector and axial- 
vector resonances lead to the following constraints |3U9] : 



i) By demanding that the two-pion vector form factor vanishes at high momen- 
tum transfer one obtains the condition Fy Gy = F^ [7]. 

ii) The first Weinberg sum rule |341j leads to Fy — F\ = F^, and the second 
Weinberg sum rule gives Fy My = F\ M\ [B] . 
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ill) The analysis of the VAP Green function |338] gives for the coupling combina- 
tions Ao, A' and A" entering the form factors in Eq. fl5.3|) the following results : 

A' = = ^5 7) 

2V2FaGv 2^2 My' 

^„ ^ 2Gv -Fy ^ Ml - 2M^ 
2V2Fa 2^2 My Ma ' 

V2MvMa 

where the second equalities in Eqs. f l5.7p and fl5.8p are obtained using the above 
relations i) and ii). 

As mentioned above, My and Ma stand for the masses of the vector and axial- vector 
resonance nonets, in the chiral and large- iVc limits. A phenomenological analysis 
carried out in this limit |363] shows that My is well approximated by the p(770) 
mass, whereas for the axial-vector mass one gets mI!^" = Ma = 998(49) MeV 
(which differs appreciably from the presently accepted value of (1260)= 1230±40 
MeV). 

In addition, one can require that the J = 1 axial-vector spectral function in 
r — )■ TrirTTUr vanishes for large momentum transfer. We consider the axial two- 
point function Il'^{Q'^), which plays in r — )■ -n-irirUr processes the same role than 
the vector-vector current correlator does in the r — )■ vrvri/T- decays, driven by the 
vector form factor. The goal will be to obtain QCD-TvAed constraints on the new 
couplings of the resonance Lagrangian. As these couplings do not depend on the 
Goldstone masses we will work in the chiral limit but our results will apply for 
non-zero Goldstone masses too. In the chiral limit the Il'^{Q'^) correlator becomes 
transverse, hence we can write 

nr(Q') = iQ'Q" - g'^'Q') ^a{Q') ■ (5.io) 

As in the case of the pion and axial form factors, the function IIa{Q^) is expected to 
satisfy an unsubtracted dispersion relation. This implies a constraint for the J = 1 
spectral function Imn^((5^) in the asymptotic region, namely[ 



ImUAiQ') — ^ . (5.11) 

Now, taking into account that each intermediate state carrying the appropriate 
quantum numbers yields a positive contribution to Imn^(Q^), we have 

ImllAiQ') > I d<l> (r^|i+) (T^liO* , (5.12) 

d$ being the differential phase space for the three-pion state. The constraint in Eq. 
(15. lip then implies 

Wa 

Q2^.oo Jo Jo {Q 



lim / ds I dtjj^ = 0, (5.13) 
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where Wa is the structure function defined in Eq. fl4.6ip [§. It can be seen that 
the condition in Eq. f l5.13p is not satisfied in general for arbitrary values of the 
coupling constants in the chiral interaction Lagrangian. In fact, it is found that this 
constraint leads to the relations in Eqs. (15. 7p and (15. 8p . showing the consistency of 
the procedure %. 

The above constraints allow in principle to fix all six free parameters entering the 
form factors Fi in terms of the vector and axial- vector masses My , Ma ■ However the 
form factors in Eq. (15. 3p include zero-width p(770) and ai(1260) propagator poles, 
which lead to divergent phase-space integrals in the calculation of r — t- vrTTTrz/,- decay 
widths. As stated above, in order to regularize the integrals one should take into 
account the inclusion of resonance widths, which means to go beyond the leading 
order in the 1/Nc expansion. To account for the inclusion of NLO corrections we 
perform the substitutions : 



Ml. - g2 M2 -q^- i Mj Tj{q^) ' ^ ' ^ 

Here Rj = V, A, while the subindex j = p, ai on the right hand side stands for the 
corresponding physical state. 

The substitution in Eq. (I5.14p implies the introduction of additional theoretical 
inputs, in particular, the behaviour of resonance widths off the mass shell. This 
issue is studied in detail in Appendix C and Section 15.3.11 In the following, we will 
compare it both to the popular width developed in the KS model [369] and to the 
proposal of the earlier study within RxT, where this off-shell width was added by 
hand. 



5.3.1 Expressions for the ofF-shell width of the ai resonance 

The definition that is given in Appendix C for the spin-one resonance width - 
and applied for the vector case- holds for axial- vector mesons as well, but it would 
amount to evaluate the axial-vector-axial-vector current correlator with absorptive 
cuts of three pGs (two-loops diagrams) within RxT. This motivated the chiral 
based off-shell behaviour proposal in Ref. |348] . an oversimplified approach in which 
the ai width was written in terms of three parameters, namely the on-shell width 
rai(MfJ, the mass and an exponent a ruling the asymptotic behaviour : 

ra,(g^) = ra.(Ml) [fj o [<f - 9ml) (5.15) 

^As expected from partial conservation of the axial-vector current (PCAC), the analogous 
relation is automatically fulfilled by Wsa- 

■^These results and those in Section 16.31 have been obtained using the program 
MATHEMATICA [557] . 
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where 



and 



0(g2) = I dsdt{V,'\BW,{s)\' + Vi\BW,it)\' 

+2{Vi ■ V2) [BW,{s) BW,(t)*]} , (5.16) 



is the usual Breit-Wigner function for the p (770) meson resonance shape, the energy- 
dependent width Tp{q'^) is given by Eq. (IC.Sp . and the integral extends over the Sir 
phase space. The vectors Vi and V2 and the Mandelstam variables s and t entering 
the function 0(x = g^, M^) are defined following the general conventions given in 
Sect. 14.4.11 One can check them explicitly in Ref. 



A fundamental result of this Thesis is the improvement in the description of the 
off-shell axial-vector widths. We will follow the paper |362] in our explanation. 
We propose here a new parameterization of the ai(1260) width that is compatible 
with the RxT framework used throughout our analysis. As stated, to proceed as in 
the p meson case, one faces the problem of dealing with a resummation of two-loop 
diagrams in the two-point correlator of axial-vector currents. However, it is still 
possible to obtain a definite result by considering the correlator up to the two-loop 
order only. The width can be defined in this way by calculating the imaginary part 
of the diagrams through the well-known Cutkosky rules. 

Let us focus on the transversal component, IIt{Q^), of the two-point Green func- 
tion : 

U% = z I d'xe'<^- {0\T[Al{x)Almm 

= {Q'g^u - QM nT(Q') + Q>.QuIIl{Q') , (5.I8) 

where = ^7,^75 y?. We will assume that the transversal contribution is dominated 
by the 7r° and the neutral component of the ai(1260) triplet : IIt{Q^) — 11'"° (Q^) + 
11^^ (Q^) . Following an analogous procedure to the one in Ref. [568] , we write 11'^^ (Q^) 
as the sum 

n^KQ') = n^o^ + n^i) + n^^) + ••• , (5.i9) 

where II^q^ corresponds to the tree level amplitude, U^l-^ to a two-loop order contri- 
bution, Ilj-g) to a four-loop order contribution, etc. The diagrams to be included are 
those which have an absorptive part in the s channel. The first two terms are repre- 
sented by diagrams (a) and (b) in Figure 15.3. Ij respectively, where effective vertices 
denoted by a square correspond to the sum of the diagrams in Figure 15.11 Solid 
lines in the diagram (b) of Figure 15.3.11 correspond to any set of light pseudoscalar 
mesons that carry the appropriate quantum numbers to be an intermediate state. 
The first term of the expansion in Eq. fl5.19p arises from the coupling driven by 
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ai 




(«) (&) 

Figure 5.2: Diagrams contributing to the transverse part of the correlator of axial- vector 
currents in Eq. (|5.19p . Diagram (a) gives II^q^ and diagram (b) provides Il^j^ . The squared 
axial- vector current insertion in (b) corresponds to the sum of the diagrams in Figure ISTTl 
The double line in (a) indicates the ai resonance intermediate state. Solid lines in (b) 
indicate any Goldstone bosons that carry the appropriate quantum numbers. 



Fa in the effective Lagrangian fl3.20p . We find 



Thus, if the series in Eq. f l5.19p can be resummed one should get 



and the energy dependent width of the ai(1260) resonance can be defined by 

Ma,F,,(g2) = -ImA(Q2) . (5.22) 

Now if we expand n^^(Q^) in powers of A and compare term by term with the 
expansion in Eq. (15.191) . from the second term we obtain 

A(g^) = - n- . (5.23) 

The off-shell width of the ai(1260) resonance will be given then by 

As stated, U^^^ receives the contribution of various intermediate states. These 
contributions can be calculated within our theoretical R^T framework from the 
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effective Lagrangian in Eqs. (ICTj) . (IX^ . f lX^ . (ESD and ([S351). In 

particular, for tlie intermediate tt'^ti'it^ state one lias 

1 /* d^ d^ ^ 1 

n(iMQ') = ^ y ^1+/^ n p2_^2+,, ' (5-25) 

where ps = Q — pi — P2, and Ti+ is the 1"^ piece of the hadronic tensor in Eq. f lS.ip . 

T^^ = V^Fi + V^F2 . (5.26) 

When extended to the complex plane, the function 11^^^ (2) has a cut in the real axis 
for z > 9m^, where Imn^^^(2;) shows a discontinuity. The value of this imaginary 
part on each side of the cut can be calculated according to the Cutkosky rules as : 

imn- (g^±ze) = ^ / ^ ^ n (-2-) ^ip^-O ^ 

(5.27) 

with P3 = Q — Pi — P2 and > 9m^. After integration of the delta functions one 
finds 

Im n- (Q^ ±^e) = ± ^ / T{t T^., , (5.28) 

where the integrals extend over a three-pion phase space with total momentum 
squared Q^. Therefore, the contribution of the tt^h'tt^ state to the ai(1260) width 
will be given by 

-1 /aP \^ r 

In the same way one can proceed to calculate the contribution of the intermediate 
states K~^K~7T^, K^K^n^, K'K^tt^ and K~^K^7r~. The corresponding hadronic 
tensors can be obtained from Ref. |343] (see Sect. 16. 2p . Additionally one could 
consider the contribution of rjinr and rj'qir intermediate states. However, the first 
one vanishes in the isospin limit because of G-parity (see Chapter [7]) and the second 
one is suppressed by a tiny upper bound for the branching ratio [H 1472] and they 
will not be taken into account. 
In this way we have @ 

ra,(g') = Tl{Q')e{Q'-9ml) + T^^iQ') 9iQ' - {2mK + m^f) , (5.30) 

where 

- 192(2.)3FjM.. /d^*r5-"T5f. (5.31) 

^It is important to stress that wc do not intend to carry out the resummation of the series in 
Eq. (|5.19p . In fact, our expression in Eq. (|5.24p would correspond to the resuh of the resummation 
if this series happens to be geometric, which in principle is not guaranteed [568) . 



116 r — )■ (vrvTTr) decays 



Here r^^((5^) recalls the three pion contributions and T^^{Q'^) collects the contribu- 
tions of the KKtt channels. In Eq. (15.311) the symmetry factor S = l/n\ reminds 
the case with n identical particles in the final state. It is also important to point 
out that, contrarily to the width proposed in Ref. |348j [rai(Q^), in Eq. flS.lSp ], the 
on-shell width rai(Mj^J is now a prediction and not a free parameter. 

With this off-shell width a very accurate description of the related observables 
will be given in later sections H. In other formalisms, like that of the hidden local 
symmetry chiral models |571] one needs to restore to a extremely unnatural off-shell 
width description that reaches the value of 10 GeV for ~ 2.5 GeV^. In Fig- 
ure 15.31 our expression for is plotted as a function of the invariant mass squared 
the hadronic system has. 
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5.4.1 The contribution of the /?(1450) 

It turns out that, though some flexibility is allowed around the predicted values 
for the parameters, the region between 1.5 — 2.0 GeV^ of the three pion spectrum is 
still poorly described by the scheme we have proposed here. This is not surprising as 
the p(1450), acknowledgeably rather wide, arises in that energy region. We find that 
it is necessary to include, effectively, the role of a p' = p(1450), in order to recover 
good agreement with the experimental data. The p' belongs to a second, heavier, 
multiplet of vector resonances that we have not considered in our procedure. Its 
inclusion would involve a complete new set of analogous operators to the ones already 
present in Cr^t, Eqs. fl3.20p . fl3.32p . with the corresponding new couplings. This 
is beyond the scope of our analysis. However we propose to proceed by performing 
the following substitution in the p(770) propagator |j: 



M2 - g2 _ ^MpT,{q^ 



/3p 



+ 



p' 



(5.32) 



■'Our computation, based on the optical theorem, does not give the corresponding real part of 
the loop function, which we have disregarded. Although this approximation might be supported 
numerically it induces a violation of analiticity. We have also neglected systematically three-body 
final-state interactions for the moment. They may be important in the available phase space 
[5691157(1] . 

^This replacement does not alter the short-distance vanishing of the form factor and it changes 
its chiral limit accordingly to the contribution expected from the second multiplet of vector reso- 
nances. 
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Figure 5.3: Plot of our expression for T^.^iQ'^) using the values of the couplings discussed 
in Sect. EH 



where as a first approximation the p' width is given by the decay into two pions : 



(5.33) 



p{x) 



For the numerics we use the values Mp' = 1.465 GeV and rp/(M^,) = 400 MeV 
as given in Ref. [8]. We find that a good agreement with the spectrum, dT/dQ"^, 
measured by ALEPH [92] is reached for the set of values : 



Fv = 0.180 GeV 
Mv = 0.775 GeV 



Fa = 0.149 GeV 
Mk* = 0.8953 GeV 



/3p 



ai 



-0.25 , 

1.120 GeV, (5.34) 



that we call Set 1. The corresponding width is r(r — iriTirUr) = 2.09 x 10 
GeV, in excellent agreement with the experimental figure r(r — 7r7r7ri/T-)|exp = 
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(2.11 ± 0.02) X 10~^3 GeV [S]. From Fy and Fa in Eq. (EMD, and the second 
Weinberg sum rule we can also determine the value of Ma = FyMy / Fa — 0.94 
GeV, a result consistent with the one obtained in Ref. [363]. If, instead, we do not 
include the p' contribution, the best agreement with experimental data is reached 
for the values of Set 2 : 

= 0.206 GeV , Fa = 0.145 GeV , /5p' = , 
Mv = 0.775 GeV , Mk* = 0.8953 GeV , M^^ = 1.115 GeV, (5.35) 

though the branching ratio is off by 15%. A comparison between the results for the 
r —7- tititiVt- spectra obtained from Sets 1, 2 and the data provided by ALEPH is 
shown in Figure 15.41 Notice that we have corrected the results provided by Set 2 by 
a normalization factor of 1.15 in order to compare the shapes of the spectra. Though 
it is difficult to assign an error to our numerical values, by comparing Set 1 and Set 2 
we consider that a 15% should be on the safe side. Notice, however, that the error 
appears to be much smaller in the case of Ma^. We should remind, however, that 
the real part of the two-loop function contributing to the ai width was not included 
in our approach. This systematic error (that induces a shift in MaJ prevents us 
finding the pole parameters associated to our model resonance results. 

For Set 1 the width of the ai(1260) is T.^^{Ml^) = 0.483 GeV, which, incidentally, 
is in agreement with the figure got in Ref. |348] from a fit to the data. The value of 
rai(MfJ quoted in the PDG (2008) [S] goes from 250 MeV up to 600 MeV. 

Our preferred set of values in Eq. fl5.34p satisfies reasonably well all the short dis- 
tance constraints pointed out in Sect. 15. 3[ with a deviation from Weinberg sum rules 
of at most 10%, perfectly compatible with deviations due to the single resonance 
approximation. 



5.4.2 Low-energy description 

After that, we take a closer look to the low-Q^ region of the spectrum. In fact, 
in our approach we have assumed that 0{p^) corrections arising from chiral logs are 
small, hence the dominant contributions to hadronic amplitudes arise from resonance 
exchange. In Figure [575| we can see that our expression fits the data remarkably well 
at low-Q^ values without any need to improve it by adding the effect of the neglected 
chiral logs 0. Our working hypothesis is thus confirmed. In this plot we also see 
that the form-factors proposed by the KS model induced a systematic departure 
of the data points increasing with the energy. It is interesting to note that -as we 
asserted in Chapter ^ the wrong description at NLO in the chiral expansion is 
naturally carried on to higher energies, once the full expression is included. Indeed, 
the low-energy limits of the KS expressions for the form factors and ours |fl already 

^ Close to threshold (i.e. for \/Q^ well below My) one is able to explicitly calculate the contri- 
butions of 0{p'^) chiral logs, therefore their impact can be numerically evaluated. In fact, Ref |348) 
considered this correction by using the results in Ref. |402| . 

^As described in Eas. (|5.5p and (|5.6p . 
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Figure 5.4: Comparison between the theoretical Mg^-spectra of the r~ — )• -k^ ti~ tt~ Ut with 
ALEPH data [92]. Set 1 corresponds to the values of the parameters : Fy = 0.180 GeV, 
Fa = 0.149 GeV, Ma, = 1.120 GeV, I3p> = -0.25, Ma ^ 0.91 GeV. Set 2 corresponds 
to the values of the parameters : Fy = 0.206 GeV, Fa = 0.145 GeV, M^^ = 1.150 GeV, 
j5pi = 0, i.e. without the inclusion of the p' . In the case of Set 2 the overall normalization 
of the spectrum has been corrected by a 15% to match the experimental data. 



show that the KS curve is systematically under ours getting farther as the energy 
increases. 

In Figure 15.61 we can see that the shift induced at low-energies in the original 
-ft'S'-model |^ gets carried on naturally to higher energies. In the later TAUOLA 
parameterization the agreement seemed to be better by introducing a large on-shell 

^The original KS model used the following values for the parameters: Ma, = 1.251 GeV and 
Tai (Afai) = 0.475 GeV. With these parameters, the description of the experimental data available 
at that time |572j was very good. However, as the experimental errors were reduced ten years later 
by CLEO-II gMI, OPAL [S73| and ALEPH [H], one noticed that there was a need of including 
another parameter to keep such a good description. In order to keep the expression for the ofF- 
shell width the solution adopted in TAU OLA was to modify the on-shell ai width and include a 
normalization factor to correct the branching ratio. The later width reads (A/aj) = 0.599 GeV 
and the normalization factor enhances the decay rate by ~ 1.4. 
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Figure 5.5: Comparison between the theoretical low-energy Mg^-spectra of the r~ — )■ 
■K~^ iT~ -k' Vr with ALEPH data [92]. Our results (red solid line) correspond to Set 1, 
Eq. ()5.34p . and its corresponding low-energy limit (orange dashed line) to Eq. ()5.5p . The 
green dotted line corresponds to the KS results |369j and its low-energy limit (green 
dashed-dotted line) is given in Eq. 15.61 We observe that the wrong KS description at NLO 
in the chiral expansion is naturally carried on to the whole expression for the spectrum. 
Moreover, the excellent agreement of our prediction with data shows that our working 
hypothesis of neglecting the effect of ©(p^) chiral logs is well-based. 



ai width (0.6 GeV) that required to adjust the normalization by a factor of order 
40% (1.38 in the curve) that appears to be quite unnatural. Even doing so, the 
description between 1.5 and 1.8 GeV^ was not good. 



5.4.3 4^ distributions 

The differential distributions in the invariant masses of pairs of pious, = 
{pi+VjY = {Q~PkY foii^jy^k and k = 1, 2, 3 are also interesting. Neither 
Ref. [92] nor any later publication made a dedicated study of these observables. We 
show in figure Isn the dT/ds distribution corresponding to our best fit values (15.341) . 
Not surprisingly, the p(770) peak clearly shows up dominating the shape of the 
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with ALEPH data [92]. Our results correspond to Set 1, Eq. ()5.34p . and they are also 



compared to the KS outcome, as they were given originally |369j as indicated in Eq. ()5.6p 
(see also Fig. 1 of Ref. j491j ). We observe that the wrong KS description at NLO in the 
chiral expansion is naturally carried on as they are in TAUOLA right now. In the original 
parameterization one sees that the wrong description of the ©(p^) terms is carried 

naturally to the rest of the spectrum. This is corrected in the updated parameterization 
in TAUOLA at the price of including a noticeably large on-shell ai width (0.6 GeV) and 
an unnaturally large normalization factor of 1.38. 



distribution. Other dynamical structures cannot be appreciated at first glance. 

Although when this Thesis was defended there were not data available to cor- 
roborate our predictions, now we have confronted them to BaBar data, as it appears 
in Ian M. Nugent's Thesis |574] . This is shown in Fig. 15. 8[ taken from Ref. |326] . 
It is seen that neither parametrization is able to describe the data at low values 
of the invariant di-pion mass. This could be expected since the sigma -or /o(500)- 
contribution, due to rescattering of the pion pair, is absent in both approaches. Its 
introduction is under study. 

Similarly, in Fig 15.91 we plot our prediction for the distribution with respect 
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to the Mandelstam variable u 0. Although we are working in the isospin conserved 
limit where all three pions are identical, the plot in Figure 15^91 is noticeably different 
because the two pions of equal electric charge cannot couple to a spin-one resonance 
which explains why no dynamical structure can be seen in this figure. We cannot 
forget that isospin symmetry breaking is not only induced by the difference of u and 
d quark masses compared to the value of the s quark mass, but also by the different 
electric charges of the u— and d— type quarks. When this results in a selection rule, 
the effects are sizeable as we have observed. 



5.4.4 Description of structure functions 

Structure functions provide a full description of the hadronic tensor T^T* in 
the hadron rest frame. There are 16 real valued structure functions in r~ — )■ 

^"Taking into account that the form factors are symmetric under the exchange {1 o 2, s o 
due to the identity of two pions, the plot dT/dt would be redundant. We have verified that the s- 
and t- plots are identical nonetheless. 
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Figure 5.8: Invariant mass distribution of tlie 'k~^'k~ pair in r~ — t- tt'^ tt^ t:^ Uj- decays. 
Ligtlier grey histogram corresponds to our prediction with the parameters of Set 1, 
Eq. (|5.34p . Darker grey is from default parametrization of TAUOLA CLEO. The un- 
folded BaBar data are taken from ref. |574j . Courtesy of Ian Nugent. 



{PiP2Pz)~ decays [Pi is short for a pseudoscalar meson), most of which can be 
determined by studying angular correlations of the hadronic system. Four of them 
carry information on the = l"*" transitions only : Wa_, Wc, Wd and We (we refer 
to Ref. [390] and Eq. IA.6I and to Appendix A for their precise definitions and dis- 
cussion). Indeed, for the r~ — )■ (tttttt)"!^,- processes, other structure functions either 
vanish identically, or involve the pseudoscalar form factor F^, which appears to be 
strongly suppressed above the very low-energy region due to its proportionality to 
the squared pion mass. 

Unfortunately the ALEPH collaboration data |92] only allows to obtain wa- 
However, both CLEO — II |463j and OPAL [573] studied all relevant structure 
functions. As a result, they have measured the four structure functions quoted 
above for the — )■ tx^-k^tx^Vt- process, while concluding that other functions are 
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Figure 5.9: Our prediction for the u-spectrum of the r" 
ters of Set 1, Eq. (O^ . 



7r"'"7r TT Vr with the parame- 



consistent with zero within errors. Hence we can proceed to compare those experi- 
mental results with the description that our theoretical approach provides. In our 
expressions for the structure functions we input the values of the parameters of Set 
1. This way we get the theoretical curves shown in Figs. I5.10[ I5.11[ 15.121 and 15.131 
The latter are compared with the experimental data quoted by CLEO and OPAL 
|463[ I573j . For wc, wd and we, it can be seen that we get a good agreement in the 
low region, while for increasing energy the experimental errors become too large 
to state any conclusion (moreover, there seems to be a slight disagreement between 
both experiments at some points). It will be a task for the forthcoming experimental 
results from the i?-factories to settle this issue. 

On the other hand, in the case of the integrated structure function wa, the 
quoted experimental errors are smaller, and the theoretical curve fits perfectly well 
the ALEPH data -that is clearly the one with smaller error bars- and seems to 
lie somewhat below the CLEO and OPAL data for < 1.5 GeV^. However, it 
happens that wa contains essentially the same information about the hadronic am- 
phtude as the spectral function dT/dQ"^, so it should not surprise us the excellent 
agreement with ALEPH data, considering the curve obtained with Set 1 in Fig[ 
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This relation becomes clear by looking at Eq. f l4.59p if the scalar structure function 
WsA is put to zero (remember that it should be suppressed by a factor 0{ml/Q'^)). 
Taking into account that wa is given by Eq. f l4.60p 



where Wa is the structure function previously introduced in Eq. fl4.59p . one simply 
has 



In this way one can compare the measurements of wa quoted by CLEO — II and 
OPAL with the data obtained by ALEPH for the spectral function, conveniently 
translated into wa- This is represented in Figure 15.10^ where it can be seen that 
some of the data from the different experiments do not agree with each other within 
errors. Notice that, due to phase space suppression, the factor of proportionality 
between wa(Q^) and dF/dQ^ in Eq. ( I5.37P goes to zero for Q"^ — )• M^, therefore the 
error bars in the ALEPH points become enhanced toward the end of the spectrum. 
Notwithstanding, up to < 2.5 GeV^, it is seen that ALEPH errors are still 
smaller than those corresponding to the values quoted by CLEO — II and OPAL. 
On this basis, we have chosen to take the data obtained by ALEPH to select the 
parameters as indicated in Set 1 to better describe the hadronic amplitude. Fi- 
nally, notice that a non vanishing contribution of Wsa (which is a positive quantity) 
cannot help to solve the experimental discrepancies, as it would go in the wrong 
direction. Anyway we have estimated that it is orders of magnitude smaller than 
the axial-vector contribution. 

In the analysis of data carried out by the CLEO Collaboration |461] onto their 
T~ — )■ tc^ti^tt^Vt- results it was concluded that the data was showing large contri- 
butions from intermediate states involving the isoscalar mesons /o(600), /o(1370) 
and /2(1270). Their analysis was done in a modelization of the axial-vector form 
factors that included Breit-Wigner functions in a Kiihn and Santamarfa inspired 
model. Our results in the Effective Theory framework show that, within the present 
experimental errors, there is no evidence of relevant contributions in r~ — t- (tttttt)"!^,- 
decays beyond those of the p(770), p(1450) and ai(1260) resonances. 



5.5 Conclusions 

The data available in r — t- -k-k-rVj. decays provide an excellent benchmark to study 
the hadronization of the axial- vector current and, consequently, the properties of the 
ai(1260) resonance. In this chapter we give a description of those decays within the 
framework of resonance chiral theory and the large-A'^c' limit of QCD that: 1) Sat- 
isfies all constraints of the asymptotic behaviour, ruled by QCD., of the relevant 
two and three point Green functions; 2) Provides an excellent description of the 
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Figure 5.10: Comparison between the experimental data for wa-, from r~ — )• it~'k^tt^i't-, 
quoted by CLEO — II and OPAL [4631 1573j and the values arising from ALEPH mea- 
surements of T~ — )• TT" TT^ TT'^ Ut spectral functions [92] . The solid line is obtained using the 
values of Set 1, Eq. (fOil) . 



branching ratio and spectrum of the r — )■ ttttttz/t- decays. 

Though this work was started in Ref. [348] . later achievements showed that a 
deeper comprehension of the dynamics was needed in order to enforce the available 
QCD constraints. To achieve a complete description we have defined a new off-shell 
width for the ai(1260) resonance in Eq. (15.301) . which is one of the main results of 
this work. Moreover we have seen that the inclusion of the p(1450) improves sig- 
nificantly the description of the observables. In passing we have also obtained the 
mass value M^^ = 1.120 GeV and the on-shell width T^^{Ml) = 0.483 GeV. 

With the description of the off-shell width obtained in this work we can now 
consider that the hadronization of the axial-vector current within our scheme is 
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Figure 5.11: Comparison between the experimental data for ifc*, from r — )• vr tt^tt^Ut-, 
quoted by CLEO — II and OPAL [4631 1573j and our results as obtained by using the 
values of Set 1, Eq. (fOil) . 



complete and it can be applied in other hadronic tau decays chnnels. 

The ai resonance, its off-shell width and its coupling to p-ir, play an important 
role |575[ I576[ I577[ I578[ I579[ I580[ 1581] in the evaluation of the dilepton and photon 
production rates from a hadronic fireball assumed to be created in the relativistic 
heavy ion collisions. This would be important to be able to tell the electromagnetic 
radiation of the quark-gluon plasma from the hadronic sources, so that it could be 
regarded as an additional possible future application of our findings. 
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Figure 5.12: Comparison between the experimental data for wd-, from r tt tt^tt^Vt, 
quoted by CLEO — II and OPAL [463^ I573| and our results as obtained by using the 
values of Set 1, Eq. (fOill . 
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Figure 5.13: Comparison between the experimental data for we, from r — )• vr -k^t^^Vt, 
quoted by CLEO — II and OPAL [4631 1573j and our results as obtained by using tlie 
values of Set 1, Eq. (fOi|l . 
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Chapter 6 

T~ {KKt[)~Uj- decays 



6.1 Introduction 

In this chapter we will discuss the hadronic form factors and related observables 
appearing in r~ — )■ {KKti)~Vt- decays. Once the main features of the hadronization 
of the axial-vector current in these kind of decays have been fixed in the previous 
chapter, we can deal with these channels where both vector and axial- vector current 
contribute at, in principle, comparable rates. In fact, one of the purposes of our 
work is to analyze what is the relative relevance of each of them. 

We thus analyse the hadronization structure of both vector and axial-vector cur- 
rents leading to r — > KKitUt- decays. At leading order in the 1/Nc expansion, and 
considering only the contribution of the lightest resonances, we work out, within 
the framework of the resonance chiral Lagrangian, the structure of the local ver- 
tices involved in those processes, that is richer than the one presented in previous 
chapters. The couplings in the resonance theory are constrained by imposing the 
asymptotic behaviour of vector and axial-vector spectral functions ruled by QCD. 
Noteworthy, the short- distance relations coming from QCD constraints are compat- 
ible in all with those found in Chapter and to the ones we will find in Chapters [7] 
and |8] as well, a feature that highlights the consistency of the whole description. In 
this way we predict the hadronic spectra and conclude that, contrarily to previous 
assertions, the vector contribution dominates by far over the axial-vector one in all 
KKtt charge channels. 

Our study has a twofold significance. First, the study of branching fractions 
and spectra of those decays is a major goal of the asymmetric B factories [BaBar, 
BELLE). These are supplying an enormous amount of quality data owing to their 
large statistics, and the same is planned for the near future at tau-charm factories 
such as BES — IIL Second, the required hadronization procedures involve QCD 
in a non-perturbative energy region [E < Mj. ~ 1.8 GeV) and, consequently, these 
processes are a clean benchmark, not spoiled by an initial hadronic state, where we 
can learn about the treatment of strong interactions when driven by resonances. 

We recall that the analysis of these decays has to assume a model of hadroniza- 
tion, as discussed in Chapter HJ A very popular approach is due to the so-called 
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Kiihn-Santamaria model (-^"5*) |367[ 1369] that, essentially, relies on the construction 
of form factors in terms of Breit-Wigner functions weighted by unknown parameters 
that are extracted from phenomenological analyses of data. This procedure, that has 
proven to be successful in the description of the nnn final state, has been employed 
in the study of many two- and three-hadron tau decays ^TR \W7\ [5DU] . 

The ambiguity related with the choice of Breit-Wigner functions |367[ 1369^ l37Uj is 
currently being exploited to estimate the errors in the determination of the free 
parameters. The measurement of the KKtt spectrum by the CLEO Collaboration 
|464] has shown that the parameterization described by the KS model does not 
recall appropriately the experimental features keeping, at the same time, a consis- 
tency with the underlying strong interaction theory |364] . The solution provided 
by CLEO based in the introduction of new parameters spoils the normalization of 
the Wess-Zumino anomaly, i.e. a specific prediction of QCD. Indeed, arbitrary 
parameterizations are of little help in the procedure of obtaining information about 
non-perturbative QCD. They may fit the data but do not provide us hints on the 
hadronization procedures. The key point in order to uncover the inner structure of 
hadronization is to guide the construction of the relevant form factors with the use 
of known properties of QCD. 

The TAUOLA hbrary has been growing over the years [IM Il95l 11961 11971 H98l 
I499[ I510[ I540[ 1582] to be a complete library providing final state with full topol- 
ogy including neutrinos, resonances and lighter mesons and complete spin structure 
throughout the decay. In these works, the hadronization part of the matrix elements 
followed initially only assorted versions of the KS model. At present, the TAUOLA 
library has become a key tool that handles analyses of tau decay data and it has 
been opened to the introduction of matrix elements obtained with other models 
(like the results of this work, see Ref. |326] ). Hence it has become an excellent tool 
where theoretical models confront experimental data. This or analogous libraries 
[583[ 1584] are appropriate benchmarks where to apply the results of our research 
[MTO 11921 119^ . 

We will be assisted in the presented task by the recent analysis of e~^e~ — )■ KK% 
cross-section by BABAR |585] where a separation between isoscalar and isovector 
channels has been performed. Hence we will be able to connect both processes 
through CVC . The general framework for these kind of analyses is discussed in 
Appendix IC.3I and only the concrete application to this channel is included in this 
chapter. We have also used the process u — )■ 7r"'"7r~7r° to extract a given combination 
of Lagrangian couplings that will enter into the analysis. This computation consti- 
tutes Appendix IC.3I Although this chapter is based on Ref. |343] , the discussion of 
our predictions on the shape of the dr/dsjj and its comparison to the estimates of 
other models at the end of Sect. 16.41 are included in this Thesis for the first time. 
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6.2 Vector and axial- vector current form factors 

6.2.1 Form factors in r — ?- i^KK^ t[^Vt decays 

Our effective Lagrangian will include the pieces given in Eqs. f l2.66p . f l2.86p -xPT 
contributions-, ( I3.20p [J, fl3.34p . f l3.43p -operators with one resonance- f l3.35p and 
f l3.32p -operators with two resonances-. 

We write the decay amplitude for the considered processes as 

= - ^ VudU,^ Y (1 - 75) , (6.1) 

where the model dependent part is the hadronic vector 

= {K{pi) K{p2) 7r(p3) I {V, - A,) e*^«^- | 0) , (6.2) 

that can be written in terms of four form factors Fi, F2, F^ and F4, see Eq. fl4.5ip . 
There are three different charge channels for the KKir decays of the r~ lepton, 
namely K+{p+) K'^p^ ) 7r~(p ^), K^{pq)K {pq)'k-{p^) and K-{p_) K^{pq) ir^^p^). 
The definitions of Eq. fl4.5ip correspond to the choice ^3 = in all cases, and : 

(Pi,P2) = (p+,P-) for the K'^ K- case, (^1,^2) = (Po'Po) for and (pi,P2) = 

(p_,Po) for K~ K^. In general, form factors Fi are functions of the kinematical 
invariants : Q^, s = {pi + P2Y and t = {pi + pzY- 

The general structure of the form factors, within our model, arises from the diagrams 
displayed in Figure 16.11 This provides the following decomposition : 

F, = F^ + F^ + Ff-'' , % = 1, 2, 3, 4; (6.3) 

where Ff is given by the X-P^ Lagrangian [topologies a) and 6) in Figure 16. Ij . 
and the rest are the contributions of one [Figure Ic), c?) and e)] or two resonances 
[Figure 1/)]. 

In the isospin limit, form factors for the r~ — )■ K~ ii~ v-r and r~ — K^K ir'Ur 

-'^ Again, the fact that the SM couhngs are of the type V — A makes the spin-one resonances to 
rule hadronic tau decays. The contribution of scalar and pseudoscalar resonances to the relevant 
four-point Green function should be minor for r — > KKirVr- Indeed the lightest scalar, namely 
/o(980), couples dominantly to two pious, and therefore its role in the KKtt final state should be 
negligible. Heavier flavoured or unflavoured scalars and pseudoscalars are at least suppressed by 
their masses, being heavier than the axial-vector meson ai(1260) (like Kq{14:30) that couples to 
Ktt). The lightest pseudoscalar coupling to Ktt is the Kq of k(800). As we assume the Nq 00 
limit, the nonet of scalars corresponding to the k(800) is not considered. This multiplct is generated 
by rescattering of the ligthest pseudoscalars and then subleading in the l/Nc expansion |564j . In 
addition the couplings of unflavoured states to KK (scalars) and KKtt (pseudoscalars) seem to 
be very small [S]. Thus in our description we include J = 1 resonances only. Nevertheless, if the 
study of these processes requires a more accurate description, additional resonances could also be 
included in our scheme. 
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Figure 6.1: Topologies contributing to the final hadronic state in r — t- KK-ku-j- decays 
in the Nc — )• oo limit. A crossed circle indicates the QCD vector or axial-vector current 
insertion. A single line represents a pseudoscalar meson {K, vr) while a double line stands 
for a resonance intermediate state. Topologies b) and e) only contribute to the axial-vector 
driven form factors, while diagram d) arises only (as explained in the text) from the vector 
current. 



decays are identical. The explicit expressions for these are : 



v5 

3F ' 

V2 FyGy 

6 F3 



M2 
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Mi. 



2 FaGv 

3 F3 



Ml 



^nn(^Q2^ s, M, mlf, ml, mj^) 
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B^^{Q'^, g, M, t, mj^, ml, m\) 
Ml. -t 



(6.4) 



where the functions A^, B^, and B^^ are 
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A^^{Q^,x,y,mlml,ml 



(A' + A") {-3x + ml-ml) 
2 (A' + A") [ml - ml) 



The dependence of the form factors with t follows from the relation u = — 
s — t + 2m\- + m^. Moreover resonance masses correspond to the lowest states, 
Mp = Mp(77o), Mk* = Mk*(892) and = Mai(i26o)- Resonance masses and widths 
within our approach are discussed in Appendix C. 

Analogously the F2 form factor is given by : 



^2 



(6.6) 



V2 FvGi 



B^{t, u, m\, m|-) v4^((5^ t, u, m\, m^, ml) 
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Mj-s 



3 F3 Ml -g2 
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The F3 form factor arises from the chiral anomaly and the non-anomalous odd- 
intrinsic-parity amplitude. We obtain : 
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(6.7) 
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where C^, and C^^ are defined as 



C {Q ,X, 171^,1712,171^) = (Ci-C2 + C5)(5 - {Ci - C2 - + 2Cq) X 

+ (ci + C2 + 8C3 - C5) 7713 + 8 C4 (m^ - m 



2J ' 



D''iQ\x,y) 



ds {Q^ + x) + {di + 8d2- ds) rr? 



(6.8) 



(^1 + 2^2 - ^3) (x + y) - 2^2 (Q' + 

- 9^) (3 + m\) + 2 {m\ + m^) + 2g^m\ 



and 6'y is the mixing angle between the octet and singlet vector states and Uq 
that defines the mass eigenstates uj{79)2) and 0(1020) : 







cos 6'y — sin 9v 
sin 0y cos 6v 



Us 



(6.9) 



For numerical evaluations we will assume ideal mixing, i.e. Ov = tan-i(l/V2). In 
this case the contribution of the 0(1020) meson to vanishes E|. 

Finally, though we have not dwelled on specific contributions to the F4 form 
factor, we quote for completeness the result obtained from our Lagrangian. Its 
structure is driven by the pion pole : 



Fl + Ff, 
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(6.10) 
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u] — [m 



K 



m 



K) 



6.2.2 Form factors in r K K^^ tt^ u^- decays 

The diagrams contributing to the r~ — K~ ir^ decay amplitude are also 
those in Figure 16. 1[ hence once again we can write F, = F^ + F^ + F^'^ + 
. . . . However, the structure of the form factors for this process does not show the 



^Although there are many plienomenological analysis supporting the picture of ideal mixing 
between the a;(782) and (/)(1020) states [5], this result contradicts the observation of the Babar 



Collaboration [585] of a sizable (p contribution in the isospin related decay 
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symmetry observed in r — )■ KKtiUt-. We find : 
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1 FyGy 
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(6.11) 
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(6.12) 



The form factor driven by the vector current is given by : 
F^ = 



F^is,t) 



F^^{s,t) 



G^{QM,ml,ml,ml) G^iQ^ 



u,ml,ml,ml] 
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,(6.13) 
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with is defined as 



E^{x,y) = {gi + 2g2- g^){x-y). 
Finally for the pseudoscalar form factor we have : 
1 ml{t- u) 



F^{s,t) 



2FQ\ml-Q^) 

2 



2 F3 Q2(^2 _ Q2 



u{s — t) 
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(6.14) 



t{s ~ u) - [m]^ - nil){Q'^ - m\) 2 s(t - u) 
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(6.15) 



6.2.3 Features of the form factors 

Several remarks are needed in order to understand our previous results for the 
form factors related with the vector and axial- vector QCD currents analysed above : 

1 / Our evaluation corresponds to the tree level diagrams in Figure 16.11 that arise 
from the Nq — > oo limit of QCD. Hence the masses of the resonances would 
be reduced to My = Mp = = Mk* = and Ma = M^.^ as they appear 
in the resonance Lagrangian (13.191) . i.e. the masses of the nonet of vector and 
axial- vector resonances in the chiral and large -Nq limit. However it is easy to 
introduce NLO corrections in the 1/Nc and chiral expansions on the masses 
by including the physical ones : Mp, M^*, M^, and M^^ for the p(770), 
i^*(892), ct;(782), 0(1020) and ai(1260) states, respectively, as we have done 
in the expressions of the form factors. In this setting resonances also have zero 
width, which represents a drawback if we intend to analyse the phenomenol- 
ogy of the processes: Due to the high mass of the tau lepton, resonances do 
indeed resonate producing divergences if their widths are ignored. Hence we 
will include energy- dependent widths for the p(770), ai(1260) and i^*(892) 
resonances, that are rather wide, and a constant width for the a;(782). This 
issue is discussed in the Appendix C. 

In summary, to account for the inclusion of NLO corrections we perform 
the substitutions: 

1 1 

Ml^^ ~^ Ml,^^-q^-iM,,,ysT,nys{q^) ' ^^'^^^ 

where R = V,A, and the subindex phys on the right hand side stands for the 
corresponding physical state depending on the relevant Feynman diagram. 



2/ If we compare our results with those of Ref. [433] . evaluated within the KS 
model, we notice that the structure of our form factors is fairly different and 
much more intricate. This is due to the fact that the KS model, i.e. a model 
resulting from combinations of ad hoc products of Breit-Wigner functions, does 
not meet higher order chiral constraints enforced in our approach. 
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3/ As commented above the pseudoscalar form factors F4 vanishes in the chiral 
hmit. Indeed the results of Eqs. fl6.10[ I6.15P show that they are proportional 
to m^, which is tiny compared with any other scale in the amplitudes. Hence 
the contribution of F4 to the structure of the spectra is actually marginal. 

6.3 QCD constraints and determination of reso- 
nance couplings 

Our results for the form factors Fi depend on several combinations of the coupling 
constants in our Lagrangian Cr^t, most of which are in principle unknown parame- 
ters. Now, if our theory offers an adequate effective description of QCD at hadronic 
energies, the underlying theory of the strong interactions should give information on 
those constants. Unfortunately the determination of the effective parameters from 
first principles is still an open problem in hadronic physics. 

A fruitful procedure when working with resonance Lagrangians has been to as- 
sume that the resonance region, even when one does not include the full phenomeno- 
logical spectrum, provides a bridge between the chiral and perturbative regimes [7]. 
The chiral constraints supply information on the structure of the interaction but do 
not provide any hint on the coupling constants of the Lagrangian. Indeed, as in any 
effective theory |164] , the couplings encode information from high energy dynamics. 
Our procedure amounts to match the high energy behaviour of Green functions (or 
related form factors) evaluated within the resonance theory with the asymptotic 
results of perturbative QCD. This strategy has proven to be phenomenologically 
sound m mSi M ESni ESSI ESI ESSI M, and it win be applied here in order to 
obtain information on the unknown couplings. 

Two-point Green functions of vector and axial- vector currents 11^,^(9^) were stud- 
ied within perturbative QCD in Ref. [336], where it was shown that both spectral 
functions go to a constant value at infinite transfer of momenta : 



By local duality interpretation the imaginary part of the quark loop can be under- 
stood as the sum of infinite positive contributions of intermediate hadronic states. 
Now, if the infinite sum is going to behave like a constant at —t- 00, it is heuris- 
tically sound to expect that each one of the infinite contributions vanishes in that 
limit. This deduction stems from the fact that vector and axial- vector form factors 
should behave smoothly at high g^, a result previously put forward from parton 
dynamics in Refs. [315^ 1316^ 1317^ 1318] . Accordingly in the Nq — ?■ 00 limit this 
result applies to our form factors evaluated at tree level in our framework. 

Other hints involving short-distance dynamics may also be considered. The anal- 
yses of three-point Green functions of QCD currents have become a useful procedure 
to determine coupling constants of the intermediate energy (resonance) framework 
[3381 13491 135UI 13531 1354] . The idea is to consider those functions (order parameters 




(6.17) 
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of the chiral symmetry breaking), evaluate them within the resonance framework 
and match this result with the leading term in the OPE of the Green function. 

In the following we collect the information provided by these hints on our cou- 
pling constants, attaching always to the Nq — )■ oo case [309] (approximated with 
only one nonet of vector and axial- vector resonances) : 

i) By demanding that the two-pion vector form factor vanishes at high one 
obtains the condition Fy Gy = -^^ [Zj- 

ii) The first Weinberg sum rule |341] leads to Fy — F\ = F"^, and the second 
Weinberg sum rule gives Fy My = F\ M\ [B] . 

iii) The analysis of the VAP Green function |338j gives for the combinations of 
couplings defined in Eq. fl3.33p the following results : 



A' 



Ma 



2V2FaGv 2V2Mv 



2Gv-Fv M1-2M2 



2 72 Fa 2^2 My Ma' 
4Ao = A' + A", (6.18) 

where, in the two first relations, the second equalities come from using relations 
i) and ii) above. Here My and Ma are the masses appearing in the resonance 
Lagrangian. Contrarily to what happens in the vector case where My is well 
approximated by the p(770) mass, in Ref. |363] it was obtained Ma = 998(49) 
MeV and in Ref. [325] Ma = 920(20) MeV: hence Ma differs appreciably from 
the presently accepted value of Ma^. It is worth to notice that the two first 
relations in Eq. fl6.18p can also be obtained from the requirement that the 
J = 1 axial spectral function in r — )■ SttUt vanishes for large momentum 
transfer 



iv) Both vector form factors contributing to the final states KK7r~ and K~K^7t^ 
in tau decays, when integrated over the available phase space, should also 
vanish at high Q'^. Let us consider H^^{s,t,Q'^) = T^Tj}*, where can be 
inferred from Eq. f l4.5ip . Then we define UviQ"^) by : 

j dU,Hl,{s,t,Q^) = {Q^g,, - Q,Q,) Uv{Q') , (6.19) 

where H 

cPpi (Pp2 d^P: 



/^"^ = /^|f^5MQ-Pl-P2-p3)M^-W-P3)^)M^-W-P2)^) 

dsdt. (6.20) 



4Q2 



3 See Section liXn 
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Hence we find that 



ny(g') = xlgl / dsdt g^''Hl{s,t,Q'), (6.21) 

where the hmits of integration can be obtained from Eq. fl4.63p . should vanish 
aX Q"^ ^ oo. This constraint determines several relations on the couplings that 
appear in the F3 form factor, namely : 

ci - C2 + C5 = , (6.22) 

Nc FyMy 

c,-c,-C5 + 2c6 = (6.23) 

91 + '^92 -9^ = , (6.25) 

Nc My 
192v^7r2 Fy ' ^ ' ' 



If these conditions are satisfied, Ily{Q^) vanishes at high transfer of mo- 
menta for both KKtt^ and K~ K^tt^ final states. We notice that the result 
in Eq. (16.221) is in agreement with the corresponding relation in Ref. [349] . 
while Eqs. fl6.23p and f l6.24p do not agree with the results in that work. In 
this regard we point out that the relations in Ref. |349] . though they satisfy 
the leading matching to the OPE expansion of the {VVP) Green function 
with the inclusion of one multiplet of vector mesons, do not reproduce the 
right asymptotic behaviour of related form factors. Indeed it has been shown 
[354^ 1363] that two multiplets of vector resonances are needed to satisfy both 
constraints. Hence we will attach to our results above, which we consider more 
reliable B 



v) An analogous exercise to the one in iv) can be carried out for the axial-vector 
form factors Fi and F2. We have performed such an analysis and, using the 
relations in i) and ii) above, it gives us back the results provided in Eq. (I6.18P 
for A' and A". Hence both procedures give a consistent set of relations. 



After imposing the above constraints, let us analyse which coupling combinations 
appearing in our expressions for the form factors are still unknown. We intend to 
write all the information on the couplings in terms of F, My and M^. From the 

""^One of the form factors derived from the {VVP) Green function is J>r^-^(g^), that does not 
vanish at high with the set of relations in Ref. [349]. With our conditions in Eqs. (|6.23l6.24p 
the asymptotic constraint on the form factor can be satisfied if the large- A^c masses, Ma and My, 
fulfill the relation 2M\ = 3My, that is again recovered in Chapter [51 It is interesting to notice 
the significant agreement with the numerical values for these masses mentioned above. 
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relations involving Fy, Fa and Gy we obtain : 





Ml 




M1-M2 


Fl 


M2 




M1-M2 






F2 


Ml" 



(6.27) 



Moreover we know that Fy and Gy have the same sign, and we will assume that 
it is also the sign of F^- Together with the relations in Eq. fl6.18p this determines 
completely the axial- vector form factors Fi 2. Now from Eqs. (16.22116.2^ one can fix 
all the dominant pieces in the vector form factor F3, i.e. those pieces that involve 
factors of the kinematical variables s, t or Q^. The unknown terms, that carry 
factors of or ml-, are expected to be less relevant. They are given by the com- 
binations of couplings : Ci + C2 + 8 C3 — C5, di + 8 d2, , and g^. However small 
they may be, we will not neglect these contributions, and we will proceed as follows. 
Results in Ref. [349] determine the first and the second coupling combinations. As 
commented above the constraints in that reference do not agree with those we have 
obtained by requiring that the vector form factor vanishes at high Q^. However, 
they provide us an estimate to evaluate terms that, we recall, are suppressed by 
pseudoscalar masses. In this way, from a phenomenological analysis of a; — t- tt+tt^tt^ 
(see Appendix I U. 3 P it is possible to determine the combination 2 g4 + g^. Finally in 
order to evaluate C4 and g^ we will combine the recent analysis of a (e~^e~ — ?■ KKir) 
by BaBar |585] with the information from the r — KKnUr width |j. 



6.3.1 Determination of C4 and Q/^ 

The separation of isoscalar and isovector components of the e^e" — )■ KKtt am- 
phtudes, carried out by BaBar [585] . provides us with an additional tool for the 
estimation of the coupling constant C4 that appears in the hadronization of the 
vector current |586[ I587j . Indeed, using SU{2)i symmetry alone one can relate 
the isovector contribution to a {e~^e~ — )■ K~K^7i~^) with the vector contribution to 
r (r~ — )■ K^K~tt^Vt-) through the relation : 



dQ 



= /(g2) ^^^^ (e+g- ^ K~K\+) , (6.28) 

F3 



where fiQ"^) and further relations are given in Appendix E. Another relation similar 
to Eq. (16.281) that has been widely used in the literature and the assumptions on 
which it relies are also discussed in this Appendix. In order not to lose the thread 



^When this work was completed, Belle data on the r — > K^K tt j386j decays was not 
available yet. 
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Figure 6.2: Comparison of the experimental data |585j with the theoretical prediction for 
the cross-section of the isovector component of e^e~ — )• K*{^Q2)K — t- KsK^tt^ process, 
for different values of the C4 coupling. The values are associated to the first 6 data 
points only. 



of our discourse, here we will only include the explanation of our methodology to 
determine C4 and g^. 

Hence we could use the isovector contribution to the cross-section for the process 
e~^e~ — )■ KsK^TT^ determined by BaBar and Eq. fl6.28p to fit the C4 coupling that is 
the only still undetermined constant in that process. However we have to take into 
account that our description for the hadronization of the vector current in the tau 
decay channel does not, necessarily, provide an adequate description of the cross- 
section. Indeed the complete different kinematics of both observables suppresses the 
high-energy behaviour of the bounded tau decay spectrum, while this suppression 
does not occur in the cross-section. Accordingly, our description of the latter away 
from the energy threshold can be much poorer. As can be seen in Figure [62] there is 
a clear structure in the experimental points of the cross-section that is not provided 
by our description. 

Taking into account the input parameters quoted in Eq. fl5.34|] we obtain : 
C4 = —0.047 ± 0.002. The fit has been carried out for the first 6 bins (up to 
Ecm ~ 1.52 GeV) using MINUIT [588]. This resuh corresponds to xVdof = 0.3 
and the displayed error comes only from the fit. 

We take into consideration now the measured branching ratios for the KKti 
channels of Table 16.11 in order to extract information both from C4 and g^. We 
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notice that it is not possible to reconcile a prediction of the branching ratios of 
T —7- KKnUr and r — )■ K^n^Ur in spite of the noticeable size of the errors shown 
in the Table 16.11 Considering that the second process was measured long ago and 
that the r~ — ?■ K~tt~Vt- decay has been focused by both CLEO — III and BaBar 
we intend to fit the branching ratio of the latter. For the parameter values : 

C4 = -0.07 ±0.01, 

^4 = -0.72 ±0.20, (6.29) 

we find a good agreement with the measured widths r(r~ — )■ K^K^ti'v^) and 
r(r — )■ K~ K^n^u-r) within errors (see Table 16. ip . Notice that the value of |c4| is 
larger than that obtained from the fit to the e~^e~ — )■ KsK^n^ data explained above. 
In Figure I^T^ we show the first 8 bins in the isovector component of e~^e~ — j- KsK^tt^ 
and the theoretical curves for different values of the C4 coupling. As our preferred 
result we choose the larger value of C4 in Eq. (16. 29 p . since it provides a better agree- 
ment with the present measurement of r(r~ K~ K^n^Ur). Actually, one can 
expect an incertitude in the splitting of isospin amplitudes in the e+e" — )■ KsK^t:^ 
cross-section (as it is discussed in Appendix E). Taking into account this systematic 
error, it could be likely that the theoretical curve with C4 = —0.07 falls within the 
error bars for the first data points. 

Using SU (2)/ symmetry, one can derive several relations between exclusive isovec- 
tor hadronic modes produced in e^e~ collisions and those related with the vector 
current (-F3 form factor) in r decays. One can read them in Appendix E, where 
other relations for the three meson decays of interest are also derived. 



6.4 Phenomenology of r — > KKtiv^ : Results and 
their analysis 

Asymmetric 5-factories span an ambitious r programme that includes the de- 
termination of the hadronic structure of semileptonic r decays such as the KKn 
channel. As commented in the Introduction the latest study of r~ — t- K^K~TT~Vr 
by the CLEO — III Collaboration |464] showed a disagreement between the KS 
model, included in TAUOLA, and the data. Experiments with higher statistics 
such as BABAR and Belle should clarify the theoretical setting. 

For the numerics in this section we use the following values 

F = 0.0924 GeV , Fy = 0.180GeV , FA = 0.149GeV, 
Mv = 0.775 GeV , Mk* = 0.8953 GeV , Ma, = 1.120 GeV. (6.30) 

Then we get A', A" and Aq from the first equalities in Eq. (I6.18p . 

At present no spectra for these channels is available and the determinations of 
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Source 


r(r- ^ K+K-'K-Vr) 






PDG [8] 
BaBar |46Uj 
CLEO - in |464| 
Belle |386j 
Our prediction 


3.103(136) 
3.049 (85) 
3.511 (245) 
3.465(136) 

o 4+0.5 


3.465 (770) 

o 4+0.5 


3.262(521) 

9 p;+0.3 



Table 6.1: Comparison of the measurements of partial widths (in units of 10 GeV) 
with our predictions for the set of values in Eq. (|6.29|) . For earlier references see [S]. 



the widths are collected in Table 16.11 |^. 

We also notice that there is a discrepancy between the BaBar measurement of 
r(r~ — )■ K~ n~ Ut-) and the results by CLEO and Belle. Within SU{2) isospin 
symmetry it is found that r(r~ — )■ K~tt~Vt) = T{t~ — )■ K'^K ti'i/t), which is 
well reflected by the values in Table 16.11 within errors. Moreover, as commented 
above, the PDG data [8] indicate that r(r^ — )■ K" K^n^Ur) should be similar to 
r(r~ — > KKiTUr). It would be important to obtain a more accurate determination 
of the r" — K~ K^n^Ur width (the measurements quoted by the PDG are rather 
old) in the near future. 

In our analyses we include the lightest resonances in both the vector and axial- 
vector channels, namely p(775). A'* (892) and ai(1260). It is clear that, as it happens 
in the r — )■ mnTUr channel (see Chapter [5]), a much lesser role, though noticeable, 
can be played by higher excitations on the vector channel. As experimentally only 
the branching ratios are available for the KKir channel we think that the reflnement 
of including higher mass resonances should be taken into account in a later stage, 
when the experimental situation improves. 

In Figs. I6.3l and l6.4l we show our predictions for the normalized M|;;^^— spectrum 
of the T~ K^K~tt~Vt- and r~ — K" K'^ir^Ur decays, respectively. As discussed 
above we have taken C4 = — 0.07±0.01 and = — 0.72±0.20 (notice that the second 
process does not depend on (74). We conclude that the vector current contribution 



^The Belle Collaboration has compared recently j589] their spectra }386j with our parametriza- 
tion f343j . Good agreement is seen at low-energies and a manifest deviation at s > 2 GeV^ is 
observed. Their comparison shows our prediction for C4 — —0.04 and (74 = —0.5 , that corresponds 
to the values presented in Ref. j491| . This points to a lower value of C4, as obtained in the fit to 
e+e" data (See Fig. 16. 2p and also to a possible destructive interference of the higher-resonance 
states p' and K*\ This issue will be investigated in detail. 
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(Fy) dominates over the axial-vector one {T^) in both channels : 



0.16 ±0.05 



KKn " ~' ' Tv 



= 0.18 ±0.04 , 

K^KOtt 



r(r- ^ K-IWvr) 



1.4 ±0.3, (6.31) 



where the errors estimate the slight variation due to the range in C4 and (74. These 
ratios translate into a ratio of the vector current to all contributions of = 0.86 ± 
0.04 for the KKtt~ channel and /^, = 0.85 ± 0.03 for K'K^ir^ one, to be compared 
with the result in Ref. [M], namely f^^KKir) = 0.20 ± 0.03. Our results for the 
relative contributions of vector and axial-vector currents deviate strongly from most 
of the previous estimates, as one can see in Table 16.21 Only Ref. |500] pointed 
aheady to vector current dominance in these channels, although enforcing just the 
leading chiral constraints and using experimental data at higher energies. 

We conclude that for all r — )■ KKirUr channels the vector component dominates 



T -> K^K tt V 

T 

0,07^ , ^ , ^ 




Figure 6.3: Normalized Mj^j^^-spectra for r — )■ K~^K vr z/,-. Notice the dominance of 
the axial- vector current at very low values of Q^. 



by far over the axial-vector one, though, as can be seen in the spectra in Figs. 16. 3[ 
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I6.4[ the axial-vector current is dominating in the very-low regime. 

Next we contrast our spectrum for — t- K~TX^Vr with that one arising 



Source 




Our result 


6±2 


KS model |433j 


0.6-0.7 


KS model PU] 


0.4-0.6 


Breit-Wigner approach j5()()j 


~ 9 


cvc IHl 


0.20 ±0.03 


Data analvsis [464] 


1.26 ±0.35 



Table 6.2: Comparison of the ratio of vector and axial-vector contribution for r — t- KKnUr 
partial widths. The last two lines correspond to the r~ — )■ K~^K~'k~Ut- process only. 
Results in Ref. |59Uj are an update of Ref. |433j . The result of Ref. [M] is obtained by 
connecting the tau decay width with the CVC related e^e~ — )• KsK^tt"^ (see Appendix 
IC.3p . The analysis in |464| was performed with a parameterization that spoiled the chiral 
normalization of the form factors. 

from the KS model worked out in Refs. [4331 1590] . This comparison is by no means 
straight because in these references a second and even a third multiplet of resonances 
are included in the analysis. As we consider that the spectrum is dominated by 
the first multiplet, in principle we could start by switching off heavier resonances. 
However we notice that, in the KS model, the p(1450) resonance plays a crucial role 
in the vector contribution to the spectrum. This feature depends strongly on the 
value of the p(1450) width, which has been changed from Ref. |433] to Ref. |590] 0. 
In Figure 16.51 we compare our results for the vector and axial- vector contributions 
with those of the KS model as specified in Ref. |590] (here we have switched off the 
seemingly unimportant i^*(1410)). As it can be seen there are large differences in 
the structure of both approaches. Noticeably there is a large shift in the peak of 
the vector spectrum owing to the inclusion of the p(1450) and p(1700) states in the 
KS model together with its strong interference with the p(770) resonance. In our 
scheme, including the lightest resonances only, the p(1450) and p(1700) information 
has to be encoded in the values of C4 and (74 couplings (that we have extracted in 
Subsection I6.3.ip and such an interference is not feasible. It will be a task for the 
experimental data to settle this issue. 
In Figure ES] we compare the normalized full Mj^j^^ spectrum for the r — KKuVj. 
channels in the KS model [590] and in our scheme. The most salient feature is the 
large effect of the vector contribution in our case compared with the leading role of 

^Moreover within Ref. |433j the authors use two different set of values for the p(1450) mass and 
width, one of them in the axial-vector current and the other in the vector one. This appears to be 
somewhat misleading. 
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the axial- vector part in the KS model, as can be seen in Figure I6.5[ This is the 
main reason for the differences between the shapes of M|^^^ spectra observed in 
Figure 16.61 We see in Figures 16.71 and 16.81 that similar patterns are observed in the 
K~K^TT^ hadronic mode. 

As we have taken advantage of in Chapter [5l the plot of the differential 
distribution of the decay rate versus the two-particle invariant masses is a very useful 
tool to learn about the dynamics of these processes. In Figure ES] (from Ref. |326j ) 
we represent the K^tt~ invariant mass distribution for the r~ — K~TT~Vr decays, 
both for our prediction -there is no experimental data we can compare to- and the 
Finkemeier and Mirkes model. Figure 16.91 makes clear how different the dynamics 
contained in the KS model and in our parameterization are. 

Similarly, we present in Figs. 16. lOl and IHTTT] (from Ref. |326] ) the analogous plots 
for the K^Ti~ and K~7r^ invariant mass distributions in the r~ — )■ K^K^Ti~Vr and 

— )■ K~ K^n^Ur decays, respectively. Again, we observe that the physics contained 
in both approaches is pretty different. These are very interesting observables in 
which we expect data from the dedicated studies of B- and tau-charm-factories in 
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Figure 6.5: Comparison between the normalized M^^^-spectra for the vector and axial- 
vector contributions to the r~ — t- K'^ tx^ channel in the KS model |590j and in our 
approach. 



the future 0. 

Our predictions are depicted more clearly in Figs. 16. 12^ 16. 13^ 16.141 for the — )■ 
K^K~TT~Vj. decays and in Figs. 16. 15^ [HTTB| l6.17l for the — )■ K'K^tt^Ut decays. In 
Fig. 16.121 no significant 0(1020) contribution is seen, in agreement to the fact that 
we obtain a vanishing 0(1020) component for the ideal mixing case. On the contrary, 
in Fig. 16.131 the K*^{892) shows neatly in the K^7r~ invariant mass spectrum. As 
expected, no dynamical structure is appreciated in the K~7i~ invariant distribution 
because of the electrical charge involved. While the K*{892) resonance is clearly 
seen in Figs. 16.151 and 16.171 in the K~tt'^ and K^n'^ invariant mass cuts, no similar 
structure can be appreciated in Fig. 16.161 for the K~ , which could be expected 
because no resonance couples strongly to a state with this quantum numbers. 

After this Thesis was defended, Belle data was compared to our prediction [589]. Although 
nice agreement was seen at low values of Q^, there was disagreement above the peak of the curve, 
where we predicted a higher decay rate. This difference is not surprising, since excited resonances 
are not included in our parametrization. Their incorporation is in progress. 
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T -> K K'n V 

T 



— Our result: All contributions 

— KS: All contributions 




Figure 6.6: Comparison between the normalized M^^^-spectra for r — >■ K~^K n Ut in 
the KS model |590j and in our approach. 



6.5 Conclusions 

Hadronic decays of the tau lepton are an all-important tool in the study of the 
hadronization process of QCD currents, in a setting where resonances play the lead- 
ing role. In particular the final states of three mesons are the simplest ones where 
one can test the interplay between different resonance states. At present there 
are three parameterizations implemented in the TAUOLA library to describe the 
hadronization process in tau decays. Two are based on experimental data. The 
other alternative, namely the KS model, though successfuU in the account of the 
TTTTTT final state, has proven to be unsuitable |464] when applied to the decays into 
KKir hadronic states. Our procedure, guided by large Nq, chiral symmetry and the 
asymptotic behaviour of the form factors driven by QCD, was already employed 
in the analysis of r — )■ TTirirUr in Refs. |348] and |362] . which only concern the 
axial- vector current. Here we have applied our methodology to the analysis of the 
r — )■ KKnUr channels where the vector current may also play a significant role. 

We have constructed the relevant Lagrangian involving the lightest multiplets of 
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Figure 6.7: Comparison between the normalized M^^^^-spectra for the vector and axial- 
vector contributions to the — )• K~ K^Tr^VT channel in the KS model |590] and in our 
approach. 



vector and axial-vector resonances. Then we have proceeded to the evaluation of 
the vector and axial-vector currents in the large- A^c* limit of QCD, i.e. at tree level 
within our model. Though the widths of resonances are a next-to-leading effect in 
the 1/Nc counting, they have to be included into the scheme since the resonances do 
indeed resonate due to the high mass of the decaying tau lepton. We have been able 
to estimate the values of the relevant new parameters appearing in the Lagrangian 
with the exception of two, namely the couplings C4 and g^, which happen to be 
important in the description of r — )■ KKirUr decays. The range of values for these 
couplings has been determined from the measured widths r(r" — )■ K'^K'h'i't-) and 
r(r- ^ K-K^Tx'^Vr)- 

In this way we provide a prediction for the — still unmeasured — spectra of both 
processes. We conclude that the vector current contribution dominates over the 
axial- vector current, in fair disagreement with the corresponding conclusions from 
the KS model |590] with which we have also compared our full spectra. On the 
other hand, our result is also at variance with the analysis in Ref. [HI]. There are 



152 



T — )■ (KKir) Ut- decays 



T -> K K 71 V 



0,08 



^ 0,06 
> 

o 
"a 

go,04 

T3 



0,02 



— Our result: All contributions 

— KS: All contributions 


' 1 ' 1 


/ 

1 

1 
1 
1 
1 
1 

— 1 

1 
1 


N 

\ 

\ 

\ 

\ ^ 

\ >v 

/ \ \ 

/ s \ — 

/ \ \ 
/ \ \ 
/ \ \ 
/ \ \ 
/ \ \ 
/ ^ \ 
/ ^ \ 
\ \ 
\ \ 
\ \ — 


— 1 / 

1 / 
1 

1 1 
1 1 
I / 
1 / 

1 1 


\ \ 
\ \ 
\ \ 
\ \ 
\ \ 
\ \ 
s \ 
\ \ 
\ \ 
\ \ 
\ \ — 
\ \ 
\ \ 
\ \ 
\ \ 
\ \ 
\ \ 
s \ 
\ \ 

1 , >^V 



1,5 



2 

M 



2,5 



KKti 



2 2 

(GeV ) 



Figure 6.8: Comparison between the normalized M^^^-spectra for r 
the KS model [59Uj and in our approach. 



K-K^-K^Vr in 



two all-important differences that come out from the comparison. First, while in the 
KS model the axial-vector contribution dominates the partial width and spectra, in 
our results the vector current is the one that rules both spectrum and width. Sec- 
ond, the KS model points out a strong interference between the p(770), the p(1450) 
and the p(1700) resonances that modifies strongly the peak and shape of the Mkk-k 
distribution depending crucially on the included spectra. Not having a second mul- 
tiplet of vector resonances in our approach, we cannot provide this feature. It seems 
strange to us the overwhelming role of the p(1450) and p(1700) states but it is up 
to the experimental measurements to settle this issue. 

Even if our model provides a good deal of tools for the phenomenological analyses 
of observables in tau lepton decays, it may seem that our approach is not able to 
carry the large amount of input present in the KS model, as the later includes easily 
many multiplets of resonances. In fact, this is not the case, since the Lagrangian can 
be systematically extended to include whatever spectra of particles are needed. If 
such an extension is carried out the determination of couplings could be cumbersome 
or just not feasible, but, on the same footing as the KS model, our approach would 
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Figure 6.9: Comparison of our predictions (green) and TAUOLA CLEO (red) for the 
K^TT^ invariant mass (GeV) in the r~ — )• K~^K"TT~Ur decays. The normalization is 
arbitrary. 



provide a parameterization to be fitted by the experimental data. The present stage, 
however, has its advantages. By including only one multiplet of resonances we have 
a setting where the procedure of hadronization is controlled from the theory. This is 
very satisfactory if our intention is to use these processes to learn about QCD and 
not only to fit the data to parameters whose relation with the underlying theory is 
unclear when not directly missing. 
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Figure 6.10: Comparison of our predictions (green) and TAUOLA CLEO (red) for the 
Kgir~ invariant mass (GeV) in the r~ — )• K^K^'k~i't- decays. The normahzation is arbi- 
trary. 
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Figure 6.11: Comparison of our predictions (green) and TAUOLA CLEO (red) for the 
K~TT^ invariant mass (GeV) in the r~ — >• K~ K^n^Vj- decays. The normahzation is arbi- 
trary. 
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Figure 6.12: Our prediction for the K^K (K^K^) invariant mass distribution in tlie 
T~ — )• K~^K~TT~i'r {t~ — )• K^K^TT~ Vt) decays is sliown. 




Figure 6.13: Our prediction for the K^-k {K^tt ) invariant mass distribution in the 
r~ — )• K~^K~'k~iJt- (t~ — )• K^K^tt'Ut) decays is shown. 
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Figure 6.14: Our prediction for the K vr (K^tt ) invariant mass distribution in the 
T~ — )• K~^K~ir~iJT- (r~ — )• K^K^7r~UT-) decays is shown. 
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Figure 6.15: Our prediction for the K tt^ invariant mass distribution in the r 
K~ K^TT^Ur decays is shown. 
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Figure 6.16: Our prediction for tlie K invariant mass distribution in the r — t- 
K~ K^TT^v-r- decays is shown. 
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Figure 6.17: Our prediction for the K^tt^ invariant mass distribution in the r — > 
K~ K^TT^Vr decays is shown. 
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Chapter 7 

T~ T] / T]^ 7r~ TT^ Uj- and 
r~ T] / T]^ r]7T~ Ur decays 

7.1 Introduction 

In this chapter we present the study of the three-meson r decay modes contain- 
ing rj mesons and pions. These are the decays r~ — )■ rjir'Ti^Vj. and r~ — )■ rjrjir'VT-. 
They are really interesting: in the first one, if the exchange of spin- zero resonances 
is neglected, only the vector current participates allowing for a very precise study 
of the odd-intrinsic parity couplings □ and the second one is a rarer decay which, 
if discovered, would allow to study the contribution of scalar resonances, since the 
spin-one exchanges are suppressed by symmetries. 

Although the computation of these modes is much simpler than that of the 2Kti 
decay modes we can extract very precise information from them. As we advanced, 
the r~ — 7- rjir'TT^Ur can only be produced, to a very good approximation, via vec- 
tor current. This mode is measured with an error ~ 13% [8] □, therefore it should 
be an ideal benchmark to learn about the hadronization of the vector current in 
presence of QCD interactions |367j and, in particular, to test the determination of 
the couplings in the vector current resonance Lagrangian done in Chapter [H] and to 
confront it to the results in Chapter [HI However, the branching ratio for this mode 
in the PDG live disagrees with the value in the PDG 2008 within errors (the earlier 
value was (1.81 ±0.24) ■ 10~^ while the new one is (1.39 ±0.10) ■ 10~^), so one should 
be cautious about the strength of the conclusions we reach. On the other side, the 
decay r~ — )■ 777771" i/,- is privileged. There are no vector current contributions and 
the axial-vector current carries only pseudoscalar degrees of freedom in this case, 
being suppressed as ~ /Q^ that is, as ~ m^/Q^ in the spectral function 



^Instead, when scalar and pseudoscalar resonances are considered, their contributions are either 
forbidden by G-parity in the SU(2) symmetry limit or heavily suppressed by the dynamics. Isospin 
symmetry will be assumed in what follows. 

^It is reduced to 7% in the update on PDGlive, http://pdg.lbl.gov/2009/tables/rpp2009- 
sum-leptons.pdf. 
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and branching ratios. This observation makes us to guess □ a suppression at the 
level of four or five orders of magnitude with respect to the same observables in 
— 7- ri7i~7i^Ur. This estimate would yield a branching ratio of 10"^ or smaller, 
four orders of magnitude less than the current lowest branching fraction obtained 
(See Table HIT]) . Given this particular suppression, these decays may constitute a 
suitable place to characterize the effect of spin-zero resonance exchange. Once this 
is done the SM contribution will be properly evaluated and, in future applications, 
one can even think of this decay mode as a very appealing channel to look for new 
physics. 



7.2 Form factors in r — > 7777 n Ur 

We consider |591[ 1592] the process — )■ //(pi) vr~(p2) T^^iPs) ^t- The labeling of 
momenta corresponds to Eq. fl4.52p . The computation is made for 77 = r/g. The rest 
of definitions and normalizations are as usual. 

Because of G-parity the axial- vector current form factors vanish 

= T\%. = Til, = • (7-1) 

In order to see this |367] . one needs to consider the respective G-parities of 
pion and eta: = = —1, and of the (axial-)vector currents Ga^, = — 1 

and Gy^ = +1. The vector form factors are not forbidden by any (approximate) 
symmetry and thus, for instance, one has the contribution of the WZW term, 
Eq. fl2.86p and the resonance exchange contributions in the odd-intrinsic parity sector 
in Eqs. f l3.34p . fl3.35p and fl3.43p without any suppression factor vanishing in the 
isospin limit. Since any isospin-correction to the G-parity forbidden terms in the 
axial-vector current would contribute much less than all others in the vector current 
we neglect the former (as isospin breaking is neglected in any application considered 
in this Thesis). 

For the vector form factor one needs to consider the diagrams analogous to Figures 
I6.1[ a). I^TTl c). 16. li d) and I6.1[ f). where the solid single lines now correspond to n and 
7] mesons. The vector form factors read 



c 



(7.2) 



T^T = ^^.'^.MpI J^,\^ [(ci - + c,)Q^ X (7.3) 

-(ci -C2-c^ + 2cq)u + (ci + C2 + 8C3 - c^)ml + 8C3 [ml - mj)] , 



•^We take into account the relative contribution of the pseudoscalar form factor in the Stt and 
KKtt t decay modes, where the relative suppression is identical. 
''G-parity is only exact in the limit of conserved isospin. 



7.2 Form factors in r — )• 7771 7r"z/^ 161 



(72 (Q' + 2m,2 - m^) - {g^ - g^) 2ml + {2g^ + g^) ml] . 



rp2R _ _■ V Q a ) FyGy 1 

^ {dsiQ^ + u) + {di + 8d2 - d-i)ml + M2{ml - mj)) \ . (7.5) 



To obtain the rji contribution one simply has to multiply the above amplitudes 
by \/2- Then, the matrix element for the decay into the physical hadronic states 
rj7r~7r^ and ri''K~'K^ can be obtained from the previous ones by applying the suitable 
mixing formalism. Here, we consider for simplicity the single-angle mixing scheme, 
so that |?7 ) = cos6'p|?78 ) — sin6'p|?7i ), |?7' ) = sin^p|?78 ) + cos6'p|?7i ) %. In this way, we 



have 



= cos^pT^g + sin^pT^, = {cosOp + sin^pv^j T ~ 0.600T 
Trf = —sinOpTrjg + cosOpTri^ = ^— sin6'p + cos^pV^j T ~ 1.625T, (7.6) 



where T stands for the amplitudes in Eqs. fl7.2p . 07.31) . fl7.4p and fl7.5p . calculated 
for rj = rjg for a value of 6p ~ —15°. 



more realistic study would require the double-angle mixing framework [593j between the 
mass eigenstates jry) and \ri') and the flavour eigenstates liji) and \r]s), in a way consistent with 
the large- A^'c' limit [594j . Ref. [595) includes a description consistent with RxT |596j using the 
latest values from KLOE [597]. This approach is followed in our paper [592]. For a given set 
of values of the Lagrangian couplings, the amplitude for the decay r~ — >■ rj[rj')'r:~ tt'^Vt increases 
(decreases) by ^ 22% 9%) when considering the double-angle mixing scheme. The data favours 
this latter approach. See Ref. |592] for more details. 
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7.3 Short-distance constraints on the couplings 



Following the same procedure as in Sections 15.31 and 16.31 we have found the fol- 
lowing constraints on the vector form factor: 

C125 = Ci - C2 + C5 = , 

Nc MyFv 



C1256 =Ci- C2-C5 + 2C| 



■6 



d: 



3 



967r2 y2F2 

Nc Ml 
1927r2 F2 ' 



fl'123 = 5-1 + 25(2 - 5-3 = 



Nc My 

that are consistent with the values found in the 37r and 2K'k tau decay channels 
previously analyzed and also to those to be found in the P~7 decays in the next 
Chapter. 



7.4 T rjrjTi 

This mode is peculiar because in the chiral limit, it is not generated by the 
axial- vector current. This |367] can be understood by noticing that the axial- vector 
current coupling to three pGs is built up from the structure generating the two- 
meson vector coupling that can not give either 7777 (because it vanishes due to the 
antisymmetric structure in momenta) or r/vr that would have G-parity —1, while 
that of the vector current is +1. This feature is preserved when passing from 
to RxT because it only depends on the couplings of spin-one currents to "pGs and 
selection rules. Moreover, G-parity also forbids all contributions to -F4 including the 
exchange of a vector or axial-vector resonance. 

That is why we only get a contribution in the pseudoscalar form factor F4, that 
is nothing more than the X-P^ result at 0{jP'\ That is 

777.2 

This channel offers us the possibility to evaluate our assumption of neglecting the 
effect of the exchange of spin-zero resonances. Since the xPT result at 0{p'^) will 
give an irrelevantly small branching ratio, we can use this process to study in deep 
the relevance of scalar and pseudoscalar resonances in an appropriate environment 
where its role cannot be masked by any effect induced by vector or axial-vector 
resonances. Specifically, the intermediate states /ovr~ and t/Oq contributions are 
not suppressed. If this decay channel was measured it would be possible to study 
their role. This, however, is not straightforward, since the scalar resonances in the 
Resonance Chiral Theory Lagrangian do not correspond to these ligther states (/o. 
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Oo), which have a predominant qqqq component [564] . 



7.5 Phenomenological analysis 

Unfortunately tliere is no available data for the spectra of any of the decays 
T~ — )■ ri'-K'-K^UT and r~ — )■ -q^'^-K'UT-. We will be thus guided in our study only by 
the figures given by the PDG live, that are: F (r~ — )■ ri7r~ tt^ 1/^-) = 3.15(23) ■ 10~^^ 
GeV and F — )■ ri'-K^-K^Vr) < 1-81 ■ 10~^^ GeV. The first one is dominated by the 
recent measurement made by the BELLE collaboration |448] (which provides us 
with the only available spectra), 3.06(07) • 10~^^ GeV with a high statistics 450 mil- 
lion T-pair data sample. While this reference fixes an upper limit on the branching 
ratio for the mode r~ — )■ rjrjTT'Vj. consistent with the values given above, it does not 
provide any figure for the decay r~ — ?■ Tj'ir^TT^Ur. 

We will use the short- distance constraints obtained in Sect. 17.31 and complement 
them with information got in Ref. |349] as discussed in Chapters [5] and El We will 
employ the relevant values of the coupling constants fixed in Eq. (15.341) and also the 
determination of 2 + = —0.60 ± 0.02 in Chapter El Notice that the determi- 
nation of C4 and g4 in Sect. 16.3. II does not play any role here. 

This way we are left with only two unknowns: the coupling constants C3 and ^2, 
so our phenomenological analysis will we aimed to gain some information on them 
and on their relevance in the spectra of the considered decays. 

First of all we notice that it is not possible to reach the PDG branching frac- 
tion for the rjim mode with these couplings set to zero, since in this case we have 
F (r^ ^ riTT^TT^Ur) ~ 6.970 ■ lO-^^ GeV. 

Then, a detailed study of the allowed region in parameter space for C3 and ^2 
yields that many possibilities are opened for |c3| < 0.06 and \d2\ ^ 0.5, meaning 
that it is possible that one of them is zero while the other not and that it is possible 
that both do not vanish. In this last case, all possibilities of signs and relative signs 
are opened as we illustrate with the following eight benchmark points: 

{C3, ^2} = {0, -0.578}, {0, 0.461}, {-0.0643, 0}, {0.0560, 0}, (7.9) 
{-0.060, -0.040}, {-0.067, 0.030}, {0.060, -0.038}, {0.055, 0.011} . 

For all of them we reproduce the PDG live value within less than one sigma. 

We have checked that for all allowed values of the parameters we obtain a value 
for the decay channel F (r~ — )■ ri'ir'n^Ur) that is above the PDG bound. We believe 
that the discovery of this mode will help to understand if that is a failure of our 
model or an issue in the detection of this mode. For this purpose, the analyses of 
the complete BaBar and Belle data samples will be useful. The values that we 
obtain for F (r~ t]' 7t~ Ur) in units of 10~^^ GeV for the eight benchmark points 
are: 10.92, 8.035, 16.36, 13.32, 15.90, 16.45, 13.65 and 13.31 (in the same order as 
given above). 

In Figs. 17.11 and 17.21 we can see that the coupling that has a bigger impact in 
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the features of the spectrum is C3 while ^2 is only relevant when the former is close 
to zero. This is the reason why in Figs. 17.11 and 17.21 we are labeling only the 
curves with values of C3 that are not close to each other and with ^2 only if C3 ~ 0. 
We note a large correlation between these couplings. As pointed out in Ref. |357j . 
there is anticorrelation between the dependence on these couplings in the radiative 
processes studied in the quoted reference and those we describe here, a feature that 
can be exploited to improve their determination. Analyzing a spectrum it should 
be possible to determine which of the four labeled curves is preferred. And even 
lacking of that, a measurement of the branching ratio for the ti'tt'tt^ mode will serve 
for this purpose as well. 




In Figure [7]3] we show the one-sigma contour for the pdg live branching ratio 
for the mode r~ — )■ t/tt'tt^z/^ in the d2-C3 plane. In Figure 17.41 we check that the 
branching ratio that we obtain for the mode r~ — ti'ti'tt^Vj. is above the pdg bound 
for all allowed values of the parameters (labeled only by the parameter whose impact 
is bigger, C3). 

Next, we have analyzed Belle data on the r~ — >■ 'r]7r~7r^i>r decay spectra. In 
Figure [731 we can see the results of our fit, which yields the values 0^2 = 0.585 ±0.006 
and C3 = —0.0213 ±0.0026 (the errors are only statistical) that is also the one giving 
one of the smallest decay widths for the tj'tt'it^ mode, that is nevertheless a factor 
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Figure 7.2: Spectral function for the decay r~ — )• r]'TT~Tr^i'r using tlie values for the 
unknown couplings corresponding to the eight benchmark points as we define and explain 
in the text. 



of three larger than the PDG upper bound (last curve in Fig. 17.21) |^. Then, we 
conclude that the value of d2 is much larger (in magnitude) than that of C3 and the 
positive sign solution for ^2 is favoured by data. This could be confirmed by fitting 
the low-energy data on cr(e"^e~ — rjn'^Tr') using the results in Appendix E0|^. In 
particular, the relation 



2 f{Q')a{e+e- -> r/vr+vr-) , (7.10) 



dr{T — !■ rj-K Tl Ur) 

dg^ 

where fiQ"^) is given by 

This possibility is illustrated in Figure I7.6[ where we see that four representa- 
tive benchmark points produce different predictions for this cross-section, probably 



^Use of the double-angle mixing scheme j592j allows to obtain a branching ratio only ~ 30% 
above the experimental upper bound while keeping a fit to t~ — > rjn^ir'^Vr data of similar quality. 
The values of the fitted couplings do not change much: d2 ~ 0.449 and C3 = —0.0182 arc found, 
with slightly larger errors. 

^One can proceed conversely and use the data on e'^e'^ annihilation into hadrons to predict the 
corresponding semileptonic tau decays |598l I599j . 

^Although the 77' meson decays to rjn^n^ about 45% of the time, there is no significant con- 
tamination from the chain a{e^e^ — > if — > ?77r+7r~) since, because of C parity it must occur at 
NLO in the a-expansion. 
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Figure 7.3: One-sigma contours for the branching ratio of the decay r rjir tt^i^t in 
the C3-c?2 plane. 



enough to choose which scenario suits better if we had some experimental cross- 
section data to compare with. In addition, we consider also the curve obtained 
using the fit parameters for the spectrum of r~ — 7771" vr^z/^. One observes that the 
latter curve has a clearly smoother behaviour in the highest-energy part of the fig- 
ure, which is limited to E ~ 1.5 GeV since we cannot expect our parameterization 
to give a sensible description of the hadron e+e~ cross-section much beyond this 
energy |343] . In Fig. 17. 71 we compare our prediction to low-energy data from several 
experiments. 

We finish this section by presenting the decay widths as functions of the two- 
particle invariant masses. Since this was not included in the paper [592], these figures 
correspond to the double angle mixing scheme and the best fit values found in that 
reference: C3 = —0.018, ^2 = 0.45 E- In Fig. ED we see the differential decay width 
as a function of the r/vr" invariant mass. In the isospin limit this coincides with the 



^The differences with the preferred single angle mixing scheme results presented in this Thesis 
are tiny. 
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Figure 7.4: The branching ratio for the mode t~ — t- t]' it" Ut is plotted versus the value 
of C3 for all values of C3 (and d2, whose value is not plotted) that yield a branching ratio 
for the decay r~ — )■ ri'K~'K^v.r consistent within one sigma with the pdg live bound. The 
horizontal line for abr = 0.8 • 10~^ represents the current pdg bound and the dashed area 
to the allowed region that excludes all our curves. 



rjiT^ invariant mass distribution. We also show, in Fig. 17.91 the analogous plot as a 
function of the 7r~7r° invariant mass. While in the latter case the contribution of the 
p(770) resonance is appreciated, no hints on underlying dynamical structures can 
be seen on the rjir' and r/vr^ distributions. Figs. 17.101 and 17.111 are analogous for the 
T~ — 7- ?7'7r~7r°z/T- decay. In this case, however, no dynamical structure can be seen: 
in the s (t) distribution, because there is no resonance coupling significantly to the 
r/TT system and, in the u case because the high mass of the 77' (958) makes that the 
maximum allowed value for u is not enough to be sensitive to the p(770) exchange. 
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7.6 Conclusions 

We have worked out the decays r~ — > ri7r~7r^i'T-, t~ — )■ r]'7r~7r^i'r and r~ — )■ 777771"//,- 
within the framework of Resonance Chiral Theory guided by the large- A^^c expan- 
sion of QCD, the low-energy limit given by xPT and the appropriate asymptotic 
behaviour of the form factors that helps to fix most of the initially unknown cou- 
plings. Indeed only two remain free after completing this procedure and having used 
information acquired in the previous chapter. 

We have seen that it is not possible to reproduce the decay width given by the 
PDG on the former mode with both couplings vanishing. Then, we have observed 
that it is quite easy to do that for natural values of these couplings in such a way 
that there is a a whole zone of allowed values in the parameter space for them. 
Using isospin symmetry, we provide a prediction for the low-energy behaviour of 
a{e^e~ — > t/tt+tt"). For any allowed value of the two unknowns in the previous 
study we can not, however, reconcile our prediction for F (r~ — ri'-n'Ti^Vr) with the 
PDG upper bound. We conclude that maybe there was not enough statistics yet for 
it to be detected and that this can happen soon analyzing the data from BaBar and 
Belle. Finally, we find that until we characterize reliably the spin-zero contributions 
through resonance exchange to the process r~ — )■ 777/71" i/^ we cannot exploit the fact 
that the spin-one analogous contributions vanish, making thus this channel a very 
promising place to search for new physics once it is first detected. We plan to tackle 
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Figure 7.6: Having some cross-section data to compare witli, one could tell wliich is the 
preferred scenario for e~^e~ — )• 7]Tr~^'ir~. Noticeably, the curve corresponding to the fit 
parameters obtained in — )■ rjir^-K^UT gives the smoothest behaviour in energy. 



this task elsewhere. 
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Figure 7.7: Prediction for the low-energy behaviour of (T(e^e — )• r]TT~^TT ) based on the 
T- r]-K-7r^Ur decays analysis compared to DM1 [600], ND [MI], DM2 [602], CMD-2 
[603] and BaBar [6OI] data. 
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Figure 7.8: Our prediction for the r/vr" invariant mass distribution in the r~ — t- rjTr'TT^u-j- 
decays is shown. 
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Figure 7.9: Our prediction for tlie vr -k^ invariant mass distribution in tlie r — >• r/vr tt^Uj- 
decays is sliown. 
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Figure 7.10: Our prediction for tlie r]'TT invariant mass distribution in the r 
r}'-K~'K^Uj- decays is shown. 
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Figure 7.11: Our prediction for the vr i:^ invariant mass distribution in the r 
r/'7r~7r''i/T- decays is shown. 



Chapter 8 

T~ P~^iyr decays (P tt, K) 



8.1 Introduction 

In this chapter we will consider the structure dependent (SD) description of the 
r~ —7- P^^Vj. decays (P = tt, K) within the framework of RxT as discussed in ear- 
lier chapters. Until today these channels have not been observed, which is strange 
according to the most nave expectations of their decay rates. To clarify this question 
is the main motivation of our study. We will also pursue a reliable determination of 
the one-meson tau decay widths including a radiated photon. 

The structure independent part of the process has been discussed in Sect. 14.2.11 
We will compute the SD part using the Lagrangians in Eqs. ( I2.66p . fl2.86p . f l3.20p 
0, ^M)^ (EMD and f lX^ . This chapter is based on Ref. [312]. 

As we recall in Sect. I4.2.2[ the relative sign between the IB and SD part moti- 
vated an addendum to |376] . This confusion was motivated by the fact that they did 
not used a Lagrangian approach for the SD part. In any Lagrangian approach this 
should not be an issue. In order to facilitate any independent check, we define the 
convention we follow as the one used by the PDG [S] in order to relate the external 
fields r^,£^ with the physical photon field 

r^ = i^ = -eQA^+..., (8.1) 

where e is the positron electric charge. Determining the relative sign between the 
model independent and dependent contributions is an added interest of our compu- 
tation. 



"'^We refer only to the part involving A and V resonances, as in any application in this Thesis. 
Given the vector character of the SM couplings of the hadron matrix elements in r decays, form 
factors for these processes are ruled by vector and axial-vector resonances. In the t — ^ P~jVt 
decays the relevant form factors are given by a two-point Green function. The study of these [5] 
showed that other quantum numbers play a negligible role. 
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8.2 Structure dependent form factors in r — > tt 7z/^ 



The Feynman diagrams, which are relevant to the vector current contributions to 
the SD part of the r~ — )■ tt~'^Vj. processes are given in Figure 18.11 The analytical 
result is found to be 



iGf e (g) ^^{l - 75) Ur{s)e^,^p e^ik) ky^ F^{t) 
where the vector form-factor Fy{t) is 
Nc 2V2Fv 



Fvit) 



2V2Fv 



(C2 - Ci - C5)t + (C5 - Ci - C2 - 8C3)m^ 



X 



(1 - v^tg^) + ^ (1 + v^cotg^ 



(ci - C2 - C5 + 2cQ)t + (c5 - ci - C2 - 8cs)ml 



Dp{t) 



dst + {di + 8^2 - d'i)m\ 



4^ 

cos^6' /- „\ sin^6' 



Mi 



(1 - V2tge) + ^ (1 + y2cotge 



Here we have defined t = {k + pY = (-^ ~ ^^^d Df>{t) as 

1 



(8.3) 
(8.4) 



Ml-t- iMRTnit) ■ 

rij(t) stands for the decay width of the resonance R. 

For the vector resonances u and 0, we will assume the ideal mixing case for them 
in any numerical application: 



coi = cos9 u! — sm9 c 
Us = sm9 u + cos6' 



3_" 
2 

^ + \l -co . 
3" V 3 



The Feynman diagrams related to the axial- vector current contribution to the 
SD part are given in Figure 18.21 The corresponding result is 

^-MsD^ =G'i.Kde M.,(g) 7^^(1-75) Wr(s)e"(fc) [{t - ml)g^, - 2k^p,] Fl{t) , (8.6) 
where the axial- vector form-factor FJ^lt) is 

(8,7) 
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Figure 8.1: Vector current contributions to r — )■ tt 7//^ 



where we liave used the notation from Eq. fl3.33p for the relevant combinations of 
the couplings in Eq. flalaTjl . 
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Figure 8.2: Axial- vector current contributions to r — tt ^v-y. 



8.3 Structure dependent form factors in r K 71/ 

Although one can read this from Eq. fl4.12p . let us emphasize that the model 
independent part A^m^+^f is the same as in the pion case by replacing the pion 
decay constant with the kaon decay constant F^- A brief explanation about 
this replacement is in order. The difference of and Fj^ is generated by the low 
energy constants and the chiral loops in X-P^ 0, while in the large Nc limit of RxT 
this difference is due to the scalar resonances in an implicit way. Due to the scalar 
tadpole, one can always attach a scalar resonance to any of the "pG fields, which will 
cause the "pG wave function renormalization. A convenient way to count this effect 
is to make the scalar field redefinition before the explicit computation to eliminate 
the scalar tadpole effects. In the latter method, one can easily get the difference 
of Ft^ and Fk- For details, see Ref. |605] and references therein. For the model 
dependent parts, the simple replacements are not applicable and one needs to work 
out the corresponding form factors explicitly. 

The vector current contributions to the SD part of the r~ — K~'^Vj. process are 
given in Figure 18.31 The analytical result is found to be 

iMsj,y = iGf Vuseu.M l^i^ - 75) Ur{s)e^,^p e^ik) ky^ F^{t) , (8.8) 
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where the vector form-factor Fy(t) is 
Nc V2Fv 



247r2Fff FkMv 
1 sin^^ 



(C2 - Ci - C5)t + (C5 - Ci - C2 - 8c3)m^ 

cos^0 



X 



(Ci - C2 - C5 + 2c6)t + (C5 - Ci - C2 - 8c3)m^ 
d^t + (di + 8(^2 - (^3)"^^ 
+ 2y2tg^^ 



i'K 



X 



.9) 



®VAA/ 



A'- 

®VA/WW 



K- 



'J\ <P) 



Figure 8.3: Vector current contributions to r K 7//^. 



The axial-vector current contributions to SD part are given in Figure 
The corresponding analytical result is 

iM^^j,=GpVuseu,M)l^{^-l^)uAs)e\k) [{t-ml)g^,-2k^p,] F^{t), (8.10) 

where the axial- vector form-factor F^(t) is 

2Gv 



P2 



1 



AFk 
, FaFy 



1 cos^6' sin^6' 

p 4> 



V2Fk 

X 



Fv J \Ml ■ Ml ■ I 2Fk 

cos^e ADK,„{t) + sin^eADK.At) 



cos'e ADK,„{t) + sin'e aDk^A^) 



cos^O sin 6 



Af2 



Ml 



X"t + Xqui 



K 



(8.11) 



We have used the notations of Km and Kn for the physical states of i^i(1400) 
and ^1(1270) respectively and the mixing angle 6a is defined in Eq. fl8.12p as we 
explain in the following. 

The KiA state appearing in Eq. f l3.15p is related to the physical states -R'i(1270), 
i\:i(1400) through: 



K^^ = cose A i^i(1400) + sin^A ^^1(1270) . 



(8.12) 
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About the nature of J'ri(1270) and i^i(1400), it has been proposed in Ref. |6U6j 
that they result from the mixing of the states Kia and Kib, where Kia denotes 
the strange partner of the axial vector resonance ai with J^*^ = l"*""*" and Kib is 
the corresponding strange partner of the axial vector resonance bi with = 
However in this work, we will not include the nonet of axial vector resonances with 
J^*^ = 1"*"" |329] . As argued in Ref. |6U6] . the contributions from these kind of 
resonances to tau decays are proportional to the SU (3) symmetry breaking effects. 
Moreover, as one can see later, we will assume SU{3) symmetry for both vector 
and axial- vector resonances in deriving the T-matrix always. For the pGs, physical 
masses will arise through the chiral symmetry breaking mechanism in the same way 
as it happens in QCD. For the (axial-)vector resonances, the experimental values 
will be taken into account in the kinematics. 
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Figure 8.4: Axial-vector current contributions to r K 71/^. 



8.4 Constraints from QCD asymptotic behavior 

In this part, we will exploit the asymptotic results of the form factors from per- 
turbative QCD to constrain the resonance couplings. When discussing the high 
energy constraints, we will work both in chiral and SU{3) limits, which indicates we 
will not distinguish the form factors with pion and kaon, that are identical in this 
case. 

For the vector form factor, the asymptotic result of perturbative QCD has been 
derived in Ref. [SZl [33Z] 

F^(t^-oo) = y, (8.13) 

where F is the pion decay constant in the chiral limit. From the above asymptotic 
behavior, we find three constraints on the resonance couplings 

Cl-C2 + C5 = 0, (8.14) 

V2NcMv , V2Fv ^ 
c,-c, + c,- 2c, = + ---ds , (8.15) 



(8.16) 
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where the constraints in Eqs. fl8.14p . f lS.lSp and fl8.16p are derived from 0{t^), 0(t^) 
and 0{t~^), respectively. Combining the above three constraints, we have 

F=MX^, (8.18) 
where the constraint of Eq. fl8.18p has aheady been noticed in |317t 1337^ 1376] . 

It is worthy to point out different results for the asymptotic behavior of the 
vector form factor F^^^it) have also been noted in different frameworks, such as the 
ones given in Refs. |607[ 1608] . In Refs. |317[ 1337] . the result was obtained in the 
parton picture and unavoidably the parton distribution function for the pion has 
to be imposed to give the final predictions. OPE technique was exploited to ob- 
tain its prediction in |607] . which led to the conclusion that potentially large QCD 
corrections could exist. In |608] . the form factor was discussed by using Bjorken- 
Johnson-Low theorem |609j . Variant methods have also been used to analyze this 
form factor: the corrections from the transverse momentum of the parton were 
addressed in Ref. |61U] : a QCD sum rule method was applied to derive the asymp- 
totic behavior in Ref. |611] . In the present discussion, we focus our attention on 
Refs. |607[ 1608] . while the study for the other results can be done analogously. Al- 
though different results agree with the same leading power of the square momentum 
for large t, behaving as 1/t, they predict different coefficients, such as 

2F 

P^(t^-oo) = — , (8.19) 

from Ref. |607j and 

P^(t^-oo) = ^. (8.20) 

from Ref. [5Ug] . 

By doing the same analyses as we have done by using the Lepage-Brodsky result 
in Eq.f l8.13]) to constrain the resonance couplings, we can straightforwardly get the 
constraints from the short- distance behaviors given in Eqs. fl8.19p - fl8.20p . Apparently 
the matching results given in Eqs. fl8.14p - fl8.15p will stay the same, since they are 
derived from 0{t^) and 0{t^). Comparing with the result of Eq.f l8.16]) from the 
matching of 0{t^^) by using the coefficient in Eq.f l8.13]) . the corresponding results 
by using Eqs. fl8.19p and f l8.20p are respectively 

C2— C1-I-C5 — zcg — ^ H — — — 03 , C2— C1-I-C5 — zcg — ^ H — — — tts ) 

2 a/2 Py My My 4A/2PyMy My 

(8.21) 
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which lead to the foUowing resuhs, in order, by combining Eqs. fl8.14p - fl8.15p 

F = ^q-^ , (8.22) 

(8.23) 




2^2' 



TT 

The formulae displayed in Eq. fl8.18p . Eq.f l8.22p and Eq.f l8.23p provide a simple 
way to discriminate between different asymptotic behaviors. The chiral limit val- 
ues for the pion decay constant F and the mass of the lowest vector multiplet My 
have been thoughtfully studied at the leading order of l/Nc in Ref. [612] . which 
predicts F = 90.8 MeV and My = 764.3 MeV. The different results shown in 
Eq. fl8.18p . Eq. (18.221) and Eq. fl8.23p from matching different short- distance behav- 
iors of Refs. |317[ I6U71 l6U8j deviate from the phenomenology study at the level 
of 5%, 16%, 64% respectively E|, which implies that the short- distance behavior in 
Eq. fl8.13p is more reasonable than the ones in Eqs. fl8.19l) - fl8.20l) . Hence for the 
matching result at the order of 1/t, we will use the one in Eq. fl8.18l) throughout the 
following discussion. However we stress the inclusion of extra multiplets of vector 
resonances or the sub- leading corrections in I/Nq may alter the current conclusion. 

The high energy constraints on the resonance couplings q and di have been 
studied in different processes. The OPE analysis of the VVP Green Function 
gives [319] 

The constraint from — )■ {VP)^^^ study leads to 

if one neglects the heavier vector resonance multiplet |613] . 

The results from the analysis of r~ — )■ [KK'K)~Vr are |361[ 1586] 



C5 - C6 



NcMyF^ 



V 



192\/27r2F2 ' 



It is easy to check that the results of Eqs. (18.261) and fl8.27p are consistent. Combining 



^The results are mildly changed when estimating the values of F and My by F^^ and Mp 
respectively, as expected. 
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Eqs.dHlZD and (K^ leads to 



C5 - ce 



NgMy 

64\/27r2Pi 



where the constraint of C5 — Cg is consistent with the result from the OPE analysis 
of the VVP Green Function |349j . while the result of ^3 is not If]. 

By demanding the consistency of the constraints derived from the processes of 
— )■ P~'~iVr and T~ — )■ {yP)~Ur given in Eg. (18.281) and the results form r~ — )■ 
{KKn)~iyr given in Eq. fl8.27p . we get the following constraint @ 

Fv = VSF . (8.29) 



If one combines the high energy constraint from the two pion vector form factor 

FvGv = P' , (8.30) 



and the result of Eq. (l8.29p we get here, the modified KSRF will be derived 

p = v^G'v, (8.31) 



which is also obtained in the partial wave dispersion relation analysis of vrvr scatter- 
ing [ETl] . 

Although the branching ratios for the modes r — ?■ P^Vt we are discussing should 
be higher than for some modes that have been already detected, they have not been 
observed yet. Lacking of experimental data, we will make some theoretically and 
phenomenologically based assumptions in order to present our predictions for the 
spectra and branching ratios. 

Taking into account the previous relations one would have Fy{t) in terms of 
Ci + C2 + 8C3 — C5 and di + 8^2 — d^. For the first combination, Ci + C2 + 8C3 — C5 = 
ci + 4c3 (ci — C2 + C5 = has been used), the prediction for ci + 4c3 in [349] yields 
ci + C2 + 8C3 — C5 = 0. In Ref. [349^ the other relevant combination of couplings 
is also restricted: di + 8^2 — d^ = In Fy{t) C4 appears, in addition. There is 
a phenomenological determination of this coupling in our work on the KKtt decay 
modes of the r [586]: C4 = -0.07 ± 0.01. 

Turning now to the axial-vector form factor, in both channels it still depends on 
four couplings: Pa, Ma, X" and Aq. If one invokes the once subtracted dispersion for 
the axial vector form factor, as done in Ref. |376j . one can not get any constraints 
on the resonance couplings from the axial vector form factors given in Eqs. (18.7(1 and 

•^However, the difference on the numerical value of both predictions is small, ~ 16% and the 
impact of such a difference in any observable in the considered processes is extremely tiny. 
*It has also been obtained in Refs. [3251 1565] . 
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(18. lip . In fact by demanding the form factor to satisfy tlie unsubtracted disper- 
sion relation, which guarantees a better high energy limit, we can get the following 
constraint 

which has been already noted in [338]. 

In order to constrain the free parameters as much as possible, we decide to exploit 
the constraints from the Weinberg sum rules (WSR) |341] : Fy — F\ = F'^ and 
M2 - MlFl = 0, yielding 

= 2F^ = . (8.33) 

For the axial vector resonance coupling Aq, we use the result from Ref. |338[ 1362] 

Ao = . (8.34) 

To conclude this section, we summarize the previous discussion on the high energy 
constraints 



73' ^ ^ ' ^ VN^ ' " 



c 



1 1 ^/N~c 



In the above results, we have discarded the constraint in Eg. (18.25]) . which is the only 
inconsistent result with the others. 



8.5 Phenomenological discussion 

Apart from the parameters we mentioned in the last section, there is still one free 
coupling 6a, which describes the mixing of the strange axial vector resonances in 
Eq. (I8.12P . The value of 9a has already been determined in literature |6U6t 1613^ 1615] . 
We recapitulate the main results in the following. 

In Ref. |606] . it is determined 9a ~ 33°. In Ref. |613] . |6'^| ~ 58.1° is determined 
through the considered decays t~ — )■ (VP)^z/^. In Ref. |615] . the study of r — )> KiUt 
gives I^aI =58° 3-8 the two possible solutions. The decay D ^ Kiir allows to conclude 
that 9a must be negative and it is pointed out that the observation of — )■ K^7r~^ 
with a branching ratio ~ 5 ■ 10~^ would imply 9a ~ —58°, in agreement with |616] . 
investigating the Ki — )■ Knir decays. However, another analyses in Ref. |617] finds 
that the current measurement of — )■ /('f (1400)7r+ |8] favors a mixing angle of 
—37° over —58°, a conclusion which is also supported by Ref. |618] . In this respect, 
the relation 



r J/^ ^ K^(UOO)K 



(8.36) 
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would be very useful to get 6a, once these modes are detected. 



8.5.1 Results including only the WZW contribution in the 
SD part 

As it was stated in Sects. 14.2.21 and 18.11 it is strange that these modes have not 
been detected so far. The most naive and completely model independent estimate 
would just include the IB part and the WZW contribution to the VV part, as the 
latter is completely fixed by QCD. We know that doing this way we are losing the 
contribution of vector and axial-vector resonances, that should be important in the 
high-x region. However, even doing so one is able to find that the radiative decay 
T~ — 7r~7i/^ has a decay probability larger than the mode r~ — )■ K'^ K~ K~ u^-^ For 
a reasonably low cut on the photon energy this conclusion holds for the r~ — ?• i^~7z/^ 
as well. 

Before seeing this, we will discuss briefly the meaning of cutting on the photon 
energy. A cut on the photon energy was introduced in Sect. 14.2.21 As it is well know 
\<619\ I62U] the IR divergences due to the vanishing photon mass cancel when consid- 
ering at the same time the non-radiative and the radiative decays. In practice, this 
translates into mathematical language the physical notion that the detectors have 
a limited angular resolution that defines a threshold detection angle for photons. If 
one considers a photon emitted with a smaller angle it should be counted together 
with the non-radiative decay as it is effectively measured this way. The sum is of 
course an IR safe observable. The splitting depends on the particular characteris- 
tics of the experimental setting. Obviously, the branching fraction for the radiative 
decay depends on this cut-off energy. We will consider here the case E^thr = 50 
MeV, that corresponds to x = 0.0565. In order to illustrate the dependence on 
this variable, we will also show the extremely conservative case of i?^thr = 400 
MeV {x = 0.45). In Figure 18.51 we see the radiative vr decay for a low value of 
X, while in Figure 18.61 we plot it for the high-x case. In the first case we obtain 
r (r~ —7- ir^^Ur) = 3.182 ■ 10"^^ GeV, and in the second one we are still above the 
bound marked by the 3K decay, F (r~ — )■ 7r~7z/^) = 3.615 ■ 10~^^ GeV. Proceeding 
analogously for the decays with a K~ , we find: F (r" K~^Vt) = 6.002 ■ 10^^^ 
GeV for E^thr = 50 MeV (Figure ES]), and F (r^ K'-fu^) = 4.589 ■ 10"^^ GeV 
for -E-ythr = 400 MeV. For any reasonable cut on these modes should have al- 
ready been detected by the i?-factories. 



Already at this level of the phenomenological analysis, the question of the accu- 
racy on the detection of soft photons at 5-factories |621] arises. An error larger than 
expected (here and in some undetected particle interpreted as missing energy, in ad- 



^see Table mH T (r" ^ K+K-R-Vr) = 3.579(66) • IQ-i^ GeV. 
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Figure 8.5: Differential decay widtli of tlie process r~ — )■ 7r~'~fUr including only the 
model independent contributions for a cut-off on the photon energy of 50 MeV. In 
the vector form factor only the WZW term is considered for this estimate. The 
interference contribution is negative. It can be appreciated in Fig. 18.61 



dition to a gaussian treatment of systematic errors) could enlarge the uncertainty 
claimed on the measurement of t~Vt- |8] when combining the Belle |622[ 1623] 

and BaBar measurements |624[ I625[ 1626] taking it closer to the standard model 
expectations. 



8.5.2 Results including resonance contributions in the tt chan- 
nel 

Next we include also the model-dependent contributions. Since in the Kaon 
channel there are uncertainties associated to the strange axial-vector off-shell width 
and to the mixing of the corresponding light and heavy states we will present first 
the pion channel where there is not any uncertainty of these type and everything is 
fixed in an analogous fashion to what discussed in the preceding chapters. 

In Figs. 18.9118. 12l the resulting photon spectrum in the process t~ — )■ 7r~7z/^ is 
displayed. In Figure [8l9| all contributions are shown for a cutoff on the photon energy 
of 50 MeV. For "soft" photons {xq < 0.3) the internal bremsstrahlung dominates 
completely. One should note that for very soft photons the multi-photon production 
rate becomes important, thus making that our 0{a) results are not reliable too close 
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Figure 8.6: Differential decay width of the process r~ — )■ 7r~'~fUr including only the 
model independent contributions for a cut-off on the photon energy of 400 MeV. In 
the vector form factor only the WZW term is considered for this estimate. 



to the IR divergence x = 0. We agree with the results in DF papers, for the same 
value of a to the three significant figures shown in Ref. |376] . 

The spectrum is significantly enhanced by SD contributions for hard photons 
{^0 ^ 0.4), as we can see in the close-up of Figure 18. 9^ in Figure 18.101 In Figure 
18.111 we show that the vector current contribution mediated by vector resonances 
dominates the SD part, while in Figure 18.121 we plot the interference term between 
bremsstrahlung and SD part. If we compare the predicted curves to those in Ref. 
|376] we see that the qualitative behaviour is similar: the IB contribution dominates 
up to X ~ 0.75. For larger photon energies, the SD -that is predominantly due to 
the VV contribution- overcomes it. We confirm the peak and shoulder structure 
shown at x ~ 1 in the interference contribution, that is essentially due to IB — V 
term, and also in the VA term, that is in any case tiny. 



While the integration over the IB needs an IR cut-off, the SD part does not. 
We have performed the integration over the complete phase space, yielding (all 
contributions to the partial decay width are given in units of the non-radiative 
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Figure 8.7: Differential decay widtli of tlie process r~ — )■ K~'^Vr including only the 
model independent contributions for a cut-off on the photon energy of 50 MeV. In 
the vector form factor only the WZW term (where the axial-vector contribution is 
absent) is considered for this estimate. The interference contribution is negative. It 
can be appreciated in Fig. 18.81 



decay, here and in what follows): 



r^^y = 0.99-10~^ Fy^ = 1.45-10-^ ~ , F^^ = O.IS-IQ-^ ^ F^d = l-14-lO-^ 

(8.37) 

Our number for Tsd lies between the results for the monopole and tripole parametriza- 
tions in Ref. |376] . However, they get a smaller (larger) l^V^(Ayl) contribution than 
we do by ~ 20% (~ 200%). This last discrepancy is due to the off-shell ai width 
they use. In fact, if we use the constant width approximation we get a number very 
close to theirs for the AA contribution. With our understanding of the ai width in 
the r — 7- SnUr observables, we can say that their (relatively) high AA contribution 
is an artifact of the ad-hoc off-shell width used. Since the numerical difference in 
varied vector off-shell widths is not that high, the numbers for VV are closer. 
The numbers in Eq.f l8.37]) are translated into the following branching ratios 



BRyy (r 7r7z/^) = 1.05 ■ 10"^ , BRaa (r -> vr7z/^) = 0.15 ■ 10^^ (8.38) 
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Figure 8.8: Differential decay widtli of tlie process r~ — K~'^Vr including only the 
model independent contributions for a cut-off on the photon energy of 400 MeV. In 
the vector form factor only the WZW term (where the axial-vector contribution is 
absent) is considered for this estimate. 



We can also compare the VV value with the narrow width estimate: taking into 
account the lowest lying resonance p we get 

BRvv {t t^IVt) ~ BR{t pUr) x BR{p -)■ 717) ~ BR{t 7r~ tt° Ur) B R{p -> 717) 
~ 25.52% X 4.5 -10^^ = 1.15 ■10-^ (8.39) 

which is quite a good approximation. 

In Table 18.11 we give the display for two values of the photon energy cut-off how the 
different parts contribute to the total rate. For a low-energy cut-off the most of the 
rate comes from IB while for a higher-energy one the SD parts (and particularly 
the VV contribution) gains importance. While the VA contribution is always neg- 
ligible, the IB — V, IB — A and the SD parts VV and AA have some relevance for 
a higher-energy cut-off. 

In Figs. I8.13H8.16] we show the pion-photon invariant spectrum. We find a much 
better separation between the IB and SD contributions as compared with the pho- 
ton spectrum in the previous Figs. 18.91 to 18.121 Then, the pion-photon spectrum is 
better suited to study the SD effects. In this case, the VA is identically zero, since 
this interference vanishes in the invariant mass spectrum after integration over the 
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Figure 8.9: Differential decay widtli of tlie process r — ?■ vr 71^^ including all con- 
tributions for a cut-off on the photon energy of 50 MeV. 





xo = 0.0565 


Xo = 


0.45 


IB 


13.09 ■ 10-3 


1.48 - 


10-3 


IB-V 


0.02 ■ 10-3 


0.04- 


10-3 


IB-A 


0.34-10-3 


0.29- 


10-3 


VV 


0.99 - 10-3 


0.73- 


10-3 


VA 


~ 


0.02- 


10-3 


AA 


0.15 - 10-3 


0.14- 


10-3 


ALL 


14.59 - 10-3 


2.70- 


10-3 



Table 8.1: Contribution of the different parts to the total rate, using two different cut-offs 
for the photon energy: = 50 MeV (xq = 0.0565) and = 400 MeV {xq = 0.45). 



other kinematic variable. Of course, in the VV spectrum we see the shape of the 
p contribution neatly, as one can see in Figure 18.151 where, on the contrary, the ai 
exchange in A A has a softer and broader effect. The IB — SD radiation near the 
Oi is dominated by IB — A, which gives the positive contribution to the decay rate. 
While near the energy region of the p resonance, we find the IB — SD contribution 
to be negative as driven by IB — V there. In the whole spectrum only the p reso- 
nance manifests as a peak and one can barely see the signal of the ai, mainly due 
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T -> P 7z/t- decays (P = vr, K) 
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Figure 8.10: Differential decay width of tlie process — ?■ 7i~'-fi'r including all 
contributions for a cut-off on the photon energy of 400 MeV. 



to its broad width and to the counter effect of interferences. 



8.5.3 Results including resonance contributions in the K 
channel 

Next we turn to the — K~'-)Vt- channel. In this case, there are several sources 
of uncertainty that make our prediction less controlled than in the r~ — j- tt~'-)Vj. 
case. We comment them in turn. 

Concerning the vector form factor contribution, there is no uncertainty associ- 
ated to the vector resonances off-shell widths, that are implemented as done in 
previous applications and described in Appendix C. It turns out that the SD part 
is extremely sensitive to C4. We have observed that the VV contribution is much 
larger (up to one order of magnitude, even for a low-energy cut-off) than the IB 
one for C4 ~ —0.07, a feature that is unexpected. In this case, one would also see 
a prominent bump in the spectrum, contrary to the typical monotonous fall driven 
by the IB term. For smaller values of \ci\ (which are suggested by the comparison 
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Figure 8.11: Differential decay width of the process — 7T~'~fUr including only the 
structure dependent contributions for a cut-off on the photon energy of 50 MeV. 



to Belle data on r — )■ KKirUr decays) this bump reduces its magnitude and finally 
disappears. One should also not forget that the addition of a second multiplet of 
resonances may vary this conclusion. 

The uncertainty in the axial-vector form factors is two-folded: on one side there 
is a broad band of allowed values for 9a, as discussed at the beginning of this sec- 
tion. On the other hand, since we have not performed the analyses of the decay 
r — )■ KirnUr modes yet, we do not have an off-shell width derived from a Lagrangian 
for the KiA resonances. In the r — > Sttz/,- decays, T^^ has the starring role. Since 
the KiA meson widths are much smaller (90 ± 20 MeV and 174 ± 13 MeV, for the 
i<'i(1270) and ii'i(1400), respectively) and they are hardly close to the on-shell con- 
dition, the rigorous description of the width is not an unavoidable ingredient for a 
reasonable estimate. 

With respect to the two uncertainties just commented, we have checked that the 
branching ratio contribution by AA (that is subdominant) is ~ 20% higher for the 
l^^l ~ 37° solution. In this case, the corresponding AA differential distribution 
peaks at a slightly larger x, and the curve is lower in the 0.4 o 0.55 region. In 
any case, different choices of \9a\ can barely influence the final conclusions, as it is 
illustrated in Table 18.21 
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T — )• P 7Z/^ decays (P = vr, K) 



X -> 71 YV 
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Figure 8.12: Differential decay width of tlie process — j- n^'-fUr including only the 
interference contributions for a cut-off on the photon energy of 50 MeV. 





xo = 0.0565 


Xo = 0.0565 


Xo = 0.45 


Xo = 0.45 




C4 = -0.07 


C4 = 


C4 = -0.07 


C4 = 




\9a\ = 58°(37°) 


\9a\ = 58°(37°) 


\9a\ = 58°(37°) 


\9a\ = 58°(37°) 


IB 


3.64-10-3 


3.64 - 10-3 


0.31 - 10-3 


0.31 - 10-3 


IB-V 


0.69-10-3 


0.10 - 10-3 


0.83-10-3 


0.12 - 10-3 


IB- A 


0.22(0.25) - 10-3 


0.22(0.25) - 10-3 


0.15(0.18) - 10-3 


0.15(0.18) - 10-3 


VV 


58.55 - 10-3 


1.30 - 10-3 


29.04 - 10-3 


0.66 - 10-3 


VA 


~ 0(~ 0) 


~ 0(~ 0) 


0.09(0.09) - 10-3 


0.01(0.01) - 10-3 


AA 


0.13(0.16) - 10-3 


0.13(0.16) - 10-3 


0.12(0.15) - 10-3 


0.12(0.15) - 10-3 


ALL 


63.23(63.29) - 10-3 


5.39(5.45) - 10-3 


30.54(30.60) - 10-3 


1.37(1.43) - 10-3 



Table 8.2: Contribution of the different parts to the total rate in the decay t~ — t- K~^Vt- 
(in unit of Tt^ku)-, using two different cut-offs for the photon energy: = 50 MeV 
(xo = 0.0565) and E^/ = 400 MeV (xq = 0.45) and also different values of the resonance 
couplings. The numbers inside the parentheses denote the corresponding results with 
= 37°, while the other numbers are obtained with I^aI = 58°. 



For the Kia off-shell widths we will follow Ref. |613] and use 
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Figure 8.13: Pion-photon invariant mass spectrum of tlie process — )■ 7r~7z/T- 
including all contributions. The VA contribution vanishes identically as explained 
in the main text. 



where 



<Jpq{x) = - ^{x-{P + QY){x-{P-QY)e [x-{P- Qf] . (8.41) 



Considering all the sources of uncertainty commented, we will content ourselves 
with giving our predictions for the two limiting cases of C4 = —0.07 and C4 = 0. We 
present the analogous plots to those we discussed in the — ^ tt^^Ut channel for 
both C4 values. 
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T P 7z/t- decays (P = vr, K) 
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Figure 8.14: Close-up of the pion-photon invariant mass spectrum of the process 
T~ 7r~7i/^ including all contributions for \/i > 1 GeV. The VA contribution 
vanishes identically as explained in the main text. 



8.6 Conclusions 

In this chapter we have studied [342] the radiative one-meson decays of the r: 
— [it/ K)~'~fUT-. We have computed the relevant form factors for both channels 
and obtained the asymptotic conditions on the couplings imposed by the high-energy 
behaviour of these form factors, dictated by QCD. The relations that we have 
found here are compatible with those obtained in previous chapters in the other 
phenomenological applications considered in this Thesis. 

One of our motivations to examine these processes is that they have not been 
detected yet, according to naive estimates or to Breit-Wigner parametrizations. We 
have checked the existing computations for the IB part. Adding to it the WZW 
contribution, that is the LO contribution in xPT coming from the QCD anomaly, 
we have estimated the model independent contribution to both decays, that could 
be taken as a lower bound. The values that we obtain for the tt channel are at least 
one order of magnitude above the already-observed ?)K decay channel even for a 
high-energy cut-off on the photon energy. In the K channel, the model independent 
contribution gives a BR larger than that of the 'diK decay channel, as well. Only 
imposing a large cut-off on one could understand that the latter mode has not 
been detected so far. We expect, then, that future measurements at S-factories will 
bring us the discovery of these tau decay modes in the near future. 
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Figure 8.15: Pion-plioton invariant mass spectrum of the process — ?■ 7r~7z/T- 
including only the SD contributions. The VA contribution vanishes identically as 
explained in the main text. 



We do not have any free parameter in the r~ — )■ 7r~7i/T- decay and that allowed 
us to make a complete study. Since the IB contribution dominates, it will require 
some statistics to study the SD effects. In this sense, the analysis of the tt — 7 
spectrum (t-spectrum) is more promising than that of the pure photon spectrum 
(x-spectrum) , as we have shown. We are eager to see if the discovery of this mode 
confirms our findings, since we believe that the uncertainties of our study are small 
for this channel. 

Our most important result is that the inclusive one-pion decay of the tau gets a 
correction of 5^ = 1.459-10"^ for iJ™*" = 50 MeV, in such a way that T (r~ — )• tt^ (7)^'r) = 
r (r^ — > n^UT-) (1 + St,). Other values of can be obtained from the authors 

upon request. 

As expected, the higher mass of the Kaon makes easier the observation of SD 
effects. However, there are several sources of uncertainty in the r~ — )■ K~'^Vr decays 
that prevent us from having done any quantitative analysis. The most important 
one either rises some doubts about the value of C4, a parameter describing the SU (3) 
breaking effect, obtained in Ref. [343] or on the sufficiency of one multiplet of vector 
resonances to describe this decay. As we have shown, the value of this coupling 
affects drastically the strength of the VV (and thus the whole SD) contribution. 
Besides, there is an uncertainty associated to the broad band of allowed values for 
9a. However since the AA contribution is anyway subleading, that one is negligible 
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Figure 8.16: Pion-photon invariant mass spectrum of the process r — )■ tt 7//^- 
including only the interference contributions . 
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Figure 8.17: Differential decay width of the process — ?■ K~'^Vj. including all 
contributions for a cut-off on the photon energy of 50 MeV and C4 = (left pane) 
and C4 = —0.07 (right pane). 
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T -> K y T -> K y 



All contributions 




Figure 8.18: Differential decay width of tfie process r~ — )■ K~'-^Vr including all 
contributions for a cut-off on the photon energy of 400 MeV and C4 = (left pane) 
and C4 = —0.07 (right pane). 
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Figure 8.19: Differential decay width of the process r" — > K~'^Vt- including only 
the structure dependent contributions for a cut-off on the photon energy of 50 MeV 
and C4 = (left pane) and C4 = —0.07 (right pane). 



with respect to that on C4. Even smaller is the error associated to the off-shell width 
behaviour of the axial- vector neutral resonance with strangeness, Kih,l- Since we 
have not calculated the relevant three meson decay of the tau, we do not have this 
expression within RxT yet. We took a simple parametrization including the on-shell 
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T P 7z/t- decays (P = vr, K) 



T -> K Y T -> K y 




Figure 8.20: Differential decay widtli of tlie process — K'^yUr including only the 
interference contributions for a cut-off on the photon energy of 50 MeV and C4 = 
(left pane) and C4 = —0.07 (right pane). 




Figure 8.21: Kaon-photon invariant mass spectrum of the process r~ — )■ K~'^i'^ 
including all contributions for C4 = (left pane) and C4 = —0.07 (right pane). The 
V A contribution vanishes identically as explained in the main text. 



cuts corresponding to the decay chains Kih,l — >■ {pK/K*7i). Since the effect of C4 is 
so large, we expect that once it is discovered we will be able to bound this couphng. 

As an application of this work, we are working out |342j the consequences of our 
study in lepton universality tests through the ratios F (r~ — )■ 7r~i/^7) /F (tt^ — /i~z/^7) 
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Figure 8.22: Close-up of the Kaon-photon invariant mass spectrum of the process 
— ^ K'^yUj. including all contributions for ^/t ^ 1 GeV and for C4 = (left pane) 
and C4 = —0.07 (right pane). The VA contribution vanishes identically as explained 
in the main text. 
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Figure 8.23: Kaon-photon invariant mass spectrum of the process r~ — ?■ K~'^i'j. 
including only the SD contributions for C4 = (left pane) and C4 = —0.07 (right 
pane). The VA contribution vanishes identically as explained in the main text. 



and r (r~ — )■ K~i'r'^) /T {K~ — >■ /i~i/^7) that were also considered by DF |382] and 
Marciano and Sirlin [371 1627[ 1628] . The ratio between the decays in the denomi- 
nators within have been studied by Cirigliano and Rosell |629[ 1630] and the 
radiative pion decay within RxT by Mateu and Portoles |363j recently. The radia- 
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T P 7z/t- decays (P = vr, K) 




Figure 8.24: Kaon-photon invariant mass spectrum of the process — tt^^Ut 
including only the interference contributions for C4 = (left pane) and C4 = —0.07 
(right pane). 



tive pion/Kaon decay has been studied in xPT at 0(p'^) within SU{2) [631] and 
5* [7(3) [632] symmetry groups. This result has been used in Ref . |633] to revise the 
radiative pion decay including electroweak radiative corrections |634] as well as a- 
suppressed contributions to the IB part [635] . 
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In this Thesis we have studied some decays of the r into hadrons. Besides 
their intrinsic interest we were motivated by the possibihty of learning about QCD 
hadronization in a clean environment provided by the t — Ut — W coupling that 
keeps part of the process unpolluted from QCD. Moreover, since the resonances 
are not asymptotic states this kind of processes is an ideal tool to learn about their 
properties since its influence through exchange between the L'^ current and the final 
state mesons is sizable. Another target of our study was to provide the experimen- 
tal community with an adequate theoretical tool to analyze these decays, in a time 
where there has been a lot of works from the S-factories BaBar and BELLE and 
the upgrade of the latter and the future results from BES — III seem to point to 
an even more productive era. Since the description of hadron currents in the Monte 
Carlo generator TAUOLA needed an improvement we wanted to work in this direc- 
tion, as well. Finally, the low-energy e^e~ cross section in the Monte Carlo generator 
PHOKH ARA |636] did not have all desirable low-energy constraints implemented 
for some modes |5U7[ I637[ I638[ 1639] . With the new efforts to measure with great 
precision this cross section exclusively in VEPP, DA^NE and the 5-factories there 
was also a need to improve this low-energy interval of the form factors. We have 
worked in all these directions with the results that are summarized in the following. 

Our task is rather non-trivial from the theoretical point of view since: first, the 
fundamental theory, QCD is written in terms of hadrons, while we measure mesons. 
Second, a perturbative expansion in the coupling constant of the QCD Lagrangian 
will not converge at the low and intermediate energies we are interested in, so that 
we need to find an alternative expansion parameter to work in an EFT framework 
using the active fields in this range of energies as degrees of freedom and keeping 
the symmetries of the fundamental theory. Third, although it is clear how to build 
an EFT for low-energy QCD based on the approximate chiral symmetry of this 
subsector, it is not so when going to higher energies. Four, a promising parameter, 
as it is 1/Nc, succeeds in explaining qualitatively the most salient features of meson 
phenomenology but it is difficult to apply it quantitatively since its predictions at 
lowest order are contradictory to the Weinberg's approach to EFTs: while LO in 
the I/Nq expansion predicts an infinite tower of infinitely narrow resonances, the 
EFTs require just the relevant fields. Besides, only a few excited resonances are 
known for every set of quantum numbers so there is no model independent way to 
satisfy the Nc oo requirements, either. As a conclusion on this point we must 
admit that it will be necessary to model the 1/Nc expansion. One realizes that we 
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have traded the problem of not having a suitable expansion parameter by having it, 
although lacking an unambiguous way to perform the expansion even cutting it at 
lowest order. 

From the phenomenological point of view there are also some subtleties that 
require a caveat: while for some decay modes there is already a lot of very pre- 
cise information that allows us to do a precision study (r — )■ ttttUt-, t — > KttUt-, 
T —7- TTTTirUr), ioT othcr modes the situation is not that clear , like for instance the 
r — >■ KKnVr decays that would have helped to fix the vector current sector. Since 
that was not possible we turned to the channels r — rjiriri'T- where there is only 
vector current contribution in the isospin conserved limit that proved to be helpful. 
One should also bear in mind that the interplay between Monte Carlo generation and 
signal extraction is important and since the Monte Carlo relies on a given model for 
the signal to background splitting this brings in additional uncertainties, specially 
in the case where both currents can in principle contribute sizably to the decay as 
in r — )■ KKttVt-, or in rare decays where there can be an important background in 
some phase space corners from other modes. All this would suggest the following 
approach: The Monte Carlo generators having some variety of reasonable hadron 
currents and the fit to all relevant modes being made at a time. Since this is not 
possible yet, one should not take all conclusions from partial studies as definitive. 

The considerations in the two previous paragraphs do not mean at all that there 
is no point in carrying these investigations on. The essential thing will be to rec- 
ognize which conclusions are firm and which can be affected by any of the errors 
commented above. Our approach has as many QCD features as we have been able 
to capture and they are more than in other approaches which justifies our labor and 
brings in its interest. We will emphasize its virtues next. 

Our approach includes the right low-energy behaviour inherited from xPT . This 
is essential because a mismatch there is carried on by the rest of the curves. It fol- 
lows the ideas of the large- A'^c limit of QCD and implements them in order to have 
a theory of mesons: including the lighter pGhs and the light-flavoured resonances. 
Therefore it has the relevant degrees of freedom to describe the problem. The theory 
built upon symmetries does not have yet all QCD features we can implement. To 
do so, we require a Brodsky-Lepage behaviour to the form factors. This warrants 
the right short-distance vanishing and determines some couplings which makes the 
theory more predictive. Our approach to the large- iVc limit of QCD is guided by 
simplicity on the spectrum (we include the least number of degrees of freedom that 
allows for a description of the data) and by the off-shell widths that are derived 
within RxT. In the remainder of the introduction we highlight the most relevant 
contributions we have made during our study. 

First of all, we have fixed the axial-vector current sector making theoretical pre- 
dictions and the description of observables compatible. There was an inconsistency 
between the relations obtained in the Green function < VAP > and the description 
of the r —7- TTirirUj. observables. We have found the way to understand both at a time 
and, remarkably, these relations do not only hold for all tau decays into three mesons 
and for the ( VAP) Green function but also for the radiative decays r — )■ {7r/K)'~fUr 



Conclusions 



201 



which we take as a confirmation of our picture and of the assumptions we have made 
concerning the modelization of the large- A^^c limit of QCD in a meson theory. 

A fundamental result coming from both the r — )■ -K-K-KVr and r — t- KKnUr stud- 
ies is the off-shell width of the axial- vector meson Fa^. It incorporates all Sir and 
KKir cuts and it neglects the rjirn cut that vanishes in the isospin limit because of 
G-parity and the rirjir cut whose upper br limit is tiny. (Q^) and the r — )■ TTirirVj. 
form factors have been implemented in TAUOLA. The agreement is better than 
the error associated to the statistical sampling and at the level of few per thousand. 

We provide our prediction for additional observables both for r — )■ Trvrvrz/^ and 
r — )■ KKtiVj. that could be confronted to forthcoming data. On the latter channel 
there is however some ambiguity because in addition to the short-distance relations 
we obtained we borrowed two of them from the study of the < VVP > Green 
function and this is an assumption. However lacking of a prediction for the spec- 
tra (we could not even digitize the published plots since they corresponded to raw 
mass data without the efficiency corrections implemented) we decided to proceed 
this way since we have observed that the departure observed between short-distance 
relations affecting the vector current couplings in three-point Green functions and 
three-meson tau decays was small. 

Within this approach we have given our prediction for the relevant observables 
in the KKn channels and we showed that, contrary to some previous determina- 
tions, the vector current contribution can not be neglected in these decays. Since we 
have convincing reasons to believe that the description of the axial-vector current is 
pretty accurate, we think that this conclusion is firm. On the contrary, there can be 
some changes in the shape of the curves due to the assumption commented in the 
previous paragraph. This only data will tell. Our parametrization for the hadronic 
form factors in the r — )■ KKttVt has been implemented in TAU OLA to a great level 
of precision. We have decided to allow for some freedom in the assumptions on the 
relations among couplings that we commented before. 

The study of the decays r — )• ?77r7rz/^ has brought us information about two pre- 
viously undetermined couplings. We have determined an allowed region where they 
can be and illustrated with some benchmark points the impact of them on the spec- 
tra. The experimental data has allowed us to favour one of the benchmark scenarios 
that we considered and refine our determination fitting Belle data. If our descrip- 
tion of the former process is correct we believe that the upper bound on the decay 
r — 7- ri'-KirvT- may be wrong, and should be detected soon. Finally we have worked 
out isospin constraints and provided a prediction for the low-energy cross section 
e'^e~ — )■ rjn^TT' that compares well to data in these regime. We have provided with 
our codes to the PHOKHARA team. Symmetries make the r — )■ rjij-KUr decay 
a wonderful scenario to test the dominance of the spin-one resonances over those 
of spin 0. All exchanges of vector and axial- vector resonances are forbidden and 
then one only has the contribution from at O(p^). The discovery of this mode 
would allow to estimate in a clean environment the effect of scalar and pseudoscalar 
resonances in the future. 

Finally, we have studied the radiative decays r — )■ {ji / K)'^Vr- Since the axial- 



202 



Conclusions 



vector current is completely controlled we have very firm conclusions. First, we 
have confirmed the earlier estimations: this mode has much larger br than some 
that have indeed been measured. Second, we have obtained our predictions for the 
observables. We obtain a VV contribution similar to earlier works but we obtain a 
much smaller AA contribution as corresponds to the well-behaved that we used. 

If we assume that the IB contribution should dominate up to the hard photon 
region, it seems that the channel r — ?■ K'yi'r suggests that the value of C4 that was 
obtained from r — KKnUr decays is too large. Since this coupling does not appear 
in the t r]^ ^ttttz/^ decays one should wait to analyze experimental data on the 
KKtt mode to understand this issue. 

Among the appendixes there is some technical material. There are two appendixes 
concerning the relation of theoretical formulae to the experimental measurements. 
One can also find the complete set of isospin relations for three meson modes be- 
tween a{e^e~) and r decays and the computation of the process u — 7r+7r~7r° that 
allowed us to fix another combination of couplings in the Lagrangian. For this pur- 
pose we needed to derive a new piece for the Resonance Chiral Theory Lagrangian. 
The other appendixes summarize theoretical information that helps to understand 
better the contents of this Thesis. 

As final conclusions we would like to say that we are satisfied for many reasons: we 
have fixed the couplings of the axial-vector current sector of the RxT Lagrangian 
and we have provided a precise description of the r — )■ 7171711/^- observables. This 
includes a sound description of the ai resonance width. We have improved the 
knowledge on the odd-intrinsic parity sector of the Resonance Lagrangian and ap- 
plied it to some processes of interest. Future experimental data from BaBar, Belle 
and BES could help us to proceed further in this direction. We have also worked 
in the application of these findings to the Monte Carlo generators for low-energy 
Physics. In particular, for TAUOLA in tau decays and PHOKHARA in the e"''e~ 
cross-section. Ideally this will result in a global fit to all relevant channels with an 
adequate splitting of signal and background accounting well for the pollution from 
other channels. We hope to be able to accomplish this program. 



Appendix A: Structure functions 
in tau decays 



Hadron and lepton tensors are Hermitian and can be expanded in terms of a set 
of 16 independent elements: 

c^^w = c'^^n^'^ - c°w° - c^m^^ + cm'^ . (a.i) 

In order to isolate the different angular dependencies, it is convenient to introduce 
16 combinations of defined symmetry, the so-called lepton {Lx) and hadron {Wx) 
structure functions. This way, 

'^^A-^''" = J^^xVTx = 2(M2 - g2) Y^LxWx , (A.2) 

X X 

where X stands for A, B, C, D, E, F, G, H and I -the structure functions that 
collect (axial-)vector contributions- and also for the ones including information on 
the pseudoscalar form factor: SA, SB, SC, SD, SE, SF and SG. All of them are 
obtained through [390] : 
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rlO I rOl 

Lsc = - , Wsc = -i{H'' - V}') , 

LsD = - I , Wsn = n'' + n'\ 

LsE = --{C''-C''')quadWsE = -i{n''-H''), 
LsF = - 'I , Wsr = n'' + H'\ 

LsG = —{C"' - C'') , WsG = -i{n'' - n'') . (A.3) 

In the hadron rest frame, with axis z and x aligned with the normal to the hadron 
plane and gs, respectively; one has the relations: 

= (i?3,g3,0,0) , = {E2,qlql0) , = g?, gf, 0) with 

2 „ I ^2 



_ Q'-Si + _ . 

~ 2^/^ ' ~ V ^3 - "^3 . 

2E2E-i - si+ml + ml , 
Q2 = TTlc. ' T2 = -\ Ei - (gf)2 - 



2gF 



3 

2 I ^2 



2 5 



Qi = TTii , Ti = \ Ef - (gf )2 -mf = -ql 



(A.4) 



If we introduce the following variables: 



xi = V,^ = ql-ql , X2 = V,^ = q^-ql , = = qf = -ql , x, = = ^fO^x^ql 

(A51 

it is straightforward to see that both descriptions either in terms of form factors u 
or structure functions are completely equivalent: 



2 ) 1 



Wa = {x\ + xl)^\F^\^ + {xl + xlf\F^\^ + 2(xiX2 - xme{F^F, 
Wb = xl\Fr\\ 

Wc = {xl - xir\F,^\' + {xl - x^)^|F2^r + 2(xiX2 + xl)^e{F,^Ft] 
Wn = 2 [xiXslFi^P - X2Xs\F^\^ + Xs{x2 - x^)^e{F^Ft 



We = -2x^{xi+X2)^m{FCFi 
Wf = 2x4 [xi'^m{FfF]^*) + X2^m{F^F, 
Wg = -2x4 [xi^e{FfF^*) + X2^e{F^F, 



V* 

4 

A Tj^V* 
4 



6 As defined in Eq. P3T|) . 
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Wh = 2x3x4 pm{F^Ft) - 53m(F2^F/*)] , 
Wi = -2x3x4 [^e{F^F^*) - ^e{F^Fl*)\ ; 
WsA = Q'\F,^\\ 

WsB = 2^/Q^[x^MF,^F^^l+^2^eiF^Ft)] , 
Wsc = -2^/Q^[xl^m{F,^Ft)+X2'^m{F,^Ft)] , 
Wsn = 2^x3 [MFMl-^^F.'^Ft)] , 
WsE = -2v^X3 [^m{F,^Ft) - ^^miF.^Ft)] , 
WsF = -2^x4 [S>m(F/F3^*)] , 



The corresponding formulae for the two-meson decays of the tau can be found in 
Eq. fl4.47p and for the decays into one pG and a spin-one resonance in Ref . |391] . 




(A.6) 
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Appendix B: in three-meson 
tau decays 



In this appendix we provide the formulae used to obtain the differential decay 
width as a function of the invariant masses of the different meson pairs, 

In a general four-body decay P{p, M) — )■ rni)P2{p2, m2)Pz{p2,^ ms)Pi{pi, 1714) 

the differential decay width reads |64Uj 

dr = -^^0^\M\Msudss4d (cos^i)d (cos^3)d03 , (B.l) 

with Si, = (Pi+Pjf, Pij = X'/^{si,,mlm])/sij, X = \^'\M^ , s^^) /2. The 
integrations limits are for 03, for cos(6'i) and cos(6'3), s^*" = {m^ + rriif', 
s^"^^ = (M - s^2*" = ("^3 + ^4)^ and s'^2^'' = {M -m^- m^f. 

Using the structure functions introduced in appendix A, the matrix element 
summed over polarizations and averaged over final-state polarizations reads 

^ (1 + ^) [Wa{Q', s, t) + WsiQ\ s, t)] } . (B.2) 

It is straightforward to express Q^, s and t in terms of su, S34, 9i, 9^ and 03. If we 
are interested in the dT/dt or dT/du distributions we have to exchange sot and 
s ■H- u in all expressions, respectively. The integration limits for the two outermost 
integrations have to be changed accordingly. 

It is worth to notice that the proposed expression is efficient and fast when com- 
puting the integration, even with rather ellaborated structures for the form factors 
and realistic off-shell widths for the resonances. 
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Appendix C: Off-shell width of 
Vector resonances 



c.l Introduction 

Resonance widths have a big importance in any process whose energy is able to 
reach its on-mass shell, specially if they are rather wide. Any sensible modelization 
of the process must take this into account. Masses and widths of particles depend 
on the conventions one employs and on the chosen formalism. We will explain in 
this appendix the approach we use and show that it is consistent with RxT and 
general field theory arguments. 

Since our work only includes spin-one resonances, we will not consider the case 
of scalar and pseudoscalar resonances. We will start by the easier case of vector 
resonances that involves, at lowest order, two-particle intemediate states. Then, we 
will consider the case of axial-vector resonances, where the three particle cuts give 
the first contribution. 

C.2 Definition of a hadronic off-shell width for 
vector resonances 

In the antisymmetric tensor formulation the bare propagator of vector mesons 
is given by 

(0|T{y,.(x), V,Ay)}\0) = I + ^.^l...] > 

(C.l) 

with Vt^^^pa the projectors over longitudinal (transverse) polarizations. 

There is no doubt that physical observables are insensitive to the field represen- 
tation. But here we are concerned about the off-shell behaviour of resonances so, in 
principle, the issue of independence on field redefinitions should be studied for the 
proposed width. 

Ref. [568j proposes to define the spin-1 meson width as the imaginary part of 
the pole generated by resuming those diagrams, with an absorptive contribution in 



''For further details, see Appendix IE.2I 
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the s channel, that contribute to the two-point function of the corresponding vector 
current. That is, the pole of 

Uji = I j dW^(0|T K(a;)K'(0)] |0) , (C.2) 



with 



3 



where Sr-^^t is the action that generates the Lagrangian of R^T. 

The widths obtained in this way are shown to satisfy the requirements of analyt- 
icity, unitarity and chiral symmetry prescribed by QCD. 



C.l p ofF-shell width 

In order to construct the dressed propagator of the p° (770) meson, we should con- 
sider -for a definite intermediate state- all the contributions carrying the appropriate 
quantum numbers. In this case, the first cut corresponds to a two-pGs absorptive 
contribution that happens to saturate its width. We will neglect the contribution 
of higher multiplicity states that is suppressed by phase space and ordinary chiral 
counting. The procedure will not reduce to the computation of self-energy diagrams. 
The counting in the EFT will rule what effective vertices are to be used to obtain 
the relevant contributions to the off-shell width. 

The effective vertices that will contribute to vr vr scattering and to the pion vector 
form factor, are those corresponding to an external vector current coupled to two 
pGs, and to a vector transition in the s channel contributing to the four pGs- vertex. 
The construction of the effective vertices goes as sketched in Figure IC.ll where, at 
the lowest chiral order, the local vertices on the RHS of the equivalence are provided 
by the 0{p^) xPT Lagrangian. The diagrams contributing to the physical observ- 
ables will be constructed taking into account all possible combinations of these two 
effective vertices. 

In Ref. [568], it was proposed to construct a Dyson-Schwinger-like equation 
through a perturbative loop expansion. At tree level, one has to take into account 
the amplitude provided by Figs JC.2r a) and IC.2( b) , that is, the effective vertex in 
Figure IC.ll . For the one-loop corrections, we are only interested in those contribu- 
tions with absorptive parts in the s channel, generated by inserting a pG-loop using 
the two effectives vertices in Figure ICT] which leads to the four contributions in Figs. 
IC.2( c). IC.2( d). IC.2( e) and IC.2( f). In this way the computation is complete up to 
two loops. The resulting infinite series happens to be geometric and its resummation 
gives 

Ml . _ , 
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where My is the common mass for all the multiplet of vector mesons in the chiral 
limit, 

1 



B22 = B22 (g^ ml, ml) + -522(g^ m%) 



and B22{,<f', fnj^, mj^) is defined through 



i{2n)D [P - ml] [{i - qf - mj,] 



Qf^Qu B21 + q'^gf.u B22 



as 



B22 (g^ ml ml) 



1927r2 



ml 

1 - 6^ 
T 



Aoo + In ( ^ 
/i 



+ 



5 f CTj, 

- + ai\n — 
3 " V^. 



1 



where ap = ^1 - ^ and A^o = [j^] fi""-' - [r'(l) + ln(47r) + 1]. 
The g^-dependent width of the p° (770) meson is given by 



-2Mvi^QmB22 
Mvq" 



ale{q' -Ami) + l^^lO{q^ - Ami) 



in complete agreement with the expression in Ref. |319] . 



(C.5) 



(C.6) 



(C.7) 



(C.^ 





+ 




{s — channel) 



Figure C.l: Effective vertices contributing to vector transitions in the s channel that 
are relevant for the vector form factor of the pion . The crossed circle stands for an 
external vector current insertion. A double line indicates the vector meson and a 
single one the pG. Local vertices on the RHS are provided, at LO, by at OijP'). 



The real part of the pole of Fy{q^) in Eq. (lC.4p needs still to be regulated through 
wave function and mass renormalization of the vector field. The local part of 3ftei?22 
can be fixed by matching Eq. (lC.4p with the 0{p'^) xPT result. 
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Figure C.2: Diagrams contributing to the vector form factor of the pion up to one 
loop within RxT that have an absorptive part in the s channel. 

An analogous procedure can be applied to the study of the vector component of 
vr TT scattering. We will be concerned about the s-channel amplitude of vr"*" vr" — )■ 
TT+TT", that is dominated by p exchange, so that one can construct a Dyson-Schwinger 
equation as in the case of the pion form factor. Consequently, analogous diagrams 
to those in Figure IC.2I are considered, replacing external vector current insertions 
by two pion legs, according to all possible contributions in Figure IC.ll . Projecting 
the p wave, it is found a geometric series, which can be resummed to give 



J=i 



2F2 



u 



t) 



Ml 



(C.9) 



where u and t are the usual Mandelstam variables (g^ = s). Remarkably, the pole 
of the amplitude coincides with the one obtained for the vector form factor of pion 
and, therefore, gives the same width for the p° meson. 

When one applies the definition proposed at the beginning of the section for 
spin-one meson widths to the case of the p° (770), its quantum numbers correspond 
to j = k = 3 for the flavour index. Lorentz covariance and current conservation 
allow to define the two-point function of the considered vector current in terms of 
an invariant function of through 



33 



(C.IO) 



(2) 



where H^q^ corresponds to the tree level contribution of Figure \C~3\ (a), 11^^^^ to the 



(1) 



one-loop amplitudes and so forth. Up to one loop, and considering again the two- 
particle absorptive contributions only, all the diagrams generated by the effective 
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vertices in Figure \C7L\ are shown in Figure [Q3l One finds, in the isospin limit, 




(C.ll) 
(C.12) 



Figure C.3: Diagrams contributing to the vector-vector correlator n|^^ up to one 
loop within RxT. 



o oo 

(a) (b) 

Figure C.4: One- and two-loop diagrams leading to 11^-^^ (a) and Il^g) (b)- The 
effective squared vertices are given in Figure IC.ll 

At this point, one realizes that the resummation procedure cannot consist only 
of self-energy diagrams. QCD predicts the two-point spectral function of vector 
currents to go to a constant value as — )■ oo [336] . The loop diagram in Figure [U^ 
(b) behaves itself as a constant value in this limit, which is against of expectations 
because it corresponds to only one of the infinite number of possible intermediate 
states. In order to satisfy the QCD-mled behaviour, one would foresee that all the 
individual (positive) contributions from the intermediate states should vanish in the 
infinite limit. Indeed, this is achieved when one adds the diagrams depicted in 
Figs JC.3( c). IC.3( d) and IC.3( e). The requirement of vanishing at — >■ oo for the 
is also fulfilled for i > 2 provided one considers, at a given order, all possible 
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diagrams with absorptive contributions in the s-channel, and not just self-energies. 

Iterating in all possible ways the one-loop diagrams in Figure \C.3\ one obtains 
all possible contributions to the two-loop computation, as sketched in Figure IC.4I 
The result of the calculation was found to be 



^^(1) 



r_ 



Ml 



22 



(C.13) 



In Ref. [568], it was checked explicitly up to three loops that the invariant 
two-point function n''(g^), generated by resuming effective loop diagrams with an 
absorptive amplitude in the s channel □ is perturbatively given by 



where 



Using that Fy 
one finally gets 



n=0 



Ml 



Fl Ml - g2 



45. 



22 



n=0 ^ ^ 



Ml 



Ml 



4B 



22 



(C.14) 



(C.15) 



Fl Ml - 

2F^, and substituting (IC.ISP for performing the resummation. 



2F2 



Ml 



g2 - zMvTpiq^) 



1-2- 



Ml 

F2 



22 



(C.16) 



where the off-shell p° width rp(g^) is given by f lC.4|) . The consistency of the re- 
summation procedure shows up neatly because the residue in n''(g^) satisfies the 
required unitarity condition 



QmWiq'^ 



48. C''^^' 

^\Fv{q')\\ 



Ami 



(C.17) 



with Fv{q^) given by (lC.4p . 

The last comment to be made concerns the independence of the definition of the 
spin-one meson width on the chosen representation for the fields. To see this, it is 
enough to realize that the effective vertices in Figure IC.ll are universal. Different 
theoretical descriptions of the spin-one mesons lead to resonance-exchange contribu- 
tions that differ by local terms. Since the physical amplitudes are required to satisfy 



^Note that the procedure employed impHes that the only significant result of I{P{q^) is its 
imaginary part. 
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the QC D-Tu\ed behaviour at short distances, this difference is necessarily counter- 
balanced by explicit local terms [7]. Including these local terms in the local vertices 
of Figure IC.ll , the resulting effective vertices (which are the building blocks of the 
described resummation) are formulation independent and thus, the whole procedure 
is. 



C.2 K* ofF-shell width 



Being the definition of spin-one resonance width completely general, what is left 
now is simply to employ it for any resonance we are interested in. In particular, for 
the case of the K* resonance, we have 



Mk* 
1287rF2 



m 



K 



m: 

q^ ' q^ 



(C.18) 



in agreement with |435] . 



C.3 uj-cj) ofF-shell width 

The full widths PDG [8] reports for the vector resonances we are interested in 
are: Vp = 149.4 ± 1.0 MeV, = 8.49 ± 0.8 MeV, 1$ = 4.26 ± 0.04 MeV, and 
r^^. ~ 50.5 ±1.0 MeV. Based on this, we have decided to neglect the off-shell 
width of the isospin zero resonances u (782) and $(1020), because it is a tiny effect 
compared both to that of the p (770) and K* (892) widths and to the uncertainties 
we still have in the determination of the coupling constants or the error introduced 
by other approximations. We have used the values reported as the constant u (782) 
and $ (1020) widths in our study. 
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The decay of the a;(782) into three pions, uj — )■ {ki) {k-i) ti'^ {k^) , has been 
a useful source of information on the odd-intrinsic parity couplings. Within the 
framework of RxT it was first studied in Ref. |349] . where the contribution of the 
VVP vertices was already found and the need to account for VPPP vertices was 
put forward [fl. 

We will denote the polarization vector of the u as and use the kinematic 
invariants Sij = {ki + kj)^. In our work we have included for the first time the 
contribution of the decay via a direct vertex. 

The amplitude associated to the diagram of Figure iDAl -that should be the leading 
one according to vector meson dominance- including cyclic permutations among 
ki, ^2 and k^, reads 



Figure D.l: The 00 — vr^vr vr" decay amplitude via an intermediate p exchange. 





+ 



cyclic permutations of {vr", vr"*", vr } 



iM 



VMD 




8Gv mljd^ + 8d2 - ds) + (M^ + s^) 



+ {Sl2 S13} + {Si2 S23} 



(D.l) 



This process has been studied recently in the vector formahsm [643] . 
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Now, the contribution via a direct vertex VPPP yields 

^MY-r/..-.^ = ^e^,,.k^k^2kr. \^ M%F^^I^My ' ~ ^^^^^^^ ^ ^^^'^ 

+ ?>ml{2g, + g,)]] . (D.2) 

In the above expression, we have assumed ideal mixing between the states | ug) and 
I '^i): 

I ^) = I ^i) + I ^s) , (D.3) 

and 

^ I wi) + I ^s) . (D.4) 

The relation between the amplitudes of the singlet and octet states is the following 
one: 

-^oJi-^Tr+Tr-vrO = A^ajg^Tr+TT-vrO • (D.5) 

The decay width is then obtained as 

= j^j^ ds,,j__ ds.,,ns.,s,.) X (0.6) 

mlidi + 8d2 - da) + {M^ + S12) d3 . , . . 

772 \- {Sl2 S13I + {Si2 -> S23I 

My — Sl2 

where the function V is the polarization average of the tensor structure of A^^^s^^, 

^(si3, S23) = ^ {-^2 (m^ - m2)2 - S134 + (3rn^ + M2 - 513)513523} • (D.7) 

With Gy = -F/v^ and the relations obtained by the short-distance matching. In 
the analyses of the VVP Green function all couplings appearing in Eq. fID.ip were 
predicted 

Nc 

d - Nc M'y 



Taking just this piece of the amplitude into account, one obtains a decay width 
that is only one fifth |349j of the experimental value. 
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Additionally, the following relations were obtained studying the decays r — > 
{KKTT)-iy^ [MSllSGT] : 

gi + 2g2 - g3 

92 

As explained in Chapter [6] we find more reliable the determination of the coupling 
ds in Eq. flD.9p . that we will follow. Taking all these pieces of information into 
account we are able to match the experimental value reported by the PDG [S] 
T{uj 7r+7r-7r°)|exp = (7.57 ± 0.06) MeV with 2^4 + ^5 = -0.60 ± 0.02 that has 
been used in the hadronic tau decays studied in this Thesis. 



N, 



c 



1927r2 Fv Gv 



0, 



N, 



c 



1927r2 



(D.9) 
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Appendix E: Isospin relations 
between t~ and e^e~ decay 
channels 



E.l Introduction 

In this appendix we provide the derivation of several relations between r~ and 
e^e~ decay channels that are related by an isospin rotation. Since SU{2) is a 
very accurate symmetry whose violations are smaller than the typical errors of the 
experimental measurements and our theoretical assumptions, the conclusions we 
draw should hold. At the low energies we are interested in, one can safely neglect 
the Z contributions to the hadron e~^e~ cross-section. In this limit, the process 
will only be due to vector current via photon exchange. Therefore, the relations 
that we obtain will relate cre+e--^hadrons to the vector current contribution in the 
corresponding tau decay. Depending on the channel, the importance of the latter 
will vary from being the only one to be forbidden by symmetry arguments, like G- 
parity. Thus this study will be interesting for some of the channels and irrelevant 
for others 0. 

In this introduction we will first give the conventions we follow for the relations 
between one-particle charge and isospin states and the ladder operators. Then we 
will recall the general formula for the tau decay width into a given final state of three 
mesons and the tau neutrino and give the derivation of the analogous expression for 
the e'^e~ cross-section into a three-hadron system. We will finish this section with 
the projection of the weak and electromagnetic currents into its isospin components. 
Charge conjugated relations are understood and most of the times not written. 

The triplet of pions is related to the isospin states, |/, /s ), in the following way: 

n+ r^du 11,+1), 7r° ~ ~ - 1 1,0) , tt" ~ ~ |1, -1 ) . (E.l) 



^°As two immediate examples of this we quote the three pion tau decay channel where there is 
no vector current contribution because of G-parity and the 3r] state that cannot be a decay product 
of the r. 
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It is important to understand tliat tlie four kaon states group into two doublets 
according to its strangeness: 



su ^ 



1 1 

2'^2 



and 



K ~ (is ~ 



1 1 
2' ^2/' 



K ~ us ~ 



1 1 

2' "2/' 



1 1 
2'~2 



(E.2) 



(E.3) 



Defining the isospin operators T± = '^^^^ , we get the following relations: 



d 



T+|/,+/)=T_|/,-/) = 0, 

T-^du\0) = [T^.du] |0) = ^^^|0), 
that will allow to relate the neutral and charged current weak decays. 



(E.4) 

(E.5) 
(E.6) 



Before analysing the most interesting channels, we will need Eq. fl4.62p for the 
tau decay width into a given three meson and a tau-neutrino final state and the 
analogous formula for the e~^e~ cross-section into a three hadron final state. The 
latter is obtained in the following. 

We consider the decay {ii, Si)e~ {£2, S2) — /ii(pi) ^2(^2) ^3(^3)- The amplitude 
of the process is splitted into its lepton and hadron tensors as in Chapter HI One has 



(E.7) 



Its transverse projection reads {Q = pi + P2 + Ps = £1 + £2) 



C-^,, = -4(Q" + 2 mi 



On the other hand, the hadron tensor is decomposed as 



(E.8) 



= S (g^ s,t)^+ (^g'^^ - ^) V (Q^ s, t) . (E.9) 

Since the process is mediated by vector current only the scalar component vanishes 
{S = 0) and we have 



V (Q^ s, t) 



(E.IO) 
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Using the expression for J dUs in Eq. fl4.58p one immediately has 



2 \ 2 



^e+e-^h,h,h,{Q ) 22 [q2 ) 2AV2(g2^ ^2^ ^2) ^2n^ ^Q2 I ^^^^ >< 

UQ' + 2ml)\Fsn-Vs,Vn 



3 



a' 



— / dsdt\Fs\' i-Vs.Vn ■ (E.ll 



487r Q6 

So that the e^e^ cross-section into three hadrons is given by 



ae.e-^H.nMQ') = / d^dt|F3p (-^3,^3^*) . (E.12) 
This way one ends up with the desired relation 

= J{Q ) (^e+e-^{3h)0{Q )\l=l, (E.13) 

where (3/i)" and {3h)^ are related via an isospin rotation and 



The ly bosons can couple to us, 'su (that are two components of different multi- 
plets with / = 1/2), and to du, ud. Both have 1 = 1 and differ by a relative global 
sign. 

The Z boson can couple to the / = 0, 1 combinations that are Hi^^ where the 
upper signs correspond to the neutral component of J = 1. 

Now let us consider the electromagnetic current. One can decompose it into its 
J = and 1 = 1 pieces: 

r'^ = ^ {2u^^u - d^^d - sYs) = rj,) + rf,) , (e.is) 

where 

= I (^^''^ + ^'^''^ - 2s7"s) , rf,) = ^ (m7^m - dYd) . (E. 16) 

As it is well-known, there are no tree level FCNC. Moreover, the electromagnetic 
current conserves strangeness. This implies that the strangeness changing channels 
Kmi, Ktit], Krjr], KKK can only be reached via VT^-mediated loops. Therefore, 
they are very much suppressed -even more at the low-energies we are interested in- 
and it makes no sense to analyze them in this context 0. This short-hand writing 



"'^"'^A complementary reasoning in terms of isospin can also be made: Neither the Z nor the 7 
couple to / = 1/2. This prevents a study of this type for the \rjrjK) ^ \K) state -with / = 1/2- 
because there is only one accesible state in t~ decays, in addition, so that no relation can be 
established. Similarly, the three kaon state has half-integer /, so it can only be produced in r 

decays. There is only a trivial isospin relation = ^00- ^^^^ case. The notation employed 

uses as subscripts the electric charges of the particles involved for a given mode. In this case, for 
instance, this would correspond to A^+k-k- = -Ak°k°k~- 
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will be used in the remainder of the chapter. 



E.2 KKti channels 



One must realize that in all charge channels both kaons belong to different isospin 
multiplets because they have opposite strangeness. At the practical level this implies 
that there is an additional label implying that the ordering when writing the states 
is irrelevant. We give an example to illustrate this: |7r"'"7r~ ) and |7r~7r"'' ) are different 
isospin states corresponding to 1) and respectively. 

However, K~K^ is | — 1,^,— |), where the first label is the strangeness 
of the state (—1 for s) making manifest that they belong to different subspaces. 

We will consider first the product of the two kaons states. This can give either the 
isoscalar channel 'w' or the isovector channel 'p'. Then we will consider the product 
of the produced states with the remaining vr. Some signs may vary by considering 
first the product of one of the kaons to the pion and then that of the resulting 
states with the kaon left. However, the relations we will find are independent of the 
procedure we follow. 

The pair of kaons can couple as 



1 

1 

71 





I = 


0, 








I = 


l,h 


= +1, 






I = 


l,h 


= 0, 






I = 


1, 4 


= -1. 


(E.17) 



Now we consider the direct product of the 'p' and 'w' states with the appropriate 
pion. We will have / = 1 in 'w' channel and J = 0, 1, 2 in 'p' channel. One has 



[K+K-n^ + K^'K^^n^) / = 1, /3 = +l, 

^ ( K+K-n'> + K°:r 7r° ) / = 1, Jg = , 

^ ' K+K-Ti- + K^ITti-] / = 1, /3 = -1, (E.18) 



V2 
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in u channel, while the states produced in p channel are 
1 



y/2 



1 

71 



V2 



1 

71 



V2 



/ = 0, /3 = 0, 

J=l, /3 = +l, 

/ = 1, /3 = 0, 

/=1, /3 = -l, 



- K+Wn+ 1 = 2, h = +2, 
^ (-y2i^+Z°7r° + K+K-71+ - / = 2, /a = +1 , 

(^-A'+i?°7r^ + V2K+K~TX^ - V2K^lfn^ + fs:°J'S:~7r+) / = 2, /a = , 

^ {k^K~'k^ - K^l^n- + V2K^K^n°^ / = 2, /a = -1 , 

K^R-n- / = 2, /a = -2. 

(E.19) 

Since the operator dV^ u has J = 1 we have El 

(2,-i)(ififvr|rfr^n|0) = 0, (E.20) 

for the charged weak current. Thus 

( K+K^-n^ - K^K^n^ + V2K^K~TT^\dTf, n|0 ) = . (E.21) 

If we denote the correponding hadron amplitudes as , A^^~ and Eq. (lE.2ip 
implies 

a;-- - Al'- = -V2Ay . (E.22) 

One can proceed analogously for the neutral current weak operator }^£iL!!:z££ii£ _ Since 
it carries isospin J = 1, we have the relations 



(2 



fl){KK7i\uu- dd\0) = (o^o^{KK7i\uu- dd\0) = 0. (E.23) 



i2p^ _ ^fi^^fi^^^ Since the spinor structure is unrelated to isospin, one has separate relations 
holding for both for the vector and axial-vector currents. This will be understood in what follows. 
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Therefore, writing the isospin states in terms of charge states one has 



A 



rO- 



-v^(^r°-<°°) = 0' 



(E.24) 



where the respective amplitudes were denoted using the same convention for the 
indices as before. 

Finally, the relations flE.4p . flE.Sp . flE.6p allow to write 



(i,_i)(i^i^7r|rfr^u|0) 



'(1,0) 



KKtx 



uV^u — dVi^^d 



V2 



(E.25) 



This yields relations for the hadron amplitudes in 'p' and 'w' channels, between the 
charged and neutral current weak processes: 



40-0 



V2 



A1 



A 



00- 



2A^ 



2A 



000 



(E.26) 



Now we consider also the electromagnetic processes with 1 = 1. We will factor 
out the Lorentz structure in the hadron matrix elements: 



A: 



{{KKtx) |(i7^M|0) = A e^^p^p^p^pl , 



Al ^ {{KKtx) 



V2 



0) = A'^e^.p.KKPs- 



(E.27) 



{KKtt)-] = ^(K+A-7r-+/i°ir\-| + ^(ir+ir-7r--ir°i^V|+a3(i^°A'-7r°| ^ 

V2 

(E.28) 



In general we will have 
in such a way that 

A~ = aiA^ + 02^2 + 03^3 

Since 



ai + 02 

~7r 



V2 



^00- 



V2 

we can easily solve for the A^: 

A+— + ^00- 



V2 



A-, 



-A 



0-0 



A 



A 



00- 



V2 



-A 



A 



0-0 



A 



0-0 



(E.30) 



(E.31) 



Following Eq. ( ]E.27p for naming the amplitudes of the different charge channels we 
have finally 



A 



0-+ 



A 



0-0 



= A 



000 



+ = ^^r- (E.32) 
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Summing over all r charge channels one has 

+ + = |Ari' + iA-|2 + |A3-|2 = 2|A3-|2 + |Arr, (E.33) 

whereas doing it over the four neutral channels reached in e^e~ annihilations with 
/ = 1 we have 

(E.34) 

Using the above relations one can obtain the isovector component of the process 
e^e~ — K^K~TT^ using the form factors computed for F (r~ — > K^K^n^Vr)- 

^^^^^^^^^^^^Ivector = fm a|.=i (e+e- i^°ir-7r+) , (E.35) 

where f{Q'^) was defined in Eq. flE.141) . One can also establish a similar relation 
including linear combinations of decay channels. Namely 

dr (r- ^ K^K-'n^Vr) dl (r" ^ K^K~'K^Vr) 

dg^ l'"'^^*"'" + dg^ ^^"''"^ ~ 

f{Q^) [a\i=i (e+e- ^ K^R-n^) + 2a|/=i (e+e^ ^ A'°K-7r+)] . (E.36) 



Summing all charge channels one finds 

E ^^^^^^^-^^^^^^ I vector = /(g^) (^"^" ^ (^^-)°) • (E-3r) 

i=l ^ i=l 

As a byproduct we have obtained the relations 

Fi [t- K+K~Tx-Vr) - Fi (t- ^ K^K^n-Vr^ = -V2F^ (r" ^ K'^K-Tx^Vr) ■ 

(E.38) 

We have checked that our form factors in Chapter [6] satisfy this constraint. 

We emphasize that isospin symmetry alone is not able to relate the isovector 
component of a{e~^e~ — )■ KsK^tt^) with the sum of all KKn 1 = 1 contributions 
of the e~e"'" cross section. For that, the experimental collaborations use to employ 
the relation 

a (e+e- ^ KKtt) = 3 a (e+e" ^ KsK^ir^) . (E.39) 

However, even using all available isospin relations it is not possible to express 
a (e+e" — ?■ KKn) in terms of the corresponding cross section for a single charge 
channel. However, Eq. (1E.39P can be justified following the arguments that we 
explain at the end of this section. 

For this we will need to take into account not only the 1 = 1 component of the 
electromagnetic current -as before- but also the isoscalar part. The application of 
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the corresponding current, V^^^ in Eq. flE.16|) . on the |2, ) and |1, ) states allows to 
obtain nontrivial relations between the corresponding isoscalar ((°^) electromagnetic 
amplitudes: 

4(0) _ _4(0) 4(0) - _/l(0) ^/2r/1(°) _^(0)n 4(0) _ 4(0) (T^ m\ 

which yields 

V2Af_, = = -4^ = -V2A^^,. (E.41) 

Adding this information to the relations found previously one is still unable to re- 
produce Eq. (^M>- 

However, now we proceed in a different way. We do not consider the KKir state 
as al/2x 1/2x1 isospin state in our reasoning. Since the K* contribution dom- 
inates over that of the p, u and in the hadronic matrix elements of interest, we 
can consider the composition K x ir and then keep only its / = 1/2 component, 
corresponding to the K*. In addition, the processes with charged and neutral pi- 
ous can be distinguished at detection, which makes that the following amplitudes 
should be considered independently |585] (we will be writing the Kir pair making 
the K* as the last two particles until the end of this section): K~^K~7r^, K^K'^tt^, 
K^K~TT^ and K^K^t[~ . In addition, we will considered the C-parity conjugated 
decays. Proceeding this way one finds the following amplitudes (we call Bq and Bi 
the participating isoscalar and isovector amplitudes): 

A{K-K-n^) = -^^^ A{KW) = ^^, 

A {K^K~n-) = , A [K-K\-) = , (E.42) 

while for the C-conjugated amplitudes one finds (we introduce the amplitudes Cq 
and Ci): 

A{K^K+n') = A{K'K\') = ^i±£i , 

A {K'K^n-) = -^1^ , A {K~K\^) = , (E.43) 

Summing up the first, second, third and four relations in Eqs. f lE.42p and (1E.43P in 
pairs one obtains the relations 

a (e+e- ^ K+K^n- + e+e" ^ K-K+n^) = - IAq - , 

6 

a (e+e- ^ A'°A^07r° + e+e" ^ K'K%'') = - IAq + A,\\ 

a {e+e- A°A"7r+ + e+e" ^ K^K+n^) = \ \Ao + Ai\'^ , 

a {e+e- K^K+n- + e+e- ^ A-A°7r+) = \\Ao- , (E.44) 
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where Aq = Bo + Co and Ai = Bi + Ci have been introduced. Summing up all Eqs. 
in (IE.44P gives 



a{e-^e- ^ KKn) = \Ao\'^ + \Ai\\ (E.45) 
and adding the last two Eqs. in (lE.44p yields 



a (e+e- ^ KKtt^) = ^ {\Ao\^ + (E.46) 



and using that Ks = [K'^ — -ft'") / V2 one gets finally 



3a (e+e^ ^ KsK^tt^) = |AoP + = a (e+e" ^ KKtt) , (E.47) 



which is Eq. ( 1E.39p . Since BaBar [585] manages to split the / = and 1 = 1 



components of a (e+e" — KsK'^n^), and thus to measure |y4op/3 and |/lip/3, it is 
straightforward to obtain cr|7=i (e+e~ — )■ KKir). 

What are the approximations employed in order to get this relation? In addition to 
the well supported SU{2) symmetry and K* dominance, there is a source of error 
given by the definition employed for the K*. To give an example, and as commented 
at the beginning of this section, the states K'^K'tt^ and K~K~^7r^ are the same in 
a KKir analysis while this is not the case in a KK* study. One could argue that 
since the K* is quite narrow, this approximation is justified. 



E.3 r/TTTT channels 



Since both the rjs and the rji are S'f/(2)-singlets, we can compute the isospin 
relations between rjifiTiTi channels just by taking into account the isospin of the vrvr 
states. We will use rj to denote either state irrespectively. The first study of isospin 
relations for this and related modes was carried out in Ref. [472] . Our results are, 
to our knowledge, new. 

The different states ?7i,8vr7r that can be produced in r decays and e+e~ collisions 
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are the following: 



TT TT 



TT vr 



TT TT 



TT TT 



|7r°7r- 



TT TT 



l,+l)®|l,-l) = i=|2,0) + i=|l,0) + -^|0,0), 



1,-1)® |1,+1) 

1,0) ® |1,0) = 
1,-1)® |1,0) = 



>,o)-i=|i,o) + -L|o,o), 

^|2,0)-i=|0,0). 



V2 



(|2,-1)-|1,-1)), 



1,0)®|1,-1)= _(|2,-1) + |1,-1)), 
1,+1)®|1,0)= -L(|2,+l) + |l,+l)), 
1,0)®|1,+1)= -L(|2,+l)-|l,+l)). 



(E.48) 



Solving for the states yields: 



|2,0) 
|1,0) 
|0,0) 
|2,-1) 

|2,+1) 



1 

1 

7! 
1 

7! 
1 

1 

1 

7! 
1 

7! 



TT TT 



+ |7r TT 

- Ivr'vr''' 
+ Itt^tt^ 
+ \ti\-) 

- |7r-7r°) 
+ |7r°7r+) 

- |7r°7r+ ) 



+ 2|7rV)) , 



) 



IttV)) 



(E.49) 



Using Eqs. (Ell), (EH), (Q one has: 



(/_i)(?77r7r|rfr^n|0) = -(/,o)(?77r7r 



u r,, n — dV d 



V2 



(E.50) 
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Now if we denote by T__o, To-, ^+-5 ^-+5 ^oo the amplitudes ( 77717? |(ir^n|0 ) and 



V2 



) for charge rjim states, we obtain the following relations 

-T„+-2Too) =0, 



(To 



1 



72 

T_+ - Too) = 



(T_+ - T+_) 



which lead to 



Too = ,T+ 



To 



(E.51) 



(E.52) 



Now let us consider the electromagnetic current. One can decompose it into 1 = 
and 1 = 1 pieces: 



(1) 



where 



rfo) = I (^7^^^ + dYd - 2sYs) , rf,) = ^ [uYu - d^d) 
In general we will have 



( (?y7r7r)°| = A+_(?77r+7r |+yl_+(?77r 7r+| + Aoo( 777r°7r°' 



(E.53) 



(E.54) 



(E.55) 



Using the decomposition in Eq. (]E.48p one can relate the amplitudes ( ?77r7r|r^|0 ) 
for charge and isospin |?77r7r) states as: 



Moreover the vanishing of the amplitude A2 implies 

2^00 + + A_+ = . 
In this way one obtains the following relations: 

A+„ + Aoo = , A_+ + Aoo = -^^1 ' ^1 



Aoo - -^Ao 



(E.56) 



(E.57) 



A, 



A. 



A. 



A, + A 



00 



which lead to 



i^ir = 



V3 



00 



2(|Ah 



=4|yloor + 2|Ai 



+ \A. 



2|A 



00 



(E.58) 

(E.59) 
(E.60) 
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The corresponding cross sections are related by El 

a {e^e~ — )■ ?77r7r) = a {e'^e~ — )■ riTi^n'^ + a (e^e~ — )■ ?77r~7r"'") 

- 2 X 2 (T (e+e" r/7r°7r°) , 
= 2 a (e^e^ — ?77r~^7r") — 4 a {e^e^ — )■ ?77r°7r°) ~ 
~ 2cr (e+e~ ^ r/TT+TT-) , (E.61) 

where the additional factor of 2 in the above relation comes from the identity of 
particles in the final state, introducing a factor of 1/2 in the angular integration. 
For the isoscalar part we have 

a (e+e^ rj-KTi) = Qa (e+e" ^ r/7r°7r°) ~ . (E.62) 

Finally, one has 

(yo- _y-o) ^ y2r°- = -(1,0|^^^^^|0) = -V2A^. (E.63) 

Taking into account Eq. (]E.12p the cross-sections for the different modes read 
= ^ = ^) 

a (e+e- ^ r^vr^") = | d. dt |T„oP (^3.^^^*) , 

a (e+e- ^ ^tt") = | d. dt \\T,,\' {V,,V'^*) ~ , (E.64) 

where the additional factor of 1/2 in the second line comes from having identical 
particles in the final state. 

Using the former isospin relations one finally obtains 

= /(<5)f^(e^e ^r/7r7r)|/=i 

= 2/(Q2) [cr(e+e- 7]-k+tx~) - 2 a^e^e' -4 r/7r°7r°)] 

~ 2/(g2)or(e+e- ^r/TT+TT-) (E.65) 

where f{Q^) is given in Eq. (IE.14p . 



E.4 Other channels 

E.l r/r/TT channels 

Since the 771^3 are SU{2) singlets it is as if it was just r/r/vr ~ vr, where 77 will be 
referring either to the singlet or the octet state here and in following sections. 

^■^Because of C-parity, cr (e+e~ — s- 7^7r°7r°) = to 0{a), since ~ — and Ct,o_^_^, = +. Al- 
though it is non-vanishing at higher orders, it can be safely neglected in all the low-energy appli- 
cations we are considering. 
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Here we are concerned with the processes e^e — )■ rjriTi^ ~ |1)0) and r — > 



1 1,-1). Considering that 

(i_i)(?7?77r|rfr^n|0) = 



V2 



(EM) 



the respective amplitudes (To and T_) are the same up to a sign. Using also that 
there is only isovector component in the considered e~^e~ cross section we have 



dr (t 



rjrjTX Vj. 



dQ2 

E.2 rjKK channels 



/(g2)a(e+e-->r/r/7r°) . 



(E.67) 



Again, the 77 can be ignored as far as isospin is concerned, so that we have 



e+e- ^ K+K-T] ~ \K+K-), e+e" ^ K'^lCr] ~ \K^K ) and r ^ rjR-R^ ~ 
\K~K^). Note that both kaons belong to different isospin multiplets, so the order 
is not important. Using the results in Eq. flE.17p we see that 



|0,0) 
Using that 

one gets 



K+K- + K^K 



V2 



|1,0) 



K+K- - K°K 



V2 



= |/^"J^0). 
(E.68) 



(^-1) 



i){KKn\dT^u\0) 



'{1,0) 



KKn 



uT^u — dTf^d 



V2 



1 



^-0 - (^00 ^ , 



(E.69) 



(E.70) 



for the weak amplitudes. Since the quark operators carry 1=1, the amplitude 
associated to the production of |0, ) vanishes, so that T+_ + Tqq = and we have 
the following relations between the weak amplitudes 

T_o = -v^T+_ = v^Too, (E.71) 

that one can use to obtain the low-energy description of e~^e~ — ?■ rjKK using the 
vector form factor computed in the CyC-related r decay, r — rfK" K^ , with am- 
plitude T_o- 

Now we consider the electromagnetic current. The isospin amplitudes are 

— Aqq ^ -|- Aqq 



An 



(E.72) 



V2 ' " V2 ' 

The isoscalar piece vanishes and we are only left with the isovector one. We have 
thus 

a (e+e- ^ KKr]) = 2a (e+e^ ^ K+K^r]) . (E.73) 
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Appendix F: Antisymmetric 
tensor formalism for meson 



resonances 



The antisymmetric tensor formalism for spin-one fields was already developed in 
the sixties |644|, 1645] . although its generalization needed to wait until Gasser and 
Leutwyler proposed it to introduce the starring p resonance in the chiral Lagrangian 
[1] and a few years later, Ecker et al. [6] took adventage of it for including the 
resonances in RxT. These benefits will be explained throughout this Appendix 
together with the main features of the formalism. 

A crucial understanding was that -provided consistency with QCD asymptotic 
behaviour- the physics given by the EFT does not depend on the chosen formalism 
[7j, which authorizes us to choose the tensor formalism for convenience. 

In Ref. [6461 1647] it was proved that for massive antisymmetric tensor fields 
there are (up to multiplicative factors and a total divergence) only two possible 
Lagrangians of second order in derivatives, if one assumes the existence of a Klein- 
Gordon divisor. They correspond to having either the Lorentz condition or else the 
Bianchi identity satisfied by the fields. In the case of spin-1 particles one has the 
following two options {W^y = — PKy^), 

1. The subsidiary condition is the Bianchi identity, i.e. e^^'"^ dxWp^ = 0, and Wik 
are frozen, so the three dynamical degrees of freedom are WiQ, where i = 1,2, 3. 

2. The subsidiary condition is the Lorentz condition, d''Wpy = and Wio are 
frozen, so the degrees of freedom are Wij. 

For historical reasons the first option was chosen, as we will see in the following. 
We consider a Lagrangian quadratic in the antisymmetric tensor field 



where a, b and c are arbitrary constants. The field W^'^ contains six degrees of 
freedom. To describe massive spin-one particles we must reduce them to three 
corresponding to the physical polarizations these particles have. This can be done 
with a clever choice of a and b. Indeed, consider the EOM 



(F.l) 



(F.2) 
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that can be splitted up into the time-spatial and spatial-spatial components: 
(a + 26)iy°^ + adiW^' - ad'diW^^ - 2{bn + c)W°' = 0, 



2bW''' + a 



d'iW^'' + diW^'') - 2{bD + c)W"' = , (F.3) 



where the dots denote time derivatives and □ stands for the Dalembertian operator. 
For a + 2b = 0, the three fields W^'^ do not propagate (6 = freezes the spatial- 
spatial components, on the contrary). The W^" propagator, defined to be the inverse 
of the differential operator in (IF.ip contains poles in k"^ = —c/b and fc^ = — 2c/(a + 
2b), which disappear for b = 0, or a + 2b = 0, respectively. To maintain only one 
pole and reduce the number of degrees of freedom to three, we must choose among 
these two options. In [0], it was preferred to fix 6 = 0, and to choose a and c for the 
pole to correspond to the particle mass, that is, a = —1/2, and c = Then, 



the Lagrangian fIF.ip becomes 

£ = -Id'^w^.dpW" + ^M^W^,W^\ (F.4) 

from which the free-case EOM is 

d^d^W" - d^d^Wf" + M^Wf"" = , (F.5) 

where only three degrees of freedom corresponding to a spin-one particle resonance 
of mass M are described. Notice that the definition 

W, = ^ d'W,, , (F.6) 

allows to recover from (IF.Sp the familiar Proca equation 

dpidPW - df'W'') + M'^W^ = . (F.7) 

From the Lagrangian f lF.4p . one can derive the explicit expression for the reso- 
nance propagator 

{0\T{W,.{x), W,Ay)}\0) = I + ^^l..] > 

(F.8) 

where the antisymmetric tensors 

^iu,pail) = ^ {gf^pQuqa - QpuQ^qa - (p O d)) , 

^lu^pM) = {gppQuqa - gpuq^^qa - q^9pp9ucT - (p ^ f^)) , (F.9) 

have been defined. Upper-indices mean longitudinal or transversal polarizations. In 
order to identify the preceding operators with projectors over these polarizations, 
one needs to consider as a generalized identity in this space the tensor X^^p^j, 

1-tiv,pa = ^ {9pp9ua - 9ticT9up) , (F.IO) 
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because any antisymmetric tensor, Afj,u = —Ay^j,, fulfills 

A-I = I-A = A, (F.ll) 
and therefore the VL^^'^'> indeed verify projector properties 

Q'^-Q^ = Q'^, Q^-Q^=Q^. (F.12) 
The propagator (IF.SP corresponds to the normalization 

(0| \W,p) = -^[pMp) - pMp)] ■ (F-13) 

Once we have seen the general properties of the antisymmetric tensor formalism 
and how it works, let us move to the second important issue: What is the advan- 
tage of using it instead of the more familiar Proca formalism? Working with the 
antisymmetric tensor formalism there is no need to consider £4 from xPT to give 
the EFT the asymptotic behaviour ruled by QCD. 

As an example of that, I will consider the same taken in Ref. [7]: the vector form 
factor of the pion. 

Tree-level computation with f l3.20p -with antisymmetric tensor formalism, then- 
gives: 



jr(q^) = 1 + ^y^y 1' (F 14) 



Let us consider now the corresponding Lagrangian written in the Proca formalism 
that describes meson resonances |648[ 1649] ri . 

^Proca ^Proca _|_ ^Proca j^g^ 

where it has been defined 

V^u = V^K - V.V;, (F.16) 

and the hat identifies Proca formalism. For simplicity, only that part of the La- 
grangian contributing to the considered form factor has been written. The result 
(IF.16P gives for the vector form factor of the pion is 

X'Proca / ^2 N 1 I fvgv {q^f ,^ ^ 



^^A mixed formalim has been considered in Ref. 16501. 
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QCD short- distance behaviour (g^ — )■ oo) dictates that the pion form factor 
must vanish in this limit 0. For flF.14p this relates three LECs as in Eq. fl3.22p . 
FyGy = F"^, but for f lF.17p this behaviour is not possible unless we add to flF.16p 
a local term. This one must have the structure of the term whose coefficient is 
Lg in Eq. fl2.77p . One then needs at the same time that Lg™'^'^ = \fvgv and 
fvgv = F'^/M^ happen 

. , fv9v {q^Y , 2 

r Proca „2 

lV"'"- = Ifvgv, (F.18) 

where the tilde over the form factor has been removed because it has been corrected 
by the needed local terms discussed previously to guarantee the right asymptotic 
behaviour. 

It can be shown [7] that this finding in the case of the pion vector form factor 
is a general fact: Working with the tensor formalism there is no need to include the 
terms of £4 from xPT, 

Li = i = 1,2,3,9,10 , (F.19) 

whereas for the Proca case we must include them fulfilling 

1 1 3 

r Proca _ ^ „2 r Proca _ ^ ^2 r Proca _ '^^2 

^1 - gfi'y ^2 - -^9v ^ -^3 - ~^9v^ 

^9™^^ = ^fvgv , ^^0°^^ = -\fv , (F.20) 

for vector resonances. Something similar [7] happens for the axial- vectors, the other 
resonances that dominate phenomenology whenever they can be involved. Then, it 
is clear we can choose the formalism for describing resonances, and justify that it is 
more convenient to take the antisymmetric tensor formalism. 

For completeness, I mention that there is another way of treating resonances: the 
so-called hidden-gauge formalism |651[ I652[ I653[ 1654] . This method is based on the 
freedom that exists to choose the representative of the coset G/H oi the chiral group 
G over the vector subgroup. In the Hidden Local Symmetry model, vector mesons 
are regarded as authentic gauge bosons of a hidden symmetry of the Lagrangian 
that relates the different possible choices of the coset representative. However, it 
is not clear at all that vector mesons stand out from axial- vectors (in fact, VMD 
involves both), nor the gauge nature of resonances is not an artifact. At the end 
of the day, (pseudo) scalar resonances do exist and there is no natural procedure to 



^^Formally, this comes from the analysis of the spectral function 9m Ilv{q^) of the / = 1 
vector current two-point function. In the framework of QCD, one finds |336j Qmllv{q^) 
constant as — > oo, from which it follows that F((f) obeys a dispersion relation with at most 
one subtraction. In the narrow-width approximation for the exchanged p, all this drives directly 
toHo") = 1 + ^^1^, as (Ell. 
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include them in this model. The loop corrections in these theories |655[ 1656] give 
an ultraviolet behaviour that is much simpler than the one found in RxT |222] . 
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Appendix G: Successes of the 
large- A^C limit of QCD 



G.l Introduction 

In this appendix we will review the most important phenomenological successes 
of the laige-Nc limit of QCD. First we will consider the results obtained in the 
limit Nc — oo limit of QCD to understand some characteristic features of meson 
phenomenology. After that, we will review the role of the I/Nq expansion in the 
effective theories of QCD for low and intermediate energies: ^ind RxT. They 

come to complement the most relevant success of the large-A'^c limit of QCD for 
us, namely that it provides us with a framework able to describe exclusive hadron 
decays of the r as we have seen in this Thesis. 

G.2 Phenomenological successes of the large- A'',:; 
expansion 

• There is a supression in hadron physics of the sea quark pairs, qq. Therefore, 
mesons are pure qq states, thus exotic states such as qqqq are eliminated in 
practice. In short, this is due to the fact that there are much more gluon 
than quark states. In the large- iVc limit sea quarks are negligible. Apart from 
that, in this limit, mesons do not interact, so any candidate to an exotic state 
must be, in fact, a set of ordinary states. Being exotic requires interaction for 
the state to be seen as a composite one; but mesons do not interact in the 
Nc — oo limit. 

• Confinement restricts hadron states to be singlets of colour. From the group 
theoretical point of view, it is clear |657] that a quark -antiquark state can be 
decomposed into a direct sum in the following way (all representations are in 
colour space): 



Of course, the octet 8 cannot live as meson non-singlet of colour state. Still, 



3 ® 3 



1©8. 
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it can combine with a partner to become 1: 

8(g)8 = 27© 10©T0©8©8© 1. (G.2) 

Zweig rule |658] states that this possibility is strongly suppressed, being 
greatly exceeded by one-gluon exchange among a meson and a sea quark- 
antiquark pair. For instance, this together with the conservation of all internal 
quantum numbers explains why the J/\l/ has such a narrow decay width: six 
strong vertices are required for its decay. Zweig rule has the consequence that 
mesons are better described, in the large- TVc limit, as flavour f/(3)-nonets, 
rather than as singlets plus octets, because this splitting involves annihilation 
diagrams among them that are suppressed in this limit lj. To conclude, gluon 
states decoupling is a result of all that: because they cannot be produced at 
LO in 1/Nc as a product of reactions starting from hadrons or electroweak 
currents. Therefore, these states are not seen experimentally. 

• Meson decays are mostly of two-body type, because many flnal-state particle 
processes are less probable than those resonant decays into two intermediate 
particles. This is a natural consequence in the l/A'^c-expansion. For a particle 
decaying into three mesons both processes are globally 0{1/Nc)', the point 
is that decaying directly is 0{1/Nc), while the flrst vertex in the two-step 
process is 0{l/\^Nc), and thus the two-body intermediate decay dominates 
over the direct one. 

• At flrst sight, it seemed a strange feature that the number of resonances be- 
comes inflnite in this limit. The big number of resonances that has been discov- 
ered and their relatively thin width can be taken as another phenomenological 
support of the laige-Nc arguments. 

• Last but not least, the success of phenomenology describing strong interaction 
in the intermediate-energy region in terms of tree-level Feynman diagrams 
with hadrons as degrees of freedom, that is, the success of EFTs -and partic- 
ularly of RxT-, based on large— Ac arguments; is a recognition of the I/Nq 
-expansion. NLO corrections correspond to loop diagrams involving hadrons 
and provide the resonances with a flnite width. 



G.3 1/Nc expansion for 

The I/Nq expansion provides a well-deflned counting scheme for EFTs of QCD, 
exactly what we needed to develop an EFT of the strong interaction in the intermediate- 
energy region involving light quarks. Although we do not need 1/Nc as an expansion 

^^For Nc oo, the axial anomaly disappears and U{nf)L <E) U{nf)[i is restored. Moreover, 
under very general assumptions, it can be shown that in the large- A^c limit, U^nf)^ ® U{nf)fi is 
broken down to U{nf)v |659j . 
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parameter at very-low energies, it is justified to apply it to xPT, to check the con- 
sistency of the expansion with a theory known to be successful. After that, we will 
have a strong test for any new EFT extending to higher energies. As we will see, 
for RxT one gets reasonable results when subjected to this exam. 

The main features of the effective theory relevant for the meson sector of QCD in 
the large- limit were discovered long ago |306[ I305[ I660[ I66H 1662] . The system- 
atic analysis in the framework of xPT was taken up in Ref. [5], where the Green 
functions of QCD were studied by means of a simultaneous expansion in powers of 
momenta, quark masses and 1/Nc (with 1/Nc rriq). 

The dominant terms should be 0{Nc), as they are the corresponding correlation 
functions among quark bilinears. A quark loop means a trace in Dirac, colour and 
flavour space. The last one supresses these kind of terms with respect to those with- 
out quark loops. One quark loop is needed to provide the quantum numbers of a 
meson, but each additional quark loop will be suppressed by a 1/ Ac factor. 

In the large- Ac limit of QCD the axial anomaly disappears, so that the spectrum 
does not correspond to S'[/(3)-multiplets anymore (octet and singlet, each one on 
its own), but to ?7(3)-multiplets, that is, nonets. 

Therefore, at LO in 1/Nc the axial anomaly vanishes and the eta singlet becomes 
the ninth pG: 



^ a=0 



where the set of Gell-Mann matrices that are the generators of SU{3) in the funda- 
mental representation, has been enlarged by including the extra-generator of U{3) 

proportional to the identity matrix: Aq = -^J^h 0- 

At LO in the chiral expansion, £2 has only two LECs: F and B. The flrst one 
was deflned in f l2.53p . and it is the analogue of /„ in the above discussion, so it is 
F ~ C(v^)- B was deflned in f E33]) . Both the LHS and the RHS are C(Ac), 
so B ~ 0{1). With these dependencies, we can check that scattering amplitudes 
behave as explained before. For instance, for vr vr scattering, we have: 

s-ml 1 
^ = -p^~Ac' ^^-^^ 

s = (Ptt.i + Pn,2)'^, and has the right dependence. We conclude also that £2 has a 
global dependence of 0{Nc) due to the common factor Each Goldstone fleld 



^^One can work however the large- iVc Hmit either for a SU{3) (E) SU{3) theory [S] of for a 
U{3) (X) U (3) theory [663] . The first approach is taken in what follows. The matching between both 



was studied in Refs. [3101 1664] . 

^^The matrix element is of order O i^/Nc^ ) , exactly the same as F 
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we add comes from the exponential divided by a factor F, giving thus the expected 
suppresion of 0{^/Wc) for every additional pG. m-meson interaction vertices go 
as F^~"^, so they are 0{N^~"'^'^). Because of the global A''^; factor in £2 and the 
independence of the exponential on Nq, the expansion in I/Nq is equivalent to 
a semiclassical expansion for an EFT whose degrees of freedom are hadrons 0. 
Quantum corrections computed with this Effective Lagrangian are suppressed by 
1/Nc for each loop. 

The ten phenomenologically relevant LECs at this chiral order are not expected 
to be of the same order in this expansion, because there are terms with only one trace 
in flavour space, and others with two; as it has been explained, each additional loop 
receives a supression of l/Nc- Therefore, L3, L5, Lg, Lg and Liq would be 0{Nc), 
whereas Li, L2, L^, Lq and L7 would be C(l) -see Eq. (12.771) -. There is, however, 
a relation holding for traces of 3 x 3 matrices that modifles this naive reasoning 
warning us that although Li and L2 are, separately, 0{1); when considering the 
relation mentioned before, they get modifled by 6Li: 

2SLi ~ 6L2 -6L3 ~ 0{Nc) . (G.5) 

2 

Deciding not to consider the new term, both Li and L2 become 0{Nc), but their 
combination 2Li — L2 persists to be 0{1). Table [GT3] displays how the experimental 
values obtained for the 0{p^) LECs do agree with large- A^c* predictions [T651I309] R 



Summing up, all the LECs appearing at LO and NLO in the chiral Lagrangians 
obey the following 1/Nc counting (the case of L7 will be commented later on): 

Bo, M, m^^K,r,^ 2Li - L2, L4, Lq ~ C(l) , 
Li, L2, L3, L5, Lg, Lg, Lio ~ 0{Nc) 

(G.6) 

The LO chiral Lagrangian in the odd-intrinsic parity sector does not introduce 
any new LEC, but it has a global factor of Nc generated by the triangular quark 
loop over which the different number of colours run. 




-•^^At first glance, p.4p seems to imply -because of the global Nc factor- that QCD also reduces 
to a semiclassical theory in terms of quark and gluon fields in the large- A^c limit, but this is not 
true, because the number of them increases as Nc and ^ N^, respectively. This is not the case 
for xPT . As commented, the exponential including the pGs does not introduce additional factors 
of Nc as wc include more and more of them. 

^°A new global fit of the L\ at next-to-next-to-leading order in Chiral Perturbation Theory has 
been performed recently |665j . One big change, with respect to the older predictions presented 
here in Table IG.3[ is that the fits do not have the expected behaviour in the limit of large Nc as 
well as before. 
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i 




0{Nc) 


source 




2Li — L2 


-0.6 ±0.6 


0{1) 


Ke4, vrvr tttt 


0.0 


L2 


1.4 ±0.3 


0{Nc) 


Ke4, TITX —7- TTTT 


1.8 


L3 


-3.5 ± 1.1 


0{Nc) 


-^"£45 TTTT — )• TTTT 


-4.3 




-0.3 ±0.5 


0{1) 


Zweig's rule 


0.0 


L5 


1.4 ±0.5 


0{Nc) 


Fk '■ Ft, 


2.1 


Le 


-0.2 ±0.3 


0{1) 


Zweig's rule 


0.0 


L7 


-0.4 ±0.2 


0{1) 


GMO, L5, L, 


-0.3 


Ls 


0.9 ±0.3 


0{Nc) 




0.8 


L9 


6.9 ±0.7 


0{Nc) 




7.1 


Lio 


-5.5 ±0.7 


0{Nc) 


TT — ez/7 


-5.4 



Table G.l: Experimental values of the coupling constants U-{Mp) from the Lagrangian 
in units of 10~^ |3U9j . The fourth column shows the experimental source employed. 
The fifth column shows the predictions that are obtained in the large- A'^p limit using the 
one-resonance approximation. 



G.4 1/Nc expansion for RxT 

There are three kinds of checks we can perform for RxT. On the one hand, 
we can restore to phenomenology to fit the couplings entering its Lagrangian and 
predict another observables with the obtained values. This way has been exploited 
throughout the Thesis with optimistic results. On the other hand, as we have de- 
rived the 1/Nc expansion for QCD, we can apply it to RxT in much the same way 
we did it for xPT and verify that large- TVc estimates are not at variance with phe- 
nomenology. Finally, one can also explicitly check the convergence of the expansion 
by comparing the leading and next-to-leading orders in 1/Nc, whenever the latter 
are available. 

First of all, we will see the I/Nq expansion for RxT and the relations that are 
derived among RxT couplings in fl3.19p . f l3.20p . The theory built upon the symme- 
tries of QCD'^f^^ that reproduces its low-energy behaviour is still not complete. A 
capital step is the matching procedure, as we have explained in Sec. 12.51 We must 
enforce the theory to yield the asymptotic behaviour of the underlying theory, as it 
has been done repeatedly throughout this Thesis. 

We aim to characterize the couplings appearing in Cr. One can work with fl3.19p . 
f l3.20p written in a way that splits the singlet and the octet terms [6] . The obtained 
result is in complete agreement with convergence of octet plus singlet into nonet. 

First of all, and according to the fact that meson decay constants are O [y/Nc), 
and decay processes are given at LO by tree level amplitudes, it is clear that cou- 
plings creating a resonance from the vacuum will be O (y/Nc): Fy, Fa, Cm, Cm, dm 
and dm- 

The other kind of processes we need to consider for completing the study are 
decays of resonances into pGs. Again, the decay of one vector or scalar resonance 
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into two pGs is O (y/Nc) , so Gy, Q and q will be also of this order. 

It was shown that masses have smooth limits in the large- A^^c limit: they are 
Oil). 

In summary, the couplings entering RxT Lagrangian are: 

Fv, Gv, Fa, Cd, Q, c^, 5m, dra,dm ~ O (v^) , Mi ~ C(l) . (G.7) 

At LO in 1/Nc Zweig rule becomes exact, the axial anomaly disappears and 
U{?))l ® U{?))r is restored. For hadron spectroscopy this implies that particles fill 
nonet representations of U (3) instead of octet plus singlet of SU (3). In the large- Ac- 
limit one has the relations 

Ms,=Ms, \cd\=^-^, |c^| = ^, Mp,=Mp, |J^| = ^. (G.8) 

Now, I turn to examine how (axial-)vector contributions to saturate the 

LECs Li when integrated out, reproducing the notion of Vector meson dominance, 
proposed long ago |358j . In fact, independent large- Ac analyses of xPT and RxT 
yielded that most of the Li were 0(Ac) and those in Cr were 0{^JNc)■ Because 
resonance exchange is then giving an 0{Nc) contribution coming from the two ver- 
tices, it is plausible that in the large- Ac limit RxT LEGs saturate xPT couplings. 

Considering the sra, the obtained contributions are all 0{Nc) 

n2 „2 ~2 (^2 0(^2 „2 

' 8M2 6M| ^ 2M|^ ' ' 4M2 ' AM^ ^ 2M| ' 

~ ~ 2 ~2 



3M| 


Ml 


(f 




6M|, 






h 



Ml ' " 6M| 2Ml 

cL - FyG 



V^V 



2M| 2Ml ' ^ 2M2 ' 



p2 p2 „ j2 

4M2 ^ 4M1 ' ' SM^ 8M1 ' ' Ml' ^ ' 

Taking into account the large- Ac relations fIG.SP : L4, Lg and L7 contributions 
vanish, while for Li only that coming from vectors survives. The suppresion of these 
LEGs and the saturation of all Li by (axial-)vector contributions are shown in Table 



Due to the U{1) anomaly, even in the chiral limit, the 771 has -apart from the 
common contribution coming from the trace anomaly |667] - the anomalous extra- 
term which motivates that commonly it is also integrated out from the standard 
xPT Lagrangian. Using the same notation for this coupling both in xPT and in 
its large- Ac limit we can say that this provokes a change in L7 due to pseudoscalar 
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i 




V 


A 


s 


Vi 


Total 


Total^ 


TotaF 


1 


0.4 ±0.3 


0.6 


0.0 


0.0 


0.0 


0.6 


0.9 


0.9 


2 


1.4 ±0.3 


1.2 


0.0 


0.0 


0.0 


1.2 


1.8 


1.8 


3 


-3.5 ± 1.1 


-3.6 


0.0 


0.6 


0.0 


-3.0 


-4.9 


{-3.2,-4.3,-5.0} 


4 


-0.3 ± 0.5 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


5 


1.4 ±0.5 


0.0 


0.0 


1.4" 


0.0 


1.4 


1.4 


2.2 


6 


-0.2 ±0.3 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


0.0 


7 


-0.4 ±0.2 


0.0 


0.0 


0.0 


-0.3 


-0.3 


-0.3 


{-0.2,-0.3,-0.3} 


8 


0.9 ±0.3 


0.0 


0.0 


0.9^ 


0.0 


0.9 


0.9 


{0.6,0.8,1.5} 


9 


6.9 ±0.7 


6.9" 


0.0 


0.0 


0.0 


6.9 


7.3 


7.2 


10 


-5.5 ±0.7 


-10.0 


4.0 


0.0 


0.0 


-6.0 


-5.5 


-5.4 



Table G.2: Comparison between phenomenological values of the coupling constants 
L^(Mp) in units of 10"'^ and the contributions given by resonance exchange |157| . For 
scalar resonances it is considered a nonet and the contribution of pseudoscalar resonances 
is neglected with respect to the 7]i contribution. " stands for inputs and means that 
short-distance QCD corrections have been taken into account. The last column corre- 
sponds to the reanalysis of Ref . |359] . where three different values for the parameter dm 
are considered. Essentially this is possible because there are less restrictions from high- 
energy QCD behaviour in the spin-zero sector than in that with spin-one [3091 1666] . 



?7i-exchange. With the notation introduced before, we can simply write 



dr^, = = : (G.IO) 



2MI ' -^'^ V24 



being the extra contribution to M;,^ ~ 0{1/Nc), L-j -that is 0{1) in I/Nq- grows 
to reach the value 0{N'^) for what we have written as Lj in the previous equation. 
Still, the l/TVc-counting is not so clear at this point |668] : I have explained how out 
of the chiral limit M^j receives three comparable contributions: from explicit chiral 
symmetry breaking, from the singlet-axial anomaly and from the trace anomaly. 
To integrate the rji out amounts to admit that the axial anomaly contribution is 
much greater than the other two and this does not seem to be the case. For further 
discussions on rji/rj^ and their mixings rj/rj' , see [593^ 1595^ 1669^ 1670] . 

In Table IG.2I the experimental value of these couplings and the contributions got 
from resonance exchange |157] are presented. We see that there is good agreement 
between them and that Vector meson dominance emerges as a natural result of the 
analyses. There is no reason to include additional multiplets of resonances looking 
only at xPT at 0{p^). The comparison has been made at a renormalization scale 
/i = Mp -for the xPT loops-, but similar results are found for any value belonging 
to the region of interest: 0.5 GeV < /i < 1 GeV. 

Finally, we can see how these conclusions change when considering the evalua- 
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tions of the Li at NLO in I/Nq within RxT. The most important acquaintance 
we gain is that now one keeps full control of the renormalization scale dependence 
of these LECs. References [Ml MM ES31 constitute the study of 

this question within RxT. By imposing QCD short-distance constraints, the chiral 
couplings can be written in terms of the resonance masses and couplings and do 
not depend explicitly on the coefficients of the chiral operators in the Goldstone 
boson sector of RxT. This is the counterpart formulation of the resonance satura- 
tion statement in the context of the resonance lagrangian. As an illustration, the 
values of the couplings Lg and Liq at NLO in 1/Nc evaluated at /i = Mp are given: 
Ll{Mp) = 0.6 ± 0.4, LJo(Mp) = -4.4 ± 0.9 (always in units of lO'^). We see that 
the corrections of the NLO term amount to a reasonable (20 ^ 30) %. 



Appendix H: Comparing theory to 
data 



We include a brief note on how we have normahzed our theoretical spectrum 
in order to compare it with experimental measurements. Let P be the process 
r~ — (tttttt)"//^ and x (an energy) the variable in which the spectrum is given. The 
experiment provides us with the total number of events of process P, Np, and its 
spectrum in x, i.e., ^^^^^ versus x, where bin = Ax. 

Our theoretical computation yields whose integral over the whole x-spectrum 
gives the partial width of process P: 

dTp 



dx- 



dx 



Tp < — > 



dx- 



1 dVp 
Fp dx 



and this allows us to compare with the experiment provided 

Events 



dx- 



Ax 



and therefore 

Np 

or in differential form: 



dX' 



1 dTp 
Fp dx 



dx 



Events 
Ax 



Np^ 

exp 



' 1 dFp" 




Events 




Fp dx 


th 


Ax 


exp 



(H.l) 



(H.2) 



(H.3) 



(H.4) 



where exp and th are a reminder of the source of each term: either the experiment, 
or the theoretical computation. 

Usually, X is a dimensionful variable, so we can write Ax = n[x], where the x 
in square brackets stands for the dimensions of Ax. Thus, the LHS of flH.4l) has 
dimension x~^ and, finally: 



iVpn 

exp 



' 1 dFp" 




Events 




Fp dx 


th 


Ax 


exp 



(H.5) 



and n is chosen according to the experimental information as we will see next 

dQ 



Our computation yields ^ "^nna ; what we have for comparing with the 
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experiment is 



1 dr,--_j.(^^7r)~j^r \ ^ dr 



rr--!>(7r7r7r)-i'r dQ^ i = SA A 



One can reason similarly for otlier tliree meson modes and for otlier observables, 
like dT/dsij. 
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